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Abstract. In this paper, we introduce an integral operator on the unitballB c C”.
The boundedness and compactness of the operator from the Zygmund space to the
Bloch-type space B, (B) or the little Bloch-type space B, ((B) are investigated.
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1. Introduction. Let B = B” denote the unit ball in the complex vector space C”,
9B = Sits boundary, B = {z : |z| < §}, D = B! the unit disk in the complex plane C,
H(B) the class of all analytic functionson B. Let z = (21, ..., z,) and w = (w1, ..., wy)
be points in C" and (z, w) = > ;_, zxwi. For f € H(B) with the Taylor expansion
S =2 520 agz?, let

Rz =Y |Blag’
1810

be the radial derivative of f, where 8 = (81, B2, ..., B,) is a multi-index, || =
Bi+- -+ pBy,and zf = zf U 2P Tt is well known (see, for example, [28]) that

WE =35 L) = (V7). 3.
=t

A positive continuous function ¢ on [0, 1) is called normal [30] if there is § € [0, 1)
and a and b, 0 < a < b such that

(1¢_(r3)a is decreasing on [§, 1) and 121} (1¢_(r2)a =0;

(1¢_(r;)~)h is increasing on [4, 1) and lim (1(1)—0i yo

The Bloch-type space, denoted by B, = B,,(B), consists of all /' € H(B) such that

B.(f) = sup @RS (2)] < oo,

where 1(z) = u(|z|) and w is normal on [0, 1). With the norm

I lls, = F O] + Bu(f)

the Bloch-type space becomes a Banach space.
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The little Bloch-type space B, is a subspace of B, consisting of those f € B,
such that

|£|i§1 n(@)INf(2)| = 0.

The a-Bloch space B% is obtained for u(z) = (1 — |z|*)%, a € (0, 00) (see, e.g., [1, 14,
27, 31, 35, 43, 45]). For « = 1 the space B! = B is the classical Bloch space.

Bloch-type spaces are usually defined by using the gradient of f instead of its radial
derivative. In [40] it is shown that B,, consists of all ' € H(BB) such that

sup u(2)|Vf(2)] < oo;

zeB

moreover, the following relationship holds

sup r@)IVf(2)] = sup n@)IRf (). ()

For the case of u(z) = (1 — |z|%), see, e.g., [4]. Also, it was proved that the little
Bloch-type space is equivalent with the subspace of B, consisting of all f € H(B) such
that

llligll n@)IVf(2)| = 0.

Depending on a specific situation sometimes it is more appropriate to use one of the
two definitions of the Bloch-type space. In this paper, we will use the first definition.
By Z, we denote the class of all /' € H(B) [ C(B) such that

4+ 41 —h =2/
up i <

Ifllz=s o0, )

where the supremum is taken over all ¢ € 9B and ¢ + & € dB. From a known theorem
(see [45, p. 261]), due to Zygmund for the case of the unit disk [6], and the Closed-Graph
Theorem we know that ' € Z if and only if

sup(l — |zI)IN*f(2)] < oc;
zeB
moreover,

Ifllz =< Su[IB?(l — 12PN ). 3)

Therefore, we call Z the Zygmund class. The quantities in (3) are semi-norms, it is
natural to add to them the quantity |f(0)] + |V/f(0)| (correspondingly |f(0)]), to obtain
two equivalent norms on the Zygmund class. The second norm will be again denoted
by || - || z. Zygmund class with this norm will be called the Zygmund space.

The little Zygmund space on B, denoted by Zj, is the closed subspace of Z
consisting of functions f satisfying the following condition:

lim (1 - P/ ()] = 0.
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Let ¢ be a non-constant analytic self-map of the unit ball. Associated with ¢ is the
composition operator C, defined by C,f = f o ¢ for f € H(B). If u € H(B) then by
uCyf(z) = u(z)f (¢(2)) the weighted composition operator is defined. The main subject
in the study of these operators is to describe operator theoretic properties of C, and
uC, in terms of function theoretic properties of ¢ (corresp. in terms of ¢ and u). For
some classical results see, for example, [5]. For some recent results mostly in the unit
ball setting or Bloch-type spaces see, e.g., [4, 7, 15-17, 22-27, 29, 33, 36, 41, 44] and
the references therein.

In [19] (see also [38]) we introduced the following integral-type operator

%m@=ﬁkwmmoa,femm,zem @

and investigated its boundedness and compactness on some spaces of holomorphic
functions on the unit disk. One of the reasons for introducing operator (4) relies on
the fact that similar operators naturally come from isometries of some function spaces
(see, e.g., [8]).

It is a natural problem to introduce closely related operators to operator (4) in
the unit ball settings and to study their function theoretic properties on spaces of
holomorphic functions on the unit ball in terms of their inducing functions.

Assume that g € H(B) with g(0) =0 and ¢ is a holomorphic self-map of B.
Motivated by (4) we define the following integral-type operator on the unit ball:

! dt
@m@=£9wwmmm7,femm,zea )

Recall that a linear operator L : X — Y, where X and Y are Banach spaces, is
compact if for every bounded sequence (xi)ren in X, the sequence (L(xy))ken has a
convergent subsequence.

Some characterizations of the boundedness and compactness of closely related
integral-type operators in C” can be found, for example, in [3, 9-14, 18, 20, 21, 31, 32,
34, 37, 39, 40, 42] (see also the references therein).

Here, our aim is to study the boundedness and compactness of operator (5) from
the Zygmund space to the Bloch-type space and the little Bloch-type space on the unit
ball.

Throughout this paper, constants are denoted by C; they are positive and not
necessarily the same at different occurrences. If we say that a function u : C — [0, c0)
is normal we will assume that it is also radial, i.e., u(z) = u(|z|), z € B. The notation
a < b means that there is a positive constant C such that a < Cbh. We say that a =< b if
botha < band b < a hold.

2. Auxiliary results. In this section, we quote several auxiliary results which will
be used in the proofs of the main results in this paper.

The following lemma is fundamental in this paper. Closely related results can be
found in the proof of Theorem 1 in [9] and [14, Lemma 1]. We give a proof of it for the
completeness.

LEMMA 1. Suppose that f, g € H(B), g(0) = 0. Then

RIZ()(2) = 9f (e(2)g(2)-
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Proof. Assume that the holomorphic function Rf(¢(z))g(z) has the expansion
> . az*. Note that the condition g(0) = 0 implies & # 0. Then

RIE(N]() = % / Zaa(tz)“ Lo a Z“‘“ @ Zaa :

a#0 a;é()
which is what we wanted to prove. Il

The following lemma follows by standard arguments (see, for example, the proofs
of the corresponding results in [5, 14, 32-34].

LEMMA 2. Suppose w is normal, g € H(B), g(0) = 0 and ¢ is an analytic self-map of
B. Then I : Z (or Z9) — B, is compact if and only if I : Z (or Zy) — B, is bounded,
and for any bounded sequence (fi)ken in Z (or Zy) which converges to zero uniformly on
compacts of B as k — oo, we have ||I§fk||3u — 0ask — oc.

The proof of the next lemma is similar to the proof of Lemma 1 in [25], which
concerns the case of j(z) = (1 — |z|?) on the unit disk, hence it is also omitted (for the
case of u(2) = (1 — |z)?)%, z € D, « € (0, 0o) see [27]).

LEMMA 3. Suppose w is normal. A closed set K in B, o is compact if and only if it is
bounded and satisfies

lim sup u(z)INf(z)| = 0.
|z|—>1 fek

REMARK 1. If in the formulation of Lemma 3 we omit the assumption K is closed,
then compact should be replaced by relatively compact.
The following lemma was proved in Theorem 7.11 of ref. [45].

LEMMA 4. Suppose f € H(B). Then f € Z if and only if of/dz; € B for each k €
{1,...,n}.

LEMMA 5. Suppose f € Z. Then

Zi(f) := sup(1 — |zH)IRNf(2)] < [VFO)| + sup(l — |21V (D) =: Zo(f).  (6)

zeB zeB

Proof. First note that by Lemma 4 and the asymptotic relationship displayed in (1)
with u(z) = (1 — |z|%), we have that Z,(f) is finite if and only if Z,(f) is finite. Hence,
the Zygmund class is equal with the class of all / € H(B) such that Z,(f) is finite.

It is easy to see that the quantities Z1(f) and Z,(f) are norms on the class Z/C.
With each of these norms Z/C becomes a Banach space. We show that these norms
are equivalent on the space, that is, there is a positive constant C such that

Zi(f)] C < Zx(f) < CZi(f). (7

To this end, by using the Closed-Graph Theorem to the identity operator (or its inverse)
1:(Z/C, Z\(f) — (2/C, Zx(f)),

it is enough to prove that at least one of the inequalities in (7) holds.
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It is easy to see that

“ff@)—“UT@—%E: 2 (@—r2§jzﬂka J ),

]

which implies

1N < 12V + V). ®)
Further, for each j € {1, ..., n} we have
af
‘—ﬂ——@' w%m)
14|z
l[W%mWW<&ml it ©
From (9) and some elementary inequalities it follows that
|z
v/ = (1901 + Za()in 5 ). (10)
for some positive constant C independent of /.
From (8) and (10) we obtain
) ) 1+ |z|
Ef @I = C{IV/ O+ VSl + Zo(f) In — o) (11)

Multiplying (11) by (1 — |z|?) and taking the supremum in such obtained inequality
over z € B and using the fact that

sup (1 —x2)ln al < 00
x€[0,1) - X
we easily obtain Z;(f) < CZ,(f), as desired. ]

LEMMA 6. Suppose that | € Z. Then there is a positive constant C independent of f
such that

IVfG) < Clifllz In ——. (12)
1 —|z|

Proof. In[31, Lemma 2.2], among others, we proved that there is a positive constant
C independent of f such that for every f € B,

/@I = Clfllstn 1= . (13

Applying (13) to the functlons ,1 e {1,..., n}, which belong to Bin view of Lemma 4,
using the asymptotics (1) w1th u(z) = (1 — |z|?) and some elementary inequalities we
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obtain
IVf(2) < C(lVf(O)| +ilig(l _ |w|2)|V2f(w)|>1n1_—e|Z|2,
Since by Lemma 5
V()1 + sup(l = [wP) V(W) < If 2
we obtain (12). .

3. The boundedness and compactness of I; : Z (or Z9) — B, (or B, ). In this
section, we prove the main results of this paper, namely, we characterize the
boundedness and compactness of the operator I : Z (or Zy) — B, (or B, ).

THEOREM 1. Suppose w is normal, g € H(B), g(0) = 0 and ¢ is an analytic self-map
of B. Then I : Z (or Z¢) — B, is bounded if and only if

Sup n(2)Ig@)Nle(2)] < oo (14)
AS
and
1
K := sup u(2)[g(2)ll¢(2)| In ———— < o0 (15)
zeB 1 - |(p(Z)|
Proof. First assume that I : Z (or Zy) — B, is bounded.
By using the test functions given by
filzy=z1€ 2y, lefl,..., n} (16)
we obtain I3f; € B, forl € {1, ..., n}, that is,
123f1ll5, = Sup w(2)Ng@ei(z)l < oo,
ze
foreach / € {1, ..., n}, and consequently
sup u(2)[g(2)llp(2)] < Y sup u(2)g(2)lgi(2)] < oo.
zeB =1 zeB
Hence, condition (14) holds.
Set
1 \2
h(z)=(2—1)|:(1+1n1 >—|—1:|, zeD
-z
and
h 1\
ha(z) = "D (1 , zeB, (17)
lal 1 —|af?

for @ € B such that |a| > /1 —1/e.
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‘ _ (z.a) 1 2 1 -
Rh,(z) = al <1n - a)) (ln Tk |a|2>

2 2z, a)? < ! )( ! )1
N ha(Z) = 5ﬁha(z) + |a|(1 — (z, a)) In 1 — (z, a) In 1-— |a|2 '

Thus, for /1 — 1/e < |a| < 1, we obtain

We have

and

M, = sup  |lhllz < oo.

A/ 1—1/e<|al<1

Moreover, we have that &, € 2, for /1 — 1/e < |a] < 1.
Further, from the boundedness of I : Z (or Zy) — B, we have

M| llz-8, = @z 5128, = I5hewB,

= sup 11(2)|g(2)Rhy(a)(9(2))]

> w(@)|g(@)||(Vhyw) (@), p(a))|

1
= w(@)|g(a)llp(a)lIn T=e@P (18)
From (18) it follows that
1
sup w(@)Ig@le(2)] In ———— < 00 (19)
1= TJe<lo()I<1 1 —lo(2)]

On the other hand (14) yields

1
sup_ p()Ig@llp(2) In ———7 < sup u(2)lg@)llp(2)] <00, (20)
lp(2)|</1-1/e - |§0(Z)| zeB

From (19) and (20), we obtain (15) as claimed.
Now assume that (14) and (15) hold. By Lemmas 1 and 6 and (12) it follows that

RE@IRULE N2 = n@)9Rf (p(2)]g(2)]
< n@IVI(e@)Ie:)llg2)l

e
= W Izn@Ig@le@lIn T .

foreveryze Band f € Z.
From this, (14), (15) and since I3£(0) = 0, it follows that I : Z (or Zp) — B, is
bounded, completing the proof of the theorem. ]

THEOREM 2. Suppose 1 is normal, g € H(B), g(0) = 0 and ¢ is an analytic self-map
of B. Then I} : Z (or Z9) — By, is compact if and only if I : Z (or Zy) — B, is bounded
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and

lim u(2)lg(2)lle(z)| In €2y

e
-
lo(z)l— 1 —lp(2)]?

Proof. First suppose that I : Z (or Zy) — B, is compact. Clearly I} : Z (or Z9) —
B,, is bounded.

Now we prove that (21) holds. Let (zx)xen be a sequence in B such that |p(z;)] — 1
as k — oo (if such a sequence does not exist (21) is vacuously satisfied). Set

hi(z) = hyip(2),  keN, (22)

where /4, is defined in (17). From the proof of Theorem 1 we see that sup, .y ||ilk lz < C.
Moreover, /i, converges to zero uniformly on compacts of B as k — oo. Also note that

NRha(a) = |alIn 1——|a|2’

foreacha € B\ {0}. .
By using Lemma 2, it follows that ||I§hk||3“ — 0 as k — oo. Since

175hells, = sup wIR(15he) o)

> 1(z)lgCl R (o(z1)]

1
= w(z)lgz)lle(zi)| In m’

we obtain
1
Iim p(z z zi)|In —— =0,
Jm pu(zolgelle(zi) n — ek

which along with the assumption |¢(z;)| — 1 as k — oo, obviously implies
lim 1u(z)|g(z)llp(z) | = 0.
k—o0

From the last two limits, (21) follows.

Now assume that I} : Z (or Zp) — B, is bounded and condition (21) holds. From
the boundedness of 7; we know that condition (14) holds. Let (fi)xen be a sequence in
Z (or Zy) such that sup,y Ifkllz =: M < oo and f; — 0 uniformly on compacts of B
as k — oo. By (21), we have that for every ¢ > 0, thereisa § € (0, 1), such that

&

e
[~ o@F ~ M’ 3)

wu(2)lg(2)lle(z)| In

whenever § < |¢(z)] < 1.
By using Lemmas 1 and 6 and estimates (12) and (23), we obtain

125kll5, = gug w(2)|g(2)Nfi(e(2)l
< sup  u(@)Ig@)Nfile2)] + sup w(2)1g(2)|1NMfi(e(2))]

{zeB: |p(2)|<8} {zeB:é<|p(z)|<1}
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e
< ligplluge sup [Vfw)l + Clifilz sup  w(2)Ig@)lle@)]In —F—
wesB (zeB: s<lp(2)l <1} 1 —Jo(2)]
=< ligpllaye sup [Vi(w)| + Ce, (24)
wesB

where

gl == sup u(2)I1g(2)lle(2)I,

zeB

which is finite in light of (14).

Since (f)ren 18 @ sequence converging to zero on compacts of B as k — oo, then
by Cauchy’s estimate the sequence (| Vfi|)ken also converges to zero on compacts of B
as k — oo. In particular, it follows that

lim sup |Vfi(w)| = 0. (25)

k=00 yesB

Letting k — oo in (24) and using (25) we obtain

limsup || I8fi|5, < Ce.

k—o0

Since ¢ is an arbitrary positive number, it follows that the last limit is equal to zero.
Employing Lemma 2, the implication follows. 0

THEOREM 3. Suppose w is normal, g € H(B), g(0) = 0 and ¢ is an analytic self-map
of B. Then I} : Z (or Zy) — By.o is bounded if and only if

lim #()/gE)0(:)] = 0 6)
and

27)

. 1
Jm u@le@lleE)IIn g =0

Proof. Assume that (26) and (27) hold. By (27) we have that for every ¢ > 0 there
exists an r € (0, 1) such that

1
w(@Ig@)lle@)n ——— <& (28)
1 —lp(2)1?
when r < |p(2)] < 1.
On the other hand, from (26), there exists a p € (0, 1) such that
1
n(2)Ig@)lle(z)] < &/In -2 (29)
when p < |z| < 1.
Therefore, when p < |z] < 1 and r < |p(z)| < 1, from (28) we have
n(2)lg@lle(2) In (30)

I—le@r ~°
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If p < |z] < 1 and |p(2)| < r, from (29) we obtain

< HOlEDND I —— <e. (1)

1(2)lg@)llg(z) In =2

_
L=l

Combining (30) and (31), we obtain

— 0. (32)

. 1
lim @l I s

From (26) and (32), by using the Maximum Modulus Theorem and Theorem 1 the
boundedness of I} : Z (or Zy) — B, follows.
By Lemma 1 and the estimate in (12), we have

IR (I)(2)] < CIIfIIzM(Z)Ig(Z)HﬁO(Z)l(l tin (33)

7)
1—lp(2)1*)
for every f € Z (or Zp).

By using (26) and (32) in inequality (33), it follows that for each f € Z (or Z)),
I3f € Byo, thatis, I5(2) C B, (or I5(2y) € By.o). Since By, o is a closed subset of B,
the boundedness of I3 : Z (or Zy) — By, o follows.

Conversely, suppose that I : Z (or Z9) — B, ¢ is bounded.

Employing the test functions in (16) we obtain I5f; € B.o, !l €{l,...,n}, thatis,

U2 = w(@)Ig@)lle(2)] - 0, as|z] - 1

foreach/ € {1, ..., n} and consequently
Jim 1(2)lg@)llp(2)] = 0.

Hence, condition (26) holds.

If |l¢lloo < 1, then condition (27) is vacuously satisfied. Hence, assume ||¢||o = 1,
and assume that condition (27) does not hold. If it would, then gy > 0 and a sequence
(zi)ken € B would exist, such that limy_, o, |@(zx)| = 1 and

1
wzolgollez)|In ——— > 59 > 0
(@OIgElle(zil In — G 2
for sufficiently large k.
We may also assume that ¢(z;) — (1,0, ...,0)as k — oo and
1 — |g1(zk—1)]

: >1— oz, keN.

Then, for every non-negative integer s there is at most one z; such that 1 — % <
lo1(zi)] < 1 — ﬁ Hence, there is an my € N such that for any Carleson window

Q={re’ |0 <1—r<1Q), |60 —6l <UQ)

and s € N, there are at most m elements in

{o1(z0) € 01270Y1(Q) < 1 = (20| < 27°1(Q)}-
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Therefore, (¢1(zx))ken 1s an interpolating sequence for 5(D) in sense of [2].
By [2], there is a p € B(D) such that

1
Z)=lh——— kel
P(@1(z1)) T oG

Let

! p(m)t—p(O) i

P =P = |

Then from definitions of Bloch and Zygmund functions, we see that F € Z.
By Lemma 1, some simple calculation and (26), we obtain

w(EOIR(IEF) (z)] = m(z)|gz)lIRF(p(z0))]
= p(zp)lgClle1zlp(e1(zk)) — p(0)]

1
1 — o1(zx)?

> Cu(zi)|g(z)lle(zi)] In

= w(zi)|gz)lle1(zi)] In

1 — |p(z1)1?
> Cgy > 0,

for sufficiently large k.
Since limy_, oo |@(zx)| = 1 implies that limy_, o |zx| = 1, from the above inequality
we obtain that I;f ¢ B, o, which is a contradiction. ]

THEOREM 4. Suppose w is normal, g € H(B), g(0) = 0 and ¢ is an analytic self-map
of B. Then I : Z (or Z¢) — By.o is compact if and only if

|£|iinl m(2)Ig(2)lle(2)l In =0. (34)

e
1 —lp(2)?

Proof. Assume that (34) holds. Then (14) and (15) hold. By Lemma 1 and (12) we
have

1EIR(IEF) @) < ClIflz1(2)Ig(2)]1@(2)| In 35)

e
1—lp(z)I>
From this, (14) and (15) it follows that I5({f : |[f1lz < 1}) (or I5({f € 20 : |Iflz < 1}))
is a bounded set in B,,. Moreover, since (34) holds it is bounded in B, o. Taking the

supremum in (35) over the unit ball of the space Z (or Zy) then letting |z] — 1, we
obtain

lim  sup  p@IRIS)E)] = 0. (36)

|zl—1 I ll2 or 29) <1

From (36) and by using Lemma 3 the compactness of the operator I : Z (or Zy) —
B,.,0 follows.

Now assume that I : Z (or Zy) — By, o is compact. Then I : Z (or Z9) — B, ¢ is
bounded, hence by Theorem 3 conditions (26) and (27) hold. By the proof of Theorem
3 we have that (32) holds and consequently (34), as desired. ]
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