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Abstract

Let {A-j}j>0 be a sequence of positive integers such that XJ+1/XJ>3 and {«,};><) a sequence
of complex numbers such that \aj\ < 1 . Let fi be the Riesz product n .>0[l + Re(aje'X'x)],
that is, the weak limit of measures on T the density of which are the partial products. Then
if ^2j>0\aj\2 < oo, the series X)J>oQ

;(£''lj* - JOJ) converges for /{-almost every x . The
/i-a.e. convergence of series £ otje"lXJx is also investigated as well as the case of Riesz products
on a compact commutative group.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 42 A 55, 42 A 61,
43 A 25.

Introduction

Let A = {A } >0 be a sequence of positive integers such that A +1/A > 3
for all j , unless otherwise stated. If a = {a ;} ; > 0 is a sequence of complex
numbers of moduli less than or equal to 1, we denote by na the Riesz
product n,>o(l + Rea.e'XjX), that is, the measure which is the weak limit
of partial products.

We know that the family {ea>x - \aj) of functions on T = R/2nZ is an
orthogonal system in L2(/ia) and that the series ^2aj(e'XjX -JOJ) converges

in L (fia) provided that X)la/I < °°- ft is therefore natural to inquire
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about the fia -almost everywhere convergence of such a series. The present
paper answers this question and its main result is the following.

THEOREM. There exists a constant C such that, for any A = {X } > 0 with

^-j+i/A-j ̂  3 and for any a - {fly}7>0 with sup \aj\ < 1, we have

2
2

for any sequence { a - } > 0 of complex numbers.

Such a problem has already been investigated: in [3], the almost every-
where convergence is proved under the hypotheses A- ,/A- > 5 and

The following section is devoted to proving this result. In the last one we
deal with series X)J>oa,(^"''ljX - fra{-nXj)) and briefly discuss the case of
Riesz products on arbitrary compact commutative groups.

2. Proof of the main result

The proof of the above theorem relies on results of [3]: Lemma 1, Proposi-
tion 1 and partly Proposition 2 are from [3], but, for the reader's convenience,
these results have been restated and sketches of proof given.

We begin with two lemmas.

LEMMA 1. Let fi and v be two positive bounded Borel measures on T.
Then the formula (ffi) *v = {Tf)n * v defines a bounded linear map from
Lx(n) to Ll(/i*i>). Moreover

(1) for any pe [I,+oo], WTfWv^ < H VP \\f\\L> (/l) - and

(2) Ilsupjr/JH^,,,) < Hr/P||sup|/n|||L,(/0.

PROOF. Assertion (1) is obtained by interpolating between L and L°° .
The second one follows then from the fact that T transforms nonnegative
functions into nonnegative ones.

LEMMA 2. Let n and v be two positive bounded Borel measures on T.
We then have

(1) I K * * " ) ! ^ ) < \W\\X~llP\\g\\L^v) for any PG [I,+oo] and for any

\g&L\n*v) {where g(x) = g(-x)), and

https://doi.org/10.1017/S144678870002992X Published online by Cambridge University Press

https://doi.org/10.1017/S144678870002992X


378 J. Peyriere [3]

(2)

PROOF. The mapping g i-> (g* v)w is easily checked to be the transpose of
T. This proves assertion (1) for 1 < p < oo. For p — 1, it can be checked
directly. Assertion (2) follows from the positivity of the map g >-+ (g * ^)v .

The following two propositions deal with the case A-+1/A. > 5 and sup|a.|
< 1/4.

PROPOSITION 1. There exists a constant K such that if A-+1/A. > 5 and
sup|a | < 1/4, we have

Re [bje ' + c}e• ' j

I sup n
0<j<n 1+Re

- 1

< 4
7>0

for any sequences {bj} and {Cj} of complex numbers.

SKETCH OF THE PROOF. Let {a> } >0 be a sequence of independent Ber-
noulli random variables such that P(a>j = 1) = P{u>]. = -1) = \ . Let a be
a number between A and 1. Set

v = Y[( 1 + oo)2j cosXjX + (1 - a) co2j+i cos2/I^JC) ,

= n
0<j<n

1 +
'co2jbje

a'x - a ~x

- 1

(the hypothesis A7+,/A; > 5 ensures the existence of the measure v). We
have n*v — fta and

0<j<n
1 +

c/a'x)
- 1

(where T is the operator described in Lemma 1).
Then apply Lemma 1, part (2), take the expectations of both sides, use

Doob's inequality on L -bounded martingales and majorize suitably the right
hand side. As previously said, detailed calculations can be found in
[3, pages 146-151]. The value of K which can be obtained that way is
1 6 f f 2 ( l - < 7 ) ~ 2 ( 4 < 7 2 - I ) " 1 .
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LEMMA 3. If {Xj} is a finite sequence of nonnegative numbers the sum of
which is less than 1, we have

PROOF. We clearly have Y\(l+Xj) < 1 + £x}• + J2XjXk + £ x j x k x i "•— •

LEMMA 4. Let {Xj}j>0 be a sequence of complex numbers. We have

sup
" > 0 0<7<«

PROOF. We have

and therefore

0<j<n

<liminf|r| sup
n>0

n

— lim IT
T—0

- 1

< liminfsup|T

\0<j<n

n<
0<j<n

- 1 n<
0<j<n

PROPOSITION 2. //"A.+1/A. > 5 and sup|a | < 1/4,
2

0<j<n

<r any sequence {ctj} of complex numbers.

This proposition improves [3, Corollary 3.4].
PROOF. The following formulas can be checked:

COSA ĴC - x

2ImaJ =

j>o

Let {« (x)} > 0 be either one of the sequences {cos Ax - ^Rea } or
Ĵc + j l m a . } , {ay} J > 0 an arbitrary sequence of real numbers such
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that J2j>oaj < °° an<* ixk^k>o a s e Q u e n c e of positive numbers converging
towards 0. The above formulas and Proposition 1 give

sup
n>0

n
0<j<n

Using Lemmas 3 and 4 we get

dfia<4

sup
n>0

£ aiuj
0<j<n

< / lim inf sup T- l

n>0

< lim inf / sup T,
/c-foo J n>Q

n<
0<j<n

n<
0<j<n

< lim inf 4T
k—*oo

- 2

0<7<n

Now, adding the estimates corresponding to both choices of w , we get

2

We wish now to remove the restrictions on A 's as well as on a 's. Let us
denote by P(K , T) the following property: there exists a constant M such
that, if inf A .+1/A • > K and sup |a .| < T , we have

for any sequence {a;} of complex numbers.
Proposition 2 exactly says that P(5, 1/4) holds and we have to prove that

P(3, 1) holds. This will be done by applying twice the following lemma.

LEMMA 5. P(5, K) implies P(3, inf(2K, 1)).

PROOF. We suppose P(5, K) is true with constant M. Let A = {A - } ; > 0
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and

We

and

So,

The

A.e. convergence of lacunary trigonometric series

iaj}j>o b e s u c n that

then have

jy Lemma

odd terms

0 ( Y\

Sn \*)

2,F

>up
?>0

are

>art (2),

0<y<«

t-j+i/Xj ̂  3 a n d

ia, i/ = JJ( l +

= E a2j (e'X2i

0<j<n X

and P (5 , K) we (

ay.| < inf(2K

a2ye"y J C))

' e 'V _ la2]

obtain
2

;

2

taken care of similarly. Eventually we

,1)

) •

, . ,

get

381

. Let us set

(x)

3. Further results and remarks

First we investigate the convergence of series of the form

PROPOSITION 3. There exists a constant C such that, for any integer k > 2,
and for any sequences {k } and {a } such that infA +1/A > 2k + 1 and
sup|a | < 1, we have

2

,2
sup
7!>0

ikX x
.e '

0<j<n

for any sequence {a;} of complex numbers.
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The proof of this proposition follows exactly the same lines as the one of
the main theorem; Propositions 1 and 2 and Lemma 5 have to be revisited.

COROLLARY. There exists a constant C such that, for any sequences {A}
and {aj} such that infXj+l/Xj > 3, \imJ^ooXJ+l/XJ = +oo and sup|a7| < 1,
we have

2

sup
n>0 0<j<n

ikk ,x

where
(j>(t) = inf{; > 1; XJln_x > t for all n > j}.

This corollary, in the case where <f>{2k + 1) and 4>{k +1) are comparable,
leads to a slight improvement of [3, Proposition 2.7]. But more useful an
improvement of this proposition is the one by Brown, Moran and Pearce [1]:
they allow {Xj} to satisfy a mixture of divisibility and lacunarity properties
and this enables them to obtain the Hausdorff dimension of sets of numbers
which are normal with respect to some bases and abnormal with respect to
some others.

Now, let us briefly examine how this works in the general group setting.
Let G be a compact commutative group and F its dual. As in [2], a subset
A of F is said to be dissociate if any y e F has at most one representation
of the form y = E ^ A 6 ^ '

 w h e r e h € {°> U i f 1X = °> eA G {-1, 0, 1}
otherwise and all but a finite number of the eA 's are zero. Similarly F is 2-
dissociate if any y G F has at most one representation of the form y = E ^ >
where eA G {0, 1} if 2X = 0, exe {±1,0} if 3X = 0, ex e {0, ± 1 , 2} if
4A = 0, eA G {0, ± 1 , ±2} otherwise and all but a finite number of the eA 's
are zero. In that setting the counterpart of the main result is the following

THEOREM. There exists a constant C such that if A is a countable disso-
ciate set which is the union of N 2-dissociate sets, then for any Riesz product
constructed over F , and for any enumeration Xo, A,, . . . , Xn, ... of A,
we have

2

,2I sup
0<j<n

Therefore, in the case of Hadamard sets, although for their definition the
ordering is important, the series ^2aj(e'XjX - \~a.) converges na-almost ev-
erywhere whatever the ordering of terms may be.
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