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Abstract

Let {A -} >0 be a sequence of positive integers such that A /A; 2 3 and {a.} j>0 @ sequence

j+1
of complex numbers such that |a;| < 1. Let x4 be the Riesz product [];5o[1 + Re(q; ey,
that is, the weak limit of measures on T the densny of which are the pamal products Then

if Z;>o la-l < oo, the series Z;>0 a}(e 4x -a ;) converges for u-almost every x. The

ml i X

u-a.e. convergence of series > aje is also 1nvest1gated as well as the case of Riesz products

on a compact commutative group
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Introduction

Let A = {/1 } >0 D€ a sequence of positive integers such that A i1/t 23
for all j, unless otherwise stated. If a = {a;} 5, is a sequence of complex
numbers of moduli less than or equal to 1, we denote by u, the Riesz
product [] j>o{l + Rea, eh* ), that is, the measure which is the weak limit
of partial products.

We know that the family {e™/
orthogona] system in I’ (u,) and that the series Ea (e"1 * 2‘-'61.) converges

in L* (u,) provided that }|a jl < oo. It is therefore natural to inquire

4% —34,} of functions on T = R/27Z is an
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2] A.e. convergence of lacunary trigonometric series 377

about the yu, -almost everywhere convergence of such a series. The present
paper answers this question and its main result is the following.

THEOREM. There exists a constant C such that, for any A = {A j} >0 with
A1 /4; 23 and for any a = {a;} ;>0 with supla;| < 1, we have
2

/sup > (eilfx - %Ej) dp,(x)<CY lajl2

n20 |0 j>0

Jor any sequence {c ; } >0 of complex numbers.

Such a problem has already been investigated: in [3], the almost every-
where convergence is proved under the hypotheses A 41 /A i 2 5 and
limsup, , la;| < 3.

The following section is devoted to proving this result. In the last one we
deal with series ) . qa j(e'"lfx — it,(—n4,)) and briefly discuss the case of
Riesz products on arbitrary compact commutative groups.

2. Proof of the main result

The proof of the above theorem relies on results of [3]: Lemma 1, Proposi-
tion 1 and partly Proposition 2 are from [3], but, for the reader’s convenience,
these results have been restated and sketches of proof given.

We begin with two lemmas.

LEMMA 1. Let u and v be two positive bounded Borel measures on T.
Then the formula (fu)*v = (T u*v defines a bounded linear map from
L'(u) to L'(u xv). Moreover

(1) for any p (1, +00), 1T flrgyuy < WHP 1SN 15y - and

1
(2) I1sup, [T £l 1o (uy < W02l sup 1,1l -

PrOOF. Assertion (1) is obtained by interpolating between L' and L.
The second one follows then from the fact that 7 transforms nonnegative
functions into nonnegative ones.

LEMMA 2. Let u and v be two positive bounded Borel measures on T.
We then have -
- Vv —

(1) 1&*2) oy < WP 181 5 (yuyy Sor any p €11, +00] and for any

g€ L' (uxv) (where g(x)=g(-x)), and
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. 1-1
(2) [Isup, (&, *¥) [l oy < 1"l sup,, 18,111 124 -

ProOF. The mapping g — (Z+v)" is easily checked to be the transpose of
T . This proves assertion (1) for 1 < p < o0. For p =1, it can be checked
directly. Assertion (2) follows from the positivity of the map g — (g *v)" .
The following two propositions deal with the case 4, , /A i 2 5 and sup|a j|

j+1
<1/4.
PROPOSITION 1. There exists a constant K such that if 4;,,/%; > 5 and
supla;| < 1/4, we have
. . 2
Re b.edjx +C.€2M"x
/sup H 1+ (J :“ ) -1 du,(x)
n>0 |02 icn 1 +Re (aje i )

<4 [H(l +K(b,1* + ;") - 1}

Jj20
Jfor any sequences {bj} and {c;} of complex numbers.

SKETCH OF THE PROOF. Let {w j} j>o0 be a sequence of independent Ber-
noulli random variables such that P(w; = 1) = P(w; = ~1) = ;. Let o be
a number between ; and 1. Set

U= H(l + 20_lw2j Re(ajemfx)),
j20

v=[[(1 +0w,;co84;x +(1 - 0) w,,, cos 24 x),

Jj20
- 4 - 2iA;
[ (x)= H 1+2Re(a lwzjbjel X 4+ (1—0) 1w2j+1cje 4y »
" 0<j<n 1+207 o, Re(a;e™)

(the hypothesis 4,,,/4; > 5 ensures the existence of the measure v). We
have u+v =pu, and

Tf(x)= T]

0<j<n

I+ Re(ajeii/")
(where T is the operator described in Lemma 1).

Then apply Lemma 1, part (2), take the expectations of both sides, use
Doob’s inequality on L?-bounded martingales and majorize suitably the right
hand side. As previously said, detailed calculations can be found in
[3, pages 146-151]. The value of K which can be obtained that way is
166%(1 — o) *(46* - 1)"".

Re(b.e*™ + ¢ e¥4*
[1 + b, J ) -1
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LEMMA 3. If {xj} is a finite sequence of nonnegative numbers the sum of
which is less than 1, we have

H(1+xj)—ls(ij)/(l—Zx,-)-
ProoF. We clearly have J[(1+x;) S 1+3°X,4+3 %%, + 3 X;x,%,+ -

LEMMA 4. Let {x;} ., be a sequence of complex numbers. We have
sup| Y X, <hm1nf|r| "sup IT a+x)-1].
n>0 0<j<n n>0 0<j<n

PrOOF. We have

S x=lime | [T d+wx)-1],

0<j<n 0<j<n

and therefore

. -1
> x| =limjz" | JT (1+x) -1

0<j<n 0<j<n

< liminfsup|t]”" H (I+1x,)—1].
=0 ;>0 0<j<n J
ProrosITION 2. If A /A 25 and sup|aj| < 1/4, we have
2
1 2
/sup S o <eza,x_§aj) dp, (x) S 128K Y |ay|
>0 o< j<n j20

Jor any sequence {« j} of complex numbers.

This proposition improves [3, Corollary 3.4].
ProoF. The following formulas can be checked:
_ Rel(1 - Ya,* - Laj)e™™ + Lae®™*]

1
cosdx — 5 Rea /
2 1+ Re(a,e™)

b

; 1 —Re[i(l - 4|a | + la )e’llx + %iajezmj"]
s1nljx+—Imaj -
2 1+ Re(a;e™™)

Let {u;(x)}», be either one of the sequences {cosi,x — jRea;} or
{sinljx + %Im a j} , {a j} />0 an arbitrary sequence of real numbers such
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that 3° .., af <oo and {7}, sequence.o.f positi.ve numbers converging
towards 0. The above formulas and Proposition 1 give

/ sup
n>0

Using Lemmas 3 and 4 we get

/ sup
n>0

IT 0 +70u) -1

0<j<n

2
du, <4 [H(l +2Kta7) — 1} :

Jj20

2 2

du, < [ liminfsupz, ' 1 u)—1
#, < [ limin iligrk H (I+70;u) du,

>, aju;

0<j<n

0<j<n

< liminf sup‘r,:2 H(1+tkajuj)—l du,

k00 n>0 0<j<n

< liminfar,” | T (1+2Kt5a)) -1
k— o0 0<j<n
< 8K Z a?.
j20

Now, adding the estimates corresponding to both choices of « ;> we get

iA.x 1_
Jp| 2 (- 32)

0<j<n
We wish now to remove the restrictions on A ; ’s as well as on a ; ’s. Let us
denote by P(x, 7) the following property: there exists a constant M such
that, if infle/Aj >k and sup lajl < 1, we have

/ sup
n>0

for any sequence {« j} of complex numbers.
Proposition 2 exactly says that P(5, 1/4) holds and we have to prove that
P(3, 1) holds. This will be done by applying twice the following lemma.

2

dp, (x) < 32K o,

j20

2
du,(x) < MZ |aj‘2

j20

iijx 1_
Z aj e —zaj

0<j<n

LemMa 5. P(5, k) implies P(3, inf(2k, 1)).

PrOOF. We suppose P(5, k) is true with constant M. Let A= {4},
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and {a;} 5, besuchthat A, ,/A; >3 and |a;| < inf(2x, 1). Let us set

p=p,, v=]J1+cosdyx),

j>0
8, (X) = Z a21< 21)
0<j<n
We then have
U*v = H (1 + = Re(“z, llz’x))
j=0

and . .
(g, *v)" (x) = 3 > ay, <e'lzfx - iazl) .
0<j<n

So, by Lemma 2, part (2), and P(5, ) we obtain
2

/sup Z ay; (eilz," - %52j> du, (x)
n>0 0<j<n
2
<4/ su et _ l‘d duxv(x)
P azj 2% u
n>0 0<j<n
< 4MZ [azj .
Jj20

The odd terms are taken care of similarly. Eventually we get

2
iA.x 1._
[sp| 3 o (- 53,)

0<j<n

du, (x) <8MY oyl

20

3. Further results and remarks

First we investigate the convergence of series of the form

3o fe" N — p(—ka ).

Jj20

PROPOSITION 3. There exists a constant C such that, for any integer k > 2,
and for any sequences {A j} and {aj} such that inf Aj /A ;2 2k +1 and
supla;| < 1, we have

kA
/sup > ae' i

n>0 0<,j<n

Jor any sequence {a j} of complex numbers.

2

dp, (x) < CY oy

j20
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The proof of this proposition follows exactly the same lines as the one of
the main theorem; Propositions 1 and 2 and Lemma 5 have to be revisited.

CoROLLARY. There exists a constant C such that, for any sequences {A j}
and {a;} suchthat infA, /A, >3, lim; | 4, /A, =+oco and supla;| <1,

J
we have
2

[sup| ¥ afe™ — k)| du, < Co@k+DY ol
>0 lo<j<n j20
where

¢(t)=1inf{j > 1;4,/A,_, >t foralln> j}.

This corollary, in the case where ¢(2k +1) and ¢(k + 3) are comparable,
leads to a slight improvement of [3, Proposition 2.7]. But more useful an
improvement of this proposition is the one by Brown, Moran and Pearce [1]:
they allow {4 j} to satisfy a mixture of divisibility and lacunarity properties
and this enables them to obtain the Hausdorff dimension of sets of numbers
which are normal with respect to some bases and abnormal with respect to
some others.

Now, let us briefly examine how this works in the general group setting.
Let G be a compact commutative group and I' its dual. As in [2], a subset
A of I is said to be dissociate if any y € I has at most one representation
of the form y = 37, ,¢,4, where ¢, € {0, 1} if 24 =0, ¢, € {-1,0, 1}
otherwise and all but a finite number of the ¢, ’s are zero. Similarly T is 2-
dissociate if any y € I' has at most one representation of the form y = )" ¢,4,
where ¢, € {0, 1} if 24 =0, ¢, € {£1,0} if 31=0, ¢, € {0, £1, 2} if
42 =0, ¢ € {0, £1, £2} otherwise and all but a finite number of the ¢, ’s
are zero. In that setting the counterpart of the main result is the following

THEOREM. There exists a constant C such that iff A is a countable disso-
ciate set which is the union of N 2-dissociate sets, then for any Riesz product
constructed over T, and for any enumeration A,, i, ..., 4, ... of A,

n
we have
2

[sup| 3= gl x) = -2, dutx) < NC Yoy

n>0 lo<j<n j>0

Therefore, in the case of Hadamard sets, although for their definition the
ordering is important, the series 3" a j(e'lfx -1a ;) converges u,-almost ev-

erywhere whatever the ordering of terms may be.
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