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Abstract
Assuming Stanley’s P-partitions conjecture holds, the regular Schur labeled skew shape posets are precisely the
finite posets P with underlying set {1,2,...,|P|} such that the P-partition generating function is symmetric and

the set of linear extensions of P, denoted X, (P), is a left weak Bruhat interval in the symmetric group &,p|. We
describe the permutations in Xy (P) in terms of reading words of standard Young tableaux when P is a regular
Schur labeled skew shape poset, and classify X7 (P)’s up to descent-preserving isomorphism as P ranges over
regular Schur labeled skew shape posets. The results obtained are then applied to classify the 0-Hecke modules Mp
associated with regular Schur labeled skew shape posets P up to isomorphism. Then we characterize regular Schur
labeled skew shape posets as the finite posets P whose linear extensions form a dual plactic-closed subset of Sp).
Using this characterization, we construct distinguished filtrations of M p with respect to the Schur basis when P is a
regular Schur labeled skew shape poset. Further issues concerned with the classification and decomposition of the
0-Hecke modules Mp are also discussed.
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1. Introduction

Schur labeled skew shape posets naturally appear in the context of the celebrated Stanley’s P-partitions
conjecture. Let P,, be the set of posets with underlying set [n] := {1,2,...,n}. Each poset P € P, canbe
identified with the labeled poset (P, w) with the labeling w : P — [n] given by w(i) = i. Consequently,
to each poset P € P,,, one can associate the following generating function for its P-partitions:

-l -2
Kpi= Y xITOLT@
f :P-partition

In 1972, Stanley [34, p. 81] proposed a conjecture stating that Kp is a symmetric function if and only
if P is a Schur labeled skew shape poset. For the precise definition of Schur labeled skew shape posets,
refer to Section 2.3. While this conjecture has been verified to be true for all posets P with |P| < 8, it
remains an open question in the general case (see [28]). We denote by SP,, the set of all Schur labeled
skew shape posets in P,,.

Regular posets were introduced by Bjorner—Wachs [8] during their investigation of the convex subsets
of the symmetric group S,, on {1, 2, . . . n} under the right weak Bruhat order. For P € P,, with the partial
order <, let X (P) be the set of permutations 7 € S, satisfying that if x < y, then 771 (x) < 771 (y).
They observed that every convex subset of &, under the right weak Bruhat order appears as Xg(P)
for some P € P,, and every right weak Bruhat interval in &,, is convex. This observation led them to
characterize the posets P € P,, satisfying that g (P) is a right weak Bruhat interval. They introduced
the notion of regular posets and proved that P € P, is a regular poset if and only if Xg(P) is a right
weak Bruhat interval in &,,. For the definition of regular posets, refer to Definition 2.3. We denote by
RP,, the set of all regular posets in P,,.

Let RSP, := RP,, N SP,,. In the following, we explain the reason why we consider regular Schur
labeled skew shape posets from the perspective of the representation theory of the 0-Hecke algebra.

In 1996, Duchamp, Krob, Leclerc and Thibon [12] showed that the Grothendieck ring of the tower of
0-Hecke algebras €P,,., Hn(0), when equipped with addition and multiplication from direct sum and
induction product, is isomorphic to the ring QSym of quasisymmetric functions. To be precise, they
showed that the map

ch : (1) Go(H, (0)-mod) — QSym,  [Fo] = F,

n>0

called the quasisymmetric characteristic, is a ring isomorphism. Here, Gy(H,(0)-mod) is the
Grothendieck group of the category H,,(0)-mod of finitely generated left H,,(0)-modules, « is a com-
position, F, is the irreducible H, (0)-module attached to a, and F,, is the fundamental quasisymmetric
function attached to « (for more details, see Section 2.4). Afterwards, Bergeron—Li [5] showed that
the map ch is not just a ring isomorphism but also a Hopf algebra isomorphism. In 2002, Duchamp-
Hivert—Thibon [11] associated a right H, (0)-module Mp with each poset P € P,,, such that the image
of Mp under the quasisymmetric characteristic is Kp. This was achieved by defining a suitable right
H,,(0)-action on Zg (P).

Since the middle of 2010, various left 0-Hecke modules, each equipped with a tableau basis and
yielding an important quasisymmetric characteristic image, have been constructed ([2, 4, 32, 37, 38]).
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In order to handle these modules in a uniform manner, Jung—Kim-Lee—Oh [19] introduced a left H,,(0)-
module B([I), referred to as the weak Bruhat interval module associated with I, for each left weak
Bruhat interval / in &,,. Furthermore, they showed that €5, ., Go(%,) is isomorphic to QSym as Hopf
algebras, where 93, is the full subcategory of H,,(0)-mod consisting of objects that are direct sums of
finitely many isomorphic copies of weak Bruhat interval modules of H,,(0). Recently, Choi—Kim—Oh
[9] clarified the exact relationship between the weak Bruhat interval modules and the 0-Hecke modules
Mp, using Bjorner—Wachs’ characterization. More precisely, they constructed a contravariant functor
F : H,(0)-mod — mod-H, (0) that preserves the quasisymmetric characteristic and showed that
Mp = F(B(2L(P))), where mod-H,, (0) is the category of finitely generated right H,,(0)-modules and
2r(P) :={y~! | y € Zg(P)} for P € RP,. For technical reasons, we use a slightly different 0-Hecke
module, denoted as Mp, instead of Duchamp, Hivert and Thibon’s module Mp. This module is a left
H,,(0)-module with the basis X; (P). For the detailed definition of Mp, refer to Definition 2.8.

The aim of this paper is to give a comprehensive investigation of regular Schur labeled skew shape
posets and their associated 0-Hecke modules.

In Section 3, we provide an explicit description of X, (P) for P € RSP,,. We first introduce a Schur
labeling 7p, which is a bijective tableau uniquely determined by suitable conditions. For details, see
Equation (3.2). Let A/u be the shape of 7p. Then 7p gives rise to a reading, denoted read,,., on the set
SYT(A/u) of standard Young tableaux of shape A/u. We show that all permutations in Xy, (P) appear
as reading words of standard Young tableaux of shape A/, i.e., X1 (P) = read, (SYT(1/u)) (Lemma
3.2). Then, we derive that

ZL(P) = [readr, (Tayu), readr, (Ty),) 1L,

where Ty, (resp. T} /”) is the standard Young tableau obtained by filling the Young diagram of shape
A/uby 1,2,...,n from left to right starting with the top row (resp. from top to bottom starting with
leftmost column) (Theorem 3.9).

D
In Section 4, we introduce an equivalence relation =~ on the set Int(n) of left weak Bruhat intervals

D
in &,,. This relation is defined by /; =~ I, if there is a descent-preserving poset isomorphism between /;
and I,. We show that every equivalence class C is of the form

{ly-écylL | v € [00,01]R}S

where o and o are the minimal and maximal elements in {0 | [0, p]L € C}, respectively, and
&c = po~! forany [0, p]p € C (Theorem 4.6). In the case where P € RSP,,, we show in Theorem 4.7
that the equivalence class of X; (P) is given by

{£.(Q) | Q € RSP, with sh(tp) = sh(tp)}. (1.1)

In Section 5, we classify the H,,(0)-modules Mp up to isomorphism as P ranges over RSP,,. We
show in Theorem 5.5 that for P, Q € RSP,,,

Mp =My ifand onlyif sh(rp) =sh(7p).

The ‘if’ part is straightforward and can be derived from Equation (1.1). As for the ‘only if” part, it can
be verified by showing that when 7p and 7o have different shapes, it results in either nonisomorphic
projective covers or nonisomorphic injective hulls of Mp and M. To accomplish this, we compute both
a projective cover and an injective hull of Mp for P € RSP,, (Lemma 5.4).

In Section 6, we first prove that a poset P € P,, is a regular Schur labeled skew shape poset if and
only if £y, (P) is dual plactic-closed (Theorem 6.4). This improves Malvenuto’s result [27, Theorem 1],
which states that if X; (P) is dual plactic-closed, then P € SP,,.. Then, we introduce the notion of a
distinguished filtration of an H, (0)-module M with respect to a linearly independent subset B of QSym,,
(Definition 6.5). If such a filtration is available, we have a representation theoretic interpretation of the
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expansion of ch([M]) in B. The existence of a distinguished filtration is quite nontrivial as seen in
Example 6.6. However, using the characterization given in Theorem 6.4, we show that Mp admits a
distinguished filtration with respect to the Schur basis when P € RSP,, (Theorem 6.7).

The final section is mainly devoted to further issues concerned with the classification and decom-
position of the 0-Hecke modules Mp. We discuss the classification problem for {Mp | P € SP,} and

{Mp | P € RP,}. In particular, we expect that for P, Q € RP,, Mp = Mg if and only if X7 (P) 2 2(0)
(Conjecture 7.2). The decomposition problem is also discussed for the 0-Hecke modules Mp when
P € RSP,,. Based on experimental data, we expect that for P € RSP,,, Mp is indecomposable if and
only if sh(7p) is disconnected and does not contain any disconnected ribbon (Conjecture 7.5). At the
end of this section, we provide a remark on how to recover Mp for P € RSP,, from a module of the
generic Hecke algebra H,,(g) by specializing g to 0.

In the appendix, we give a tableau description of Mp for P € RSP,,. For a skew partition 1/ u of size n,
we construct an H,,(0)-module X,/,, with standard Young tableaux of shape A/u as basis elements. This
module can be viewed as a representative of the isomorphism class of Mp in the category H,(0)-mod
for every P € RSP,, with sh(7p) = A1/pu.

2. Preliminaries

For integers m and n, we define [m,n] and [n] to be the intervals {r € Z | m < t < n} and
{t e Z| 1 <t < n}, respectively. Throughout this paper, n will denote a nonnegative integer unless
otherwise stated.

2.1. Compositions, Young diagrams and bijective tableaux

A composition a of n, denoted by « [ n, is a finite ordered list of positive integers (a1, @y, ..., @)
satisfying Zf;l a; =n. Wecall @; (1 <i < k)apart of a, k =: {(«) the length of @, and n =: || the
size of @. And we define the empty composition @ to be the unique composition of size and length 0.
Whenever necessary, we set a; = 0 for all i > £(a).

Given a = (a1, a2, ...,ar) Enand I = {i; <ip <---<ij} C [n—-1], let
set(a/) = {a/l,aq +a,...,q +a2+-~-+a/k_1}, and
comp(l) := (iy,ip — 11,13 — i, ..., —i]).

The set of compositions of 7 is in bijection with the set of subsets of [n — 1] under the correspondence
a + set(a) (or I +— comp([l)). The reverse composition a" of « is defined to be the composition

(@, @k-1,...,a1), and the complement a° of « is defined to be the unique composition satisfying
set(a) = [n—1] \ set(a).
If a composition A = (41,42, ...,4x) | nsatisfies 4] > Ap > --- > Ay, then it is called a partition

of n and denoted as A + n. Given two partitions A and y with £(1) > €(u), we write A 2 p if A; > p; for
all 1 <i < €(u). A skew partition A/ is a pair (4, p) of partitions with A 2 p. We call [A/u| := || — ||
the size of A/u. In the case where A D u O v, we say that A/u extends u/v.

Given a partition A, we define the Young diagram yd(2Q) of A to be the left-justified array of n boxes,
where the ith row from the top has A; boxes for 1 < i < k. Similarly, given a skew partition 1/u, we
define the Young diagram yd(A/u) of A/u to be the Young diagram yd(21) with all boxes belonging to
yd(u) removed. A Young diagram is called connected if for each pair of consecutive rows, there are at
least two boxes (one in each row) which have a common edge. A skew partition is called connected if the
corresponding Young diagram is connected, and it is called basic if the corresponding Young diagram
contains neither empty rows nor empty columns. In this paper, every skew partition is assumed to be
basic unless otherwise stated.

For two skew partitions A/u and v/, we define 1/u % v/ to be the skew partition whose Young
diagram is obtained by taking a rectangle of empty squares with the same number of rows as yd(1/u)
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and the same number of columns as yd(v/«), and putting yd(v/«) below and yd(A/u) to the right of this
rectangle. For instance, if 1/u = (2,2) and v/x = (3,2)/(1),then A/u*x v/« = (5,5,3,2)/(3,3,1) and

yd(d/p * v/k) =

Given a skew partition A/u of size n, a bijective tableau of shape A/u is a filling of yd(1/u) with
distinct entries in [n]. For later use, we denote by T(;l Iu (resp. T]/l In ) the bijective tableau of shape A/u
obtained by filling 1,2,...,n from right to left starting with the top row (resp. from top to bottom
starting with the rightmost column). If 1/ is clear in the context, we will drop the superscript A/u from
T(;l/" and T{l/". Again, letting 1/u = (2,2) % (3,2)/(1), we have

T = and 7 =

A bijective tableau is referred to as a standard Young tableau if the elements in each row are arranged
in increasing order from left to right, and the elements in each column are arranged in increasing order
from top to bottom. We denote by SYT(2/u) the set of all standard Young tableaux of shape 4/u. And
we let SYT,, := U, SYT(R).

2.2. Weak Bruhat orders on the symmetric group

Let S,, denote the symmetric group on [n]. Every permutation o € &, can be expressed as a product
of simple transpositions s; := (i,i+ 1) for 1 <i < n — 1. A reduced expression for o is an expression
that represents o in the shortest possible length, and the length £(o) of o is the number of simple
transpositions in any reduced expression for o. Let

Desp (o) :={ie[n—1]|€(sioc) < €(0o)} and Desg(o) :={i € [n—=1] | £(os;) < £(0)}.
It is well known that if o = w;w; - - - w,, in one-line notation, then

Desy (o) ={i € [n—1] | iisrightof i + 1 in wywy---w,} and

Desg(o) ={i € [n—1] | w; > wiy}.

The left weak Bruhat order <y, (resp. right weak Bruhat order <g) on &, is the partial order on S,
whose covering relation <7 (resp. <%) is given as follows:

o <j sioifi ¢ Desp (o) (resp. o <% os; if i € Desg(0)).
Although these two weak Bruhat orders are not identical, there exists a poset isomorphism

(Gn’ 5L) - (6719 SR)’ g = O—_l.
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For each y € S, let

Invp(y) :={(G,j) |1 <i<j<nandy(i) >vy(j)} and
Invg(y) = {(y(@),y() |1 <i<j<nandy@@)>y(j)}

Then, for o, p € G,

o 2r p ifandonlyif Invp(c) CInvp(p) and
o =g p ifandonlyif Invg(o) C Invg(p).

Given o, p € Sy, the left weak Bruhat interval [0, p], (resp. the right weak Bruhat interval [, p]r)
denotes the closed interval {y € S,, | o < ¥ =r. p} (resp. {y € &, | ¢ <g vy <r p}) with respect to
the left weak Bruhat order (resp. the right weak Bruhat order).

For later use, we introduce the following lemma.

Lemma 2.1 [6, Proposition 3.1.6]. For o, p € S, with o <g p, the map [, p]lg — [id, o p]r,y
o~V is a poset isomorphism. Equivalently, for o,p € S, with o <p p, the map [o,pl. —

lid, po~'z,y — yo~lis a poset isomorphism.

Let us collect notations which will be used later. For § C &, and ¢ € G,;, let

S-&:={yé|yeS}t and &-S:={&y|yeS}.

We use wy to denote the longest element in S,,. For I C [n — 1], let &; be the parabolic subgroup of
S, generated by {s; | i € I} and wy([I) the longest element in G;. For « [ n, let wo(a) = wo(set(@)).
Finally, for o € G,,, we let o™ := woowy.

Lemma 2.2 [7, Theorem 6.2]. For I € J C [n — 1], we have
{oc €&, | IS Desp(0) CJ} = [woll), wo(J)wolr.

2.3. Regular posets and Schur labeled skew shape posets
Let P,, be the set of posets whose underlying set is [n]. Given P € P,,, we write the partial order of P

as <p.

Definition 2.3 [8, p. 110]. A poset P € P,, is said to be regular if the following holds: for all x, y, z € [n]
withx <p z,ifx <y <zorz<y<x,thenx <p yory <p z.

We denote by RP,, the set of all regular posets in P,,. In the following, we will explain how regular

posets can be characterized in terms of left weak Bruhat intervals.
Given P € P,,, let

Y (P):={oc €&, |o(i) <o(j) foralli,j e [n] withi <p j}.

Throughout this paper, X7 (P) is considered as the set of all linear extensions of P under the correspon-
dence o — ([n], <g), where <[ is the total order on [n] given by o' (1) <g 07 '(2) < --- <g
o~l(n).
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Theorem 2.4 [8, Theorem 6.8]. Let U C S, with |U| > 1. The following conditions are equivalent:

(1) U is a left weak Bruhat interval.
(2) U =ZL(P) for some P € RP,,.

Consider the map
n:Py, = PS,), P ZL(P),

where (&, is the power set of S,,. One can see that 1 is injective. Combining this with Theorem 2.4,
we obtain a one-to-one correspondence

Nlge, : RP, — Int(n), P ZL(P),

where Int(n) is the set of nonempty left weak Bruhat intervals in &,,.
Next, let us introduce Schur labeled skew shape posets. Let 1/u be a skew partition of size n. Given
a bijective tableau 7 of shape 1/u, we define poset() to be the poset ([n], <;), where

i <, jif and only if i lies weakly upper-left of j in 7. 2.1

The Hasse diagram of poset(7) can be obtained by rotating 7135° counterclockwise.'

Example 2.5. Let 1/u = (2,2)%(3,2)/(1). For the bijective tableaux 7y and 7} of shape 1/u introduced
in Section 2.1, we have

NN NN,
/ TN |

2 3

poset(ry) = 1

A Schur labeling of shape A/ is a bijective tableau of shape A/u such that the entries in each row
decrease from left to right and the entries in each column increase from top to bottom. Let S(1/u) be
the set of all Schur labelings of shape A/u. Since 7y and 7; are Schur labelings of shape A/u, S(1/u) is
nonempty. Set

SP(1/p) := {poset(r) | T € S(1/u)} and SP, := U SP(A/p).
|4/ pl=n
Definition 2.6. A poset P € P,, is said to be a Schur labeled skew shape poset if it is contained in SP,,.

Remark 2.7. In some papers, for instance [27, 28], authors used a different convention than ours for
Schur labeling. We adopt the definition of Schur labeling used in Stanley’s paper [34].

For simplicity, we set RSP,, := RP,, N SP,,.
2.4. The O-Hecke algebra and the quasisymmetric characteristic

The 0-Hecke algebra H,, (0) is the associative C-algebra with 1 generated by 7y, 15, . .., m,—1 subject to
the following relations:

Note that poset(7) € Py,. Following our convention, the partial order < can also be written as <poget(7)-
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n?:ﬂi forl <i<n-1,

T = Wi My forl <i<n-—2,

MiMj=MjTm; if |i — j| > 2.

Foreachl <i <n-1,letw; :=m;—1.Then, {7r; | i = 1,2, ...,n—1} is also a generating set of H,,(0).
For any reduced expression s;, s, - - - Si,, for o € G, let
Mo =MWy ---n;,  and Ty =TTy -7,

P 14

It is well known that these elements are independent of the choices of reduced expressions, and both
{ny |0 €S,}and {7, | o € S,} are C-bases for H, (0).

According to [30], there are 2"~! pairwise nonisomorphic irreducible H,(0)-modules which are
naturally indexed by compositions of n. To be precise, for each composition @ of n, there exists an
irreducible H,(0)-module F, := Cv, endowed with the H,(0)-action defined as follows: for each
1<i<n-1,

{O i €set(a),
i Vg =
Vo I ¢set(a).

Let H,,(0)-mod be the category of finite dimensional left H, (0)-modules and R(H,,(0)) the Z-span
of the set of (representatives of) isomorphism classes of modules in H,,(0)-mod. We denote by [M]
the isomorphism class corresponding to an H,,(0)-module M. The Grothendieck group Go(H,(0)) of
H,,(0)-mod is the quotient of R(H,(0)) modulo the relations [M] = [M’] + [M"’] whenever there
exists a short exact sequence 0 - M’ — M — M” — 0. The equivalence classes of the irreducible
H,,(0)-modules form a Z-basis for Go(H,,(0)). Let

G := (P Go(H,.(0)).

n>0

Let us review the connection between G and the ring QSym of quasisymmetric functions. For the
definition of quasisymmetric functions, see [35, Section 7.19]. For a composition «, the fundamental
quasisymmetric function F,, which was firstly introduced in [16], is defined by

Fy=1 and F, = Z Xi Xiy - xp, ifa#@.

n
1<ij<ip <+ <ip
ij<ij+] if jeset(a)

It is known that {F, | @ is a composition} is a Z-basis for QSym. When M is an H,,(0)-module and N
is an H,(0)-module, we write M ® N for the induction product of M and N; that is,

Ppu— Hm+n(0)
MgN:=MeN e .

Here, H,,(0) ® H,(0) is viewed as the subalgebra of H,,, (0) generated by {n; | i € [m+n—1]\{m}}.
The induction product induces a multiplication on G. It was shown in [12] that the linear map

ch: g bl stm, [F(l] = Fa/v

called quasisymmetric characteristic, is a ring isomorphism. Indeed, it turns out to be a Hopf algebra
isomorphism when G has the comultiplication induced from restriction.
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It is well known that H,(0) has the automorphisms 6 and ¢, as well as the anti-automorphism y,
defined in the following manner:

¢:H,(0) > H,(0), mi—omy; forl<i<n-1,
0:H,(0) > H,(0), m+>-m forl<i<n-1,
¥ :H,(0) > H,(0), m+on; forl<i<n-1

(for instance, see [13, 22, 24, 25]). These maps commute with each other.
Note that an automorphism u of H,(0) induces a covariant functor

T; : H,(0)-mod — H,,(0)-mod
called the u-twist. Similarly, an anti-automorphism v of H,,(0) induces a contravariant functor
T, : H,(0)-mod — H,(0)-mod

called the v-twist. For the precise definitions of T; and T, see [19, Subsection 3.4]. In [13, Proposition
3.3.], it was shown that

T%(Fa) =Fqo, T{(Fy)=Fq, and T, (Fo) =F,o
for @ = n. Let p and y be the automorphisms of QSym defined by
p(Fq)=Fg and y(Fg) = Fge
for every composition . For a finite dimensional H, (0)-module M, it holds that

ch([T{(M)]) = poch([M]), ch([TG(M)]) =y o ch([M]), 2.2
and  ch([T} (M)]) = ch([M]). ’

2.5. Modules arising from posets and weak Bruhat interval modules

Let P € P,,. In [11, Definition 3.18], Duchamp, Hivert and Thibon defined a right H,,(0)-module Mp
associated with P. In this paper, we are primarily concerned with left modules, so we introduce a left
H,,(0)-module, denoted as Mp, associated with P.

Definition 2.8. Let P € P,,. Define Mp to be the left H,(0)-module with CX; (P) as the underlying
space and with the H,,(0)-action defined by

v ifi € Desp(y),
mi-y =140 ifi ¢ Desy (y) and s;y ¢ X (P), 2.3)
s;iy ifi ¢ Desp(y) and s;y € Zp(P).
One can see that the H,(0)-action provided in Equation (2.3) is well-defined through a slight
modification of the proof in [11, Subsection 3.9] that Mp is a well-defined right H,,(0)-module. Indeed,
there is a close connection between Mp and Mp. Let mod-H,, (0) be the category of finite dimensional

right H,,(0)-modules. In [9, Subsection 4.3], the authors introduced a contravariant functor

Fyn : H,(0)-mod — mod-H, (0)

https://doi.org/10.1017/fms.2024.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.116

10 Y.-H. Kim, S-Y. Lee and Y-T. Oh

that preserves quasisymmetric characteristics.? Using this functor, it is not difficult to see that
~ - -1
Mp = Tg oT, o F, (Mp).

Since the underlying set of P is [n], we can regard P as the labeled poset (P, w) with the labeling
w : P — [n] given by w(i) = i. Under this consideration, a map f : [n] — Zs is called a P-partition
if it satisfies the following conditions:

(1) Ifi <p j,then f(i) < f(j).
(2) Ifi <p jandi > j, then f(i) < f(J).

We define the P-partition generating function Kp of P by

-l -2
Kp := Z xif ()lxéf @1, .

f :P-partition
Theorem 2.9. For P € P, the following hold.

(1) ch([Mp]) = w(Kp).
(2) If P € SP(A/u) for a skew partition A/ u, then ch([Mp]) = 54/,

Proof. (1) It was shown in [11, Theorem 3.21(i)] that the (right) quasisymmetric characteristic of Mp
is given by Kp. Since Mp = T o T, o F;'(Mp), the assertion follows from Equation (2.2).

(2) In the same manner as in [35, Subsection 7.19], one can see that Kp = s 4/,:. Here, Atand u' are
the transposes of A and y, respectively. Now the assertion can be derived from the well-known identity
Y (sa/u) = say (for instance, see [26, Subsection 3.6]). O

Next, let us introduce weak Bruhat interval modules, which were introduced by Jung, Kim, Lee and
Oh [19] to provide a unified method for dealing with H,,(0)-modules constructed using tableaux.

Definition 2.10 [19, Definition 1]. For each left weak Bruhat interval [o, p]. in S, define B([o, p]L)
(simply, B(o, p)) to be the H,,(0)-module with C[o, p].. as the underlying space and with the H,,(0)-
action defined by

v ifi € Desy(y),
mi-y:=40  ifi ¢ Desy(y)ands;y € [0, plL,
siy ifi ¢ Desp(y) and s;y € [0, p]L.

This module is called the weak Bruhat interval module associated to [0, p]L.

We can deduce from Theorem 2.4 that for every [0, p]L € Int(n), there exists a unique poset P € P,,
such that 2 (P) = [0, p]L. Since both B(o-, p) and Mp share [0, p].. as their basis and exhibit identical
H,,(0)-actions on this set, we can conclude that B(o, p) is indeed equal to Mp.

Remark 2.11. The weak Bruhat interval modules are equipped with the structure of semi-combinatorial
H,,(0)-modules due to Hivert, Novelli and Thibon [17] and also that of diagram modules due to Searles
[33]. More precisely,

(1) B(o,p) is the semi-combinatorial H, (0)-module associated to the Yang-Baxter interval
[Yo(id), Y, (id)], and
(2) it was shown in [33, Subsection 7.3] that B(c, p) is isomorphic to a diagram module Nsigtan(p)-

2In [9, Subsection 4.3], the authors considered both left and right quasisymmetric characteristics because they were simultane-
ously working with two categories, Hy, (0)-mod and mod-H,, (0).
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3. The weak Bruhat interval structure of X; (P) for P € RSP,,

Let P € RSP,,. In this section, we explicitly describe the left weak Bruhat interval X; (P) in terms of
reading words of standard Young tableaux. To begin with, we introduce readings for bijective tableaux.

Definition 3.1. Let 7 be a bijective tableau of shape A/u. The T-reading is the map
read; : {bijective tableaux of shape 1/u} —» S,,, T > read(T),

where read.(T) is the permutation in &, given by read,(T)(k) = T, for 1 < k < n. We call
read.(T) the T-reading word of T.

Given a bijective tableaux T of shape 1/u, the permutation read,(7) in one-line notation can be

obtained by reading the entries of T in the order given by 77'(1),77!(2),...,7!(n). For instance,
if 7 = 4123 ‘ and T = 1 4 ‘ then read.(T) = 53412. With this definition, we have the
511 2

following lemma.
Lemma 3.2. For any bijective tableau T of shape A/u, Ty (poset(7)) = read (SYT(2/u)).

Proof. We first show that read, (SYT(A/u)) C Xy (poset(r)). To do this, take any T € SYT(A/u) and
i,j € [n] withi <, j (for the definition of <., see Equation (2.1). Let B} and B; be the boxes in yd(1/u)
such that 7, =i and 75, = j. Since i <. j, By is weakly upper-left of B; in yd(4/). This implies that

read.(T) (i) = Tg, < T, = read.(T)(j).

Therefore, read. (T) € X (poset(1)).
To complete the proof, let us show that | X (poset(7))| = [read (SYT(1/u))|. Note that

Ch([Mposet(T{;/“)]) = Z Fcomp(DesL(y))C and Ch([Mposet(T(;l/”)]) =Sa/u>

veXr (poset(‘r(’}/“))

where the second equality follows from Theorem 2.9(2). Putting these together with the well-known
equality SAju = 2T eSYT(A/p) Feomp(T), We have

Z FCOmP(DeSL()’))C = Z Fcomp(T)- 3.1

yeZL(poset(‘r(’)l/”)) T eSYT(A/p)

Here, comp(T) = comp({i € [n — 1] | i is weakly right of i + 1 in T'}). As a consequence of Equation
(3.1), we have

|21 (poset(7))| = |21 (poset(ry"*))| = [SYT(4/u)| = [read- (SYT(/))!- o

The purpose of the remainder of this section is to describe the minimum and maximum of Xy (P)
with respect to <r.

As a first step, we deal with a characterization of regular Schur labeled skew shape posets. For this
purpose, the following definition is necessary.

Definition 3.3. Let 1/u be a skew partition of size n. A Schur labeling 7 of shape A/u is said to be
distinguished if Tg > Tp whenever B is weakly below and weakly left of B’ for boxes B, B’ € yd(1/u).
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Example 3.4. Consider the Schur labelings of shape (3,2,2)/(1)

0 0 7]

T1(3,2,2)/(1): 412 , and T=

T(§3,2,2)/(1): 312

b}

One sees that 763’2’2)/ M and 1'1(3’2’2)/ M are distinguished, whereas 7 is non-distinguished since 1
appears weakly below and weakly left of 2 in 7.

Let DS(A/u) be the set of all distinguished Schur labelings of shape A/u. For any Schur labeling 7,
let cnt; (7) be the set of entries in the ith connected component of T from the top. For each P € SP,;,
there exists a unique Schur labeling 7 such that

(i) sh(r) is basic,

(ii) poset(r) = P, and (3.2)
(iii) min(cnt; (7)) < min(cnt;(7)) for 1 <i < j < k, where k is the number of connected components
of P.

We denote this Schur labeling as 7p. One can easily see that for P € SP,,, 7p is distinguished if and
only if every connected component of 7p is filled with consecutive integers.

Example 3.5. Given two Schur labeled skew shape posets
4 6 1 1 5 2

p=3 N\ / N ad 0=4 N\ / \

5 2 3 6

we have that

2[1] il\

Tp = and 171p =

6] 4]

6|2

Lemma 3.6. For P € SP,,, P is regular if and only if Tp is distinguished.

Proof. To prove the ‘only if” part, assume that P is a regular Schur labeled skew shape poset and
A/u is the shape of 7p. We claim that every connected component of 7p is filled with consecutive
integers. Take an arbitrary connected component C of 7p. Let B; be the box at the top of the rightmost
column of C and B; the box at the bottom of the leftmost column of C. Then, we may choose boxes
Ap := By, A, A3, ..., Ay := By satisfying that forall 1 <i < k — 1, A;4; is weakly below and weakly
left of A; and A;, A;4 are in the same row or in the same column. Let m € [(tp)g,, (Tp)B,]. Then,
there exists a unique index 1 < i < k — 1 such that (7p)a, < m < (7p)a,,,- Since P is regular, one of
the following holds:

i+l"

() If (tp)a; <P (TP)A;, - then (Tp)a, <p morm =p (Tp)a,,-
(i) If (tp)a,, <p (TP)a,, then (1p)a,,, <p morm <p (7p)a,.
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It follows that (7p)a,, m and (7p)a
Thus, 7p is distinguished.

Next, to prove the ‘if” part, assume that 7p is a distinguished Schur labeling and A/u is the shape
of 7p. Let By, By € yd(4/u) with (tp)g, <7, (Tp)p,. By the definition of <,,, By and B, are in
the same connected component. In order to establish the regularity of P, we need to prove that either
(tP)B, =¢p (tP)c Or (Tp)c =¢p (7p)B, for all C € yd(A/u) satistying (7p)p, < (7p)c < (7p)B, OF
(tp)B, > (tP)c > (7P)B,-

Assume that there exists C € yd(A/u) such that (tp)g, < (tp)c < (7p)p,. Since 7p is a Schur
labeling and (7p)B, <7» (TP)B,, the inequality (7p)p, < (7p)p, implies that Bj is strictly below B;. In
addition, since 7p is distinguished and (7p)g,, (Tp)p, appear in the same connected component in 7p,
(tp)c appears in the same connected component with them in 7p. Suppose for the sake of contradiction
that (tp)p, £+, (tp)c and (7p)c £+, (7p)B,- Then C satisfies one of the following conditions:

appear in the same connected component; that is, m appears in C.

i+1

(i) Cis strictly above B; and strictly right of B.
(ii) Cis strictly left of B; and strictly below B;.

However, since 7p is a Schur labeling and (7p)p, < (7p)c, C cannot satisfy (i). Similarly, since
7p is a Schur labeling and (7p)c < (7p)B,, C cannot satisfy (ii). Therefore, (tp)p, =<:» (TP)c
or (tp)c =¢p (7p)B,. In a similar way, one can show that if there exists C € yd(4/u) such that
(tp)B, > (tP)c > (TP)B,, then (tp)p, <7, (TP)c or (Tp)c =+, (TP)B,. Thus, P is regular. O

Note that Tpgget(ry = 7 for any 7 € DS(A/u). Considering this property together with Lemma 3.6,
one can see that the map

@ : RSP, — U DS(A/u), P 1p (3.3)
\A/k|=n

is a bijection and its inverse is given by 7 + poset(7).
As a second step, we provide a lemma that will be used throughout this paper.

Lemma 3.7. For T € SYT(A/u), {read.(T) | T € DS(1/p)} = [read,(T), read, (T)]r.

Proof. Let us show the inclusion {read,(T) | 7 € DS(4/u)} € [read,,(T),read,, (T)]r. This can be
done by proving read,,(T) <g read.(T) and read,(T) <g read,, (T) for all T € DS(A/u). Since the
method of proof for the latter inequality is essentially the same as that for the former one, we omit
the proof for the latter inequality. Let 7 € DS(A/u) and (i, j) € Invg(read,,(T)). Since i > j and
read, (T) ! (i) < readq,(T)~'(j), the box T~!() is placed strictly left and weakly below T~! (). This,
together with the definition of distinguished Schur labeling, implies that 77-1(;) < 77-1(;); equivalently,
read. (T)~'(i) < read(T)~'(j). It follows that (i, ) € Invg(read,(T)). Since we chose an arbi-
trary (i, j) € Invg(read,,(T)), we have the inclusion Invg(read,(T)) C Invg(read,(T)). Therefore,
read,,(T) <g read.(T).

Let us show the opposite inclusion {read.(T) | T € DS(1/u)} 2 [read,(T),read, (T)]r. Since
{read.(T) | tis a bijective tableau of shaped/u} is equal to &, as a set, the inclusion can be obtained
by proving that read.(T) ¢ [read,,(T),read,, (T)]r for all bijective tableaux 7 of shape 1/u with
T ¢ DS(A/p). To prove it, choose an arbitrary bijective tableau 7 of shape A/u with T ¢ DS(1/u). Since
7 ¢ DS(A/u), there exists 1 < i < j < n such that i is weakly below and weakly left of j in 7. Set
x :=Tr1(;y and y := T ). Then, x appears left of y in read, (T). However, since 7, 71 € DS(4/p),
we have (70)-1;) > (70)-1(j) and (71)z-1¢;y > (71)-1(j), which implies that x appears right of y in
both read,(T) and read,, (T). If x < y, then (y,x) € Invg(read,, (7)) and (y,x) ¢ Invg(read,(T)),
thus Invg (read, (7)) & Invg(read,(T)). Similarly, if x > y, then Invg (read. (7)) € Invg(read,, (T)).
Hence, read,(T') ¢ [read,,(T),read, (T)]r. O

As a last step, we define two specific standard Young tableaux. For a skew partition 1/u of size n,
let Ty, (resp. T} /u) be the standard Young tableau obtained by filling yd(A/u) by 1,2, ..., n from left
to right starting with the top row (resp. from top to bottom starting with leftmost column).
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Example 3.8. Let 2/u = (2,2) % (3,2)/(1). Then

Ty = and T}

= 274
KE 1

Now, we are ready prove the main theorem of this section.
Theorem 3.9. Let P € RSP,, and A/u = sh(tp). Then
Z.(P) = [readr, (Tayy), read., (Ty ) ]L.

Proof. Due to Theorem 2.4 and Lemma 3.2, it suffices to show that read;, (T3/,) is minimal and
readTP(T/{/H) is maximal in read,, (SYT(4/u)) with respect to <. Let T € SYT(A/u). In the case
where 7p = 19, one can easily see that

Invy (read(Tyy,)) € Invy (read, (7)) € Invy (ready, (T/{/#)). 3.4)
In the case where 7p # 79, we consider the equality
read,, (T) = readTO(T)readTO(np)‘l 3.5

which follows from Definition 3.1. By Lemma 3.6, we have 7p € DS(4/u); therefore, combining
Lemma 3.7 with Equation (3.5) yields that

{(read,, (T)) = t(read,, (T)) + £(read, (tp)~").
Now, we have that
t(read, (T)) — £(read, (Tau)) = L(read, (T)) — £(read, (Ta;.))
= {(ready, (T)read, (Ta/,) ") by Equation (3.4)
= ((read,, (T)readr, (Ty/,) ") by Definition 3.1.

Therefore, read., (Ty;,) =i read;,(T). In the same manner, we can prove that read.,(7) =<r
readTP(T/{/H). O

4. An equivalence relation on Int(n)

Recall that Int(n) denotes the set of nonempty left weak Bruhat intervals in S,,; that is,
Int(n) = {[o,plL | 0, p € S, and o < p}.

For I;,I, € Int(n), a poset isomorphism f : (I},<p) — (I, <) is called descent-preserving if
Desy () = Desp(f(y)) for all y € I;. In this section, we study the classification of left weak Bruhat in-
tervals in Int(n) up to descent-preserving poset isomorphism. In particular, in the case where P € RSP,
we explicitly describe the isomorphism class of X (P).

We begin by explaining the reason why we consider descent-preserving poset isomorphisms. Note
that every interval I € Int(n) can be represented by the colored digraph whose vertices are given by the
permutations in I and {1, 2, ...,n — 1}-colored arrows are given by
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¥ 4 v’ ifand only if y < v and s;y =v’.

For intervals I, I € Int(n), amap f : I} — I, is called a colored digraph isomorphism if f is bijective
and satisfies that for all y,y’ € [y and 1 <i<n-1,

% LR v’ if and only if f(y) 4 f&).

If there exists a descent-preserving colored digraph isomorphism between two intervals /; and I, then
B(1;) is isomorphic to B(/;). Motivated by this fact, in [19, Subsection 3.1], the authors posed the
classification problem of weak Bruhat intervals up to descent-preserving colored digraph isomorphism.

A colored digraph isomorphism between I; and I, is a poset isomorphism with respect to <, but
a poset isomorphism f : I} — [, may not be a colored digraph isomorphism. For instance, the poset
isomorphism f : [1234,2134]; — [1234,1324]; defined by f(1234) = 1234 and f(2134) = 1324 is
not a colored digraph isomorphism since

1234 1234
L s
2134 1324

However, if a poset isomorphism between left weak Bruhat intervals is descent-preserving, it indeed
proves to be a colored digraph isomorphism.

Proposition 4.1. Let 11,1, € Int(n). Every descent-preserving poset isomorphism f : I} — I is a
colored digraph isomorphism.

Proof. Let y,y’ € Iy with y <{ y’. Since f is a poset isomorphism, we have f(y) <y f(y’). Let
i,j € [n—1], satisfying ¥’ = s;¥ and f(y’) = s; f (). For the assertion, it suffices to show that i = j.
Let Dy := Desy(y) and D, := Desy (y’). Since y’ = s;¥, we have

{iY S (D1UD)\(DiNDy) C{i—1,i,i+1}.

In addition, since Dy = Desy (f(y)), D2 = Desp (f(y’)) and f(y’) = s;f(y), we have j € D> \ Dy,
and it follows that j is one of i — 1,7, and i + 1.
If j=i—1,theni—1,i € D,. It follows that

v =.-i4+1---i---i—=1--- inone-line notation;

equivalently,
y=--+i---i+1---i—1--- inone-line notation.

This implies that j =i — 1 € D1, which is a contradiction to j ¢ Desy (f(y)). Therefore, j # i — 1.
In a similar manner, one can show that j # i + 1. Hence, j = i, as required. O

Proposition 4.1 says that classifying weak Bruhat intervals up to descent-preserving colored di-
graph isomorphism is equivalent to classifying weak Bruhat intervals up to descent-preserving poset
isomorphism. With this equivalence in mind, we introduce an equivalence relation, whose reflexivity,
symmetricity and transitivity are obvious.

Definition 4.2. We define an equivalence relation 2 on Int(n) by I; 2 I if there is a descent-preserving
(poset) isomorphism between (I, <;) and (I3, <r).

For each equivalence class C, we define

éc=po~! forany [0, p]L € C.
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By Proposition 4.1, £¢ does not depend on the choice of [0, p]r € C. We also define
min(C) :={o | [0, p]L € C} and max(C) :={p | [o,p]L € C}.

From now on, we always regard min(C) and max(C) as subposets of (&, <g).
The following lemma is the initial step in the proof of the main result of this section (Theorem 4.6).

Lemma 4.3. Let C be an equivalence class under 2 with £(&c) = 1. Then, min(C) is a right weak
Bruhat interval in (S,,, <g).

Before proving the lemma, we provide an outline of the proof for the reader’s understanding. We
first classify the equivalence classes under consideration according to the set X in Equation (4.2). Then,
case by case, we show that E(C ) has a unique minimal element oy. In particular, in Case 3, we
introduce a specific permutation wg and show that it is the unique minimal element of min(C). Using
these results, we next show that E(C ) has the unique maximal element oj. Finally, we show that
[00,o1]r € min(C).

Proof. From the condition £(§c) = 1, it follows that £c = s, for some ip € [n — 1].
First, let us prove that there exists a unique minimal element in min(C). Let

Dy :=Desy(0) and D;:=Desy(s;,0) forany [o,s;o]r€C “.1)
and
X = (D] UDj)\ (Dl N Dy). “4.2)
One sees that {ig} € X C {ip — 1, iy, ip + 1}, and therefore, X can be one of the following:
{io = Lio,io + 1}, {io}, {io — 1,io}, and {ip,ip+ 1}.
Case 1: X = {ip — 1,ip,io+ 1}. Since ig — 1,ip+1 € Dy and iy ¢ D1,
wo(D1)=---igipg—1---ig+2ip+1 ---
in one-line notation. Considering this equality, one can see that [wo(D1),s;,wo(D1)]r. € C. By
Lemma 2.2ﬂ0(01) <g o for all o € G,, with Desy (o) = D;. Thus, wo(D) is a unique minimal
element in min(C).
Case 2: X = {ip}. In this case, we have
wo(Da) =+ ig+1ig---
in one-line notation. Considering this equality, one can see that [s;,wo(D2), wo(D2)]., € C. Again, by
Lemma 2.2,_wO(D2) <g o forall o € G, with Desy (o) = D;. Thus, s;,wo(D>) is a unique minimal
element in min(C).
Case3: X = {ip—1,ip}. When g +1 ¢ D;, following the way as in Case 1, one can see that wo(D1)
is a unique minimal element in min(C).
From now on, assume that iy + 1 € D1. We begin by introducing necessary notation. Let
m; :=min{m € [n—1] | [m,ip —1] € D1} and my:=max{m e [n—1]]| [ip+1,m] C D}.

And set

pri=my—1, pri=my—ig, p3:=ipg—my, and pg:=n—-(my+1).
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Let

w(! be the longest element of the subgroup Sp, [p,-1] of Sp,,
w2 be the longest element of S,,,

w® be the longest element of S,,, and

w® be the longest element of the subgroup Spin[ps-1] of Sp,.

O O O o

With this notation, we define wy to be the permutation given by

w (k) if k € [p1],
w® (k= p1)+ (o + 1) if k € [p1 +1,p1 +pal,
(k) io ifk=p1+pr+1,
w =
0 w (k= (pr+p2+1)+(m—1) ifke[pi+pr+2,p1+p2+p3+1],
i0+1 ifk=p1+p2+p3+2,
w@ (k= (p1+pa+p3+2)+(m+1) ifke[pi+pr+ps+3,n]

It should be remarked that

wo([1, p1]) = [1,my = 1],
wo([p1 + 1, p1+ p2]) = [io+2,ma + 1],
wo(p1 +p2+1) =i,
wo([p1+p2+2,p1+pa+p3+1]) =[my,ip—1],
wo(pr+p2+p3+2)=ip+1, and
wo([p1+p2+p3+3,n]) = [my+2,n].

From the definition of wy, it follows that [Wo, si,Wo]r € C; equivalently, wy € min(C). We claim that
W is a unique minimal element in min(C). This can be verified by showing that every minimal element
in min(C) is equal to wy. Let 0y be a minimal element in min(C). Set

Tp ={oo(k) | 1 < k <0y (i0)}s
Ic = {oo(k) | o' (o) < k < o' (io + D)},
Ir = {oo(k) | a'o‘](io+ 1) < k < n}.

To begin with, we establish the equalities
Ir=[m=1]Ulipg+2,my+1], Zc=[my,ip—1], and Zg =[my+2,n]. “4.3)
These equalities are derived by verifying the following claims.

Claim 1. Tc = [my,ig — 1]. Let us show Z¢ C [my, ip — 1]. First, to prove Z¢ C [ip — 1], we assume
that there exists i € Z¢ such that i > ij. Let

ki := max{k € [n] | o9(k) € Zc and o(k) > ip}.

By the definition of Z¢, ip,ig + 1 ¢ Zc. If ig + 2 € Z¢, then ip + 1 € D \ D;, which contradicts the
assumption that i+ 1 ¢ X. Since o (k;) € Zc, it follows that o9 (k1) > ip + 3. And, by the choice of k1,

D

we have o (ky + 1) < ip + 1. Putting these together yields that [cos,, Si,008k, ] = [00, Siy00]r and
008k, <r 00. This contradicts the minimality of oy in min(C); therefore, Z¢c C [ip — 1]. Next, to prove
Zc C [my, n], we assume that there exists i € Z¢ such thati < m;. Let

ko = min{k € [n] | O'()(k) €Zc and 0'0(k) < m]}.
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By the choice of ky, we have o9 (k) +1 < my < 0(ky—1). Inaddition, if o (ky)+1 = m; = og(kp— 1),
thenm;—1 € Desy (07), which cannot happen by the definition of m;. Therefore, o (k2)+1 < o9 (k2—1),

. . . D . .
which implies that [oSk,-1, $i,00Sk,-1]. = [00, Si,00]r. and oosk,—1 <r 0p. This contradicts the
minimality of o in min(C). Thus, Zc C [my,ip — 1].

Let us show Z¢ 2 [my, ig — 1]. Assume for the sake of contradiction that there exists i € [my,ip — 1]
such that i ¢ Z¢. Let j be the maximal element in [my,ip — 1] such that j ¢ Z¢. Since ip — 1 € X, we
have iy — 1 € Z¢. It follows that j < ig—1,s0 j+ 1 € [my,ig— 1]. Combining this with the maximality
of j, we have j + 1 € Z¢c. And, by the definition of m;, we have j € D;. Putting these together yields
that j € Zr. Let

k3 := min{k € [n] | oy(k) € Zg and oy (k) < j}.

If og(ks — 1) < op(k3) + 1, then og(ks — 1) < j+ 1 < ip. So, op(ks — 1) # ip + 1, which implies
oo(ks — 1) € Zr. This, together with the minimality of k3, yields that j + 1 < og(k3 — 1). It follows
that og(k3 — 1) = j + 1, which is a contradiction because oq(k3 — 1) € Zg, but j + 1 € Z¢. Therefore,
we have 0 (k3) + 1 < 0(k3 — 1). In addition, since j < iy — 1, we have o(k3) < ip — 1. Putting these

D
together yields that [00Sk,—1, Siy00Sks—1]L = [00, Siy00]r and opsk,—-1 <r 00, Which contradicts the
minimality of o in min(C). Thus, Z¢ 2 [my,ip — 1].

Claim 2. [m; — 1] U [ig+2,my + 1] € Z; . By the definition of m,, we have [ip + 1, m,] C Desy (0y).
Since ip + 2 ¢ Zc, we have [ip +2,m; + 1] € Zy.. To prove [m; — 1] € Z;, suppose that there exists
i€[my—1]suchthati ¢ 7. Let

k4 :=min{k € [n] | op(k) € [m; — 1] and o(k) ¢ Z_}.
Since o(k4) ¢ Zr and o (k4) < my, we have o(k4) € Zg. This implies that o (ks—1) € Iy U{ip}UZc.
In addition, the minimality of k4 gives og(k4 — 1) > my. Since [my,ip — 1] = Z¢, we have op(ks— 1) >

ip + 1. Putting the above inequalities together, we have

oolks) <my <ip—1<ig+1 < op(ksg—1),

D
and so o (k4)+2 < 0p(ks—1). Itfollows@ [0’0Sk4_1, Si()O'OSk4—1]L =~ [0y, Sioa'o]L and 00Sks—1 <R 00-
This contradicts the minimality of o7 in min(C); thus, [m; — 1] € Z;..

Claim 3. [my + 2,n] C Zr. Suppose that there exists i € [my + 2, n] such that i ¢ Zg. Let
ks := max{k € [n] | o9(k) € Zr and oy(k) € [my +2,n]}.

Since ks ¢ Zg and oy(ks) > ip + 1, we have oy(ks) € Zr, which implies that (ks + 1) ¢ Zg. By the
maximality of ks, we have o(ks+ 1) < my + 1. If og(ks + 1) < my + 1, then

oplks +1)+1 <my +2 < og(ks).

If op(ks + 1) = my + 1, then oy ' (my +2) > ks + 1 due to the maximality of my, so oo(ks) # my +2,
which implies

oolks+1) +1 < op(ks).

D
Putting these together with the inequalities o (ks) > my + 2 > ig + 2 yields that [0Sk, $i,005ks |1 =
[0, siy00]r and o9sk; <r 0. This contradicts the minimality of o in min(C); thus, [my +2, 1] C Zg.
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Now, we are ready to show that oy = wy. Let
IV ={op(k) €T [ 1<k <mi—1} and I = {op(k) € o | my < k < a5 (o)}

We claim that Iﬁl) =[m; — 1] and IIEZ) = [ip + 2, my + 1]. We may assume that m; > 1; otherwise, the
claim is obvious. To prove our claim, suppose that there exists i € IIEI) such that i € [ip +2,m; + 1].
Then, there exists 1 < k < 0'0’1(i0) — 1 such that o (k) € [ip+2,my + 1] and og(k + 1) € [m; — 1].

D . . . .. .
It follows that [oosk, siy005k ] = [00. 8i,00]z and opsk <r 0p. Again, this contradicts the minimality
of o in min(C), so

7V =[m; =11 and Z? = [ip+2,m+1]. (4.4)

Putting Lemma 2.2, Equation (4.3), Equation (4.4) and the minimality of o7 together, we conclude that
oy = Wp.

Cased: X = {ip,ip+1}. Take [0, 5;,0°]1 € C and let C’ be the equivalence class of [0, (s;,0)"°] L.
By mimicking Equation (4.1) and Equation (4.2), we define

D} :=Desy (o), D) :=Desr((s;,0)"°), and X' :=(DjuUDj)\(D]inD)).
Since D{ ={n—i|i€ D }and D) ={n—i|i€ Dy}, we have
X' ={n-ip, (n—ig) +1}.

Following the proof of Case 3, we see that min(C’) has a unique minimal element w;. And one can
easily see that the map f : min(C) — min(C’), y — "0 is a well-defined bijection and that for
Y1,72 € min(C), y1 <g 2 if and only if f(y;) <g f(¥2). Thus, (W)™ is a unique minimal element
in min(C”).

Second, we will show that min(C) has a unique maximal element. Recall that we take [o, si,0]r € C.
Let C” be the equivalence class of [s;,0wq, cwg]r. Due to the previous arguments, we know that there
is a unique minimal element 7y, in min(C”’). One can easily see that the map g : min(C) — min(C""),
¥ = ywy is a well-defined bijection and that for ¥,y € min(C), y; <g 7y if and only if g(y1) =g
g(y2). Therefore, yowy is the unique maximal element in min(C).

Finally, we will show that min(C) is a right weak Bruhat interval in (S,, <g). Let 0y and o be
the minimal and maximal elements in min(C), respectively. Let y € [00, o1 ]g. Since Desy (o) =
Desy. (o1), we have Desy, (y) = Desy(09) by Lemma 2.2. Next, let us examine Desy (s;,y). Since
Desy,(0p) = Desp (y), it follows that y <, s;,y. By Lemma 2.1, we have that s;,y € [s,00, 5i,01]r-
Since Desy (sij,00) = Desr(s;,01), we have Desy(s;,y) = Desp(si,00) by Lemma 2.2. Thus,
v € min(C). O

Example 4.4. Let C C Int(4) be the equivalence class of [2134,2143].. One sees that

C = {[2134,2143];, [2314, 2413], [2341, 2431]..}.

So, min(C) = {2134, 2314,2341} and max(C) = {2143,2413, 2431} which are equal to [2134,2341]g
and [2143,2431]g, respectively. For the readers’ convenience, we draw the left weak Bruhat intervals
in C within the left weak Bruhat graph of S, on the left-hand side of Figure 1. We also draw the right
weak Bruhat intervals min(C) and max(C) within the right weak Bruhat graph of &, on the right-hand
side of Figure 1.

Lemma 4.5. The intersection of two right weak Bruhat intervals in S, is again a right weak Bruhat
interval.
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2134
\
2314 2143

2413 2341

2431

Figure 1. The left weak Bruhat intervals in C on (G4, <) and the right weak Bruhat intervals min(C)
and max(C) on (S4, <R) in Example 4.4.

Proof. Tt is well known that (S,,, <g) is a lattice; that is, every two-element subset {y,y2} € S, has
the least upper bound and greatest lower bound (for example, see [6, Section 3.2]). Combining this with
the fact |S;,| < oo, we derive the desired result. O

D
The following theorem provides significant information regarding equivalence classes under =.

Theorem 4.6. Let C be an equivalence class under 2. Then min(C) and max (C) are right weak Bruhat
intervals in (S,,, <g).

Proof. Note that o <; &co for any o € min(C) and that max(C) = &c - min(C). If we prove that
min(C) is a right weak Bruhat interval, then Lemma 2.1 implies that max(C) is also a right weak Bruhat
interval. So we will only prove that min(C) is a right weak Bruhat interval.

When €(&£¢) = 0, the assertion follows from Lemma 2.2. From now on, assume that £(£¢) > 1. We
will prove the assertion by using mathematical induction on £(£¢). When £(&é¢) = 1, the assertion is
true by Lemma 4.3. Let k be an arbitrary positive integer and suppose that the assertion holds for every
equivalence class C € € (n) with £(éc) < k. Let C € €(n) with £(é¢) = k + 1. Set

A={ie[n-1] s €lid&clL}.

Giveni € A and o € min(C), note that
D , ’ D ’ ’
[o,sio)lL = [0/, s;0"], and  [s;0,écolL = [sio’,éco’]L

for all o-’_eﬁ(C). This says that the equivalence classes of [0, s;0°]r and [s;0, éco | do not depend
on o € min(C). For each i € A, we set

E; := the equivalence class of [0, 5;07]L,

E! := the equivalence class of [s;0, éco]L,
for any o € min(C). Then, we set

J; = max(E;) Nmin(E/) forie A, and J:= ﬂ si - Jj.
ieA
Now, the desired assertion can be achieved by proving the following claims:

(i) min(C) = J.
(ii) J is aright weak Bruhat interval.
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First, let us prove min(C) = J. By the definition of J;, we have s;0 € J; foralli € Aando € min(C).
It follows that min(C) C J. To prove the opposite inclusion min(C) 2 J, take o~ € J. By the definition
of J, we have

[o,siol € E; and [s;o,éco], € E] foralli e A.
And Lemma 2.1 implies that
{sic|ie Ay ={yelo.écolL|o <] v}
Putting these together yields that [0, éco] € C; therefore, o € E(C).

Next, let us prove that J is a right weak Bruhat interval. Due to Lemma 4.5, it suffices to show that
si - J; is a right weak Bruhat interval for i € A. Let us fix i € A. Since {(§g;) = 1 and {({g;) = k,

max (E;) and min(E) are right weak Bruhat intervals by the induction hypothesis. Combining this with
Lemma 4.5 yields that J; is a right weak Bruhat interval. In addition, we have s;y <p y forall y € J;.
Therefore, by Lemma 2.1, s; - J; is a right weak Bruhat interval. O

According to Theorem 4.6, every equivalence class C can be expressed as follows:
C=A{ly.écyle |y € [0, 01]r},

where o and o7 represent the minimal and maximal elements in min(C), respectively. In particular,
when C is the equivalence class of £ (P) for P € RSP,, we can provide an explicit description of it.

Theorem 4.7. Let P € RSP,, and C the equivalence class of Xy (P) under 2. Then
C={Z.(Q) | Q € RSP, with sh(tp) = sh(tp)}.
Proof. Let A/u = sh(tp). Combining Equation (3.3) with Theorem 3.9 yields that
{Z.(Q) | Q € RSP, with sh(tg) = A/u} = {[read: (Ty,),read (T}, )1 | T € DS(A/p)}.
Therefore, for the assertion, we have only to show the equality
C = {[read:(Ty,),read (T}, )] | T € DS(A/p)}.

First, let us show that {[read,(T,/,),read. (T,
proving that for 7 € DS(1/u), the map

/H)]L | T € DS(A/u)} € C. This can be done by

fpir  [readq, (Tyy,), readq, (T),,) 1 — [read: (T, read.(T),,) 1L
read,,(T) > read.(T) (T € SYT(1/n))

is a descent-preserving isomorphism. Let us fix 7 € DS(4/u). The definition of 7-reading implies that
for any T, T» € SYT(2/w),

read.(7;) <y read.(T») ifandonlyif read,(T1) <} read,,(T»),

and therefore, fp.; is a poset isomorphism. To show that fp., is descent-preserving, choose arbitrary
T € SYT(A/u) andi € Desy (read,, (T)). Combining the conditions T € SYT(A/u) and 7p € DS(A/ )
with i € Desy (read,, (7)) yields that i + 1 appears weakly above and strictly right of 7 in 7. It follows
that i € Desy (read (7)), so Desy.(read,, (T')) € Desy (read,(T)). In the same manner, one can show
that Desy (read, (7)) C Desy.(read., (T)). Therefore, fp.. is a descent-preserving isomorphism.
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Next, let us show C C {[read.(Ty/,), readT(T/;/ﬂ)]L | 7 € DS(A/u)}. In the previous paragraph,
we prove that [read.(Ty;,), readT(T/;/#)]L € C for any T € DS(4/p). This implies that read (T,
écread. (Ty/,), and so it suffices to show that

//4) =

min(C) C {read,(Ty/,) | T € DS(A/p)}.
Due to Lemma 3.7, this inclusion can be obtained by proving
y € [readq,(Tayu), reads, (T ) ]r  for any y € min(C).

Lety € min(C). Since read, (Tayu) € min(C), we have Des;, (read, (Ta,)) = Desy (). Inaddition, by

the definitions of 79 and T, we have read,(T3/,) = wo(a®), where @ = (A1 — 1, A2 — 2, ..., dg(a) —
He(y)- Putting these equalities together with Lemma 2.2 yields that read,(T,/,) <g . Similarly, we
have

Des (readr,(T,,)) = Des,(§cy) and read (T;,,) = wo(B)wo,

where B = (4| — ui, A, — i, ..., /l;(/p) - ,u;,(/v)). This, together with Lemma 2.2, yields that £cy <g
read., (T/{/H). Since read, (Ty/,) =< read (Tﬁ'/y) = écreadq (Ty ), we have y <g read, (Tay.)-
Therefore, y € [read,(Ta/,), read, (Ta 4 )R, as desired. O

Theorem 4.7 tells us that {Z; (P) | P € RSP, } is closed under 2 and the equivalence classes inside
it are parametrized by the skew partitions of size n. Given a skew partition A/u of size n, let C,;, be
the equivalence class parametrized by A/u; that is,

Cujp = {EL(P) | P € RSP, with sh(tp) = 1/u}.
Corollary 4.8. With the above notation, we have

{S.(P) | P € RSP,} = u Cuu (disjoint union).
|A/pl=n

5. The classification of Mp’s for P € RSP,

Let P,Q € RSP,. By combining Proposition 4.1 with Theorem 4.7, we can see that if 7p and 7o have
the same shape, then the H,,(0)-modules Mp and My are isomorphic. The purpose of this section is to
demonstrate that the converse of this implication also holds. Let us briefly explain our strategy. First,
we provide both a projective cover and an injective hull of Mp for every P € RSP,,. We discover that
these modules are completely determined by the shape of 7p, as demonstrated in Lemma 5.4. Then,
we establish that if 7p and 7o have different shapes, Mp and Mg have either nonisomorphic projective
covers or nonisomorphic injective hulls, as proven in Theorem 5.5.

To begin with, we present a brief overview of the background knowledge concerning projective
modules and injective modules of the 0-Hecke algebras. In [ 1 1, Proposition 4.1], it was shown that H,,(0)
is a Frobenius algebra. It is well known that every Frobenius algebra is self injective, and for a finitely
generated module M of a self injective algebra, M is projective if and only if it is injective (for instance,
see [3, Proposition 1.6.2]). In [30], a complete list of non-isomorphic projective indecomposable H,,(0)-
modules was provided.

In the work [19], it was shown that this list can also be expressed in terms of weak Bruhat interval
modules, specifically as {P,, | @ | n}, where

P, := B(wg(a®),wowo(a)) fora E n.
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We note that P, /rad P, is isomorphic to F,, where rad P, is the radical of P, the intersection of
maximal submodules of P,,.

In the following, we recall the definition of a projective cover and an injective hull. Let M be a finitely
generated H, (0)-module. A projective cover of M is a pair (P, f) consisting of a projective H,,(0)-
module P and an H,(0)-module epimorphism f : P — M such that ker(f) C rad(P). An injective
hull of M is a pair (I,t), where I is an injective H,,(0)-module and ¢ : M — I is an H, (0)-module
monomorphism satisfying ¢«(M) 2 soc(I). Here, soc(I) is the socle of I, the sum of all irreducible
submodules of I. A projective cover and an injective hull of M always exist, and they are unique up to
isomorphism. For more information, refer to [1, 23].

The projective modules introduced by Huang [ 18] play an important role in describing the projective
cover and injective hull of Mp for P € RSP,,. We briefly review these projective modules from the
viewpoint of weak Bruhat interval modules. A generalized composition o of n is a formal expression
M % @ x ... x a® where o = n; for positive integers n;’s with ny + ny + --- + nx = n. For
compositions @ = (a1, @2, ..., @) and B = (B1, B2, ..., Be(s)). let

(07 -ﬂ= (a/l,aQ,...,a'g(a),ﬂl,ﬂz,...,ﬁg(ﬁ)) and aOﬁZ (aq,a/z,...,a/,g(a) +,81,ﬂz,...,,3[(ﬁ)).

For a generalized composition & = " * ¢ x - x o) et

2)

e = al . @ ... at , Og = aVoa?o---0a®

and let
of = (@)% (@@)x--x (@®), @ = (@) x (@F D) x ke (D),

and a°" := (a°)". Normally, (.)€ # (@), and (0.5)¢ # (), for a generalized composition a. Despite
the potential for confusion, for the sake of brevity, we denote (a.,)° and (0.0)° as 0 and &, respectively.
Then, we define

Py :=B(wo (@), wowo(®o)).

Huang decomposed Py, into projective indecomposable modules, and thus showed that it is projective.
To be precise, the following lemma was shown.

Lemma 5.1 [18, Theorem 3.3]. For a generalized composition &. = ¢V x @@ x - x a® of n,
P, = Pa(l) X Pa(z) X---X Pa,(k) = EB Pﬁ,
Bela]
where [0] :={eV oa@P o - -ga® |o=-0oro}.

It is clear from Lemma 5.1 that if o and f are distinct generalized compositions of n, then P, and
Pg are nonisomorphic. Let @ be a generalized composition of n. For p € [wo(ag), wowo(o)]r, let
Y, : Py — B(wo(ay), p) be a C-linear map given by

Yo y ify € [wo(eg), plr,
0 ify e [wo(ag), wowo(eo)lr \ [wo(as), plr.

Clearly, Yq,, is an H,(0)-module epimorphism. In addition, it follows from [20, Lemma 6.2] that
ker(Yq,») C rad(Py). Consequently, we have the following lemma.

Lemma 5.2. [(¢f. [20, Lemma 6.2])] For a generalized composition o of n and p €
[wo(ag,), wowo(@o)]L, the pair (Py, Yq,p) is a projective cover of B(wo (@), p).
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Let us provide notation and a lemma needed to describe a projective cover and an injective hull of
Mp for P € RSP,,. For a connected skew partition A/u of size n, define

Oproj (/) := (A1 = p1, A2 — p2, ..., Ade() — Me(a))-
And, for a disconnected skew partition A/u of size n, define
Oproj (/l//l) = aproj(/l(l)/ﬂ(l)) * aproj(/l(Z) //1(2)) ks K Qproj (/l(k) /#(k)),

where A/ = AW /uM % 1@ /3@ 5 .o % 210 /5 with connected skew partitions A1) /u’s (1 <
i <k).

Lemma 5.3. Let A1/ u be a skew partition of size n.

(1) reads, (Tayu) = wo(Gproj(A/p)S).
(2) readr(T},,) € [wo(Oproj(A/1)G), Wowo(@proj (A/ 1)) L.

Proof. By the definition of @yj(A/u), the assertion (1) is clear. In addition, one can easily see that
Desg (read, (T} /M)) = set(Opoj(4/1)g). So, by Lemma 2.2, the assertion (2) follows. O

Let P € RSP, and A/p = sh(7p). By Theorem 3.9, Mp = B(read., (T3/,), read,, (T/;/'u)). Further-
more, by Theorem 4.7, we have an H,,(0)-module isomorphism

IP : Mposet(ry) = Mp, read. (T) - read,,(T) (T € SYT(1/u)).
Set

1P 1= fP 0 Yoy (A/u)ireade, (77, )-

Combining Lemma 5.2 and Lemma 5.3 implies that the pair (P(lemj )1 p) is a projective cover of Mp.
To find an injective hull of Mp, we note that

readz, (Ty ) wo = readTO(T/{/H) and read., (T}, )wo = read,(Ty/,).

Y

Combining these equalities with [19, Theorem 4] yields the following H,, (0)-module isomorphism:

81 Té(Mposet(‘rl/l[/”‘)) - Mposet(r(;’/“)’

€(y readc, (Ty, )7")

Y e (-1 At Ty wo,
where y € [ready, (Thy,), reads, (T}, /#1)] 1 and y* denotes the dual of y with respect to the basis
[read., (T/p/ﬂt), read., (T/;l/’u[)]L for Mposet(‘rl’l[/“l) . Set

Qinj (/l//l) = Uproj (/lt/#t)cr'

Again, by [19, Theorem 4], we have the H,,(0)-module isomorphism

82 - T’e_\ (Puproj (/ll/lll)) - Po-inj(/l//‘)’

Y- (_1){(7(W0W0(ainj (ﬂ/ﬂ)o))_l)ywo’

https://doi.org/10.1017/fms.2024.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.116

Forum of Mathematics, Sigma 25

where y € [wo(Oproj(A'/1Y)5), wowo (Qproj(A'/p')e)]r and y* denotes the dual of y with re-
spect to the basis [wo(@proj(A'/1)s), wowo(Cproj(2'/ 1)) L for P - Set i

f At © Yapmj(/lt/#t);readro (1’ . As above, the pair (Papmj(/lt/#t), n

poset(-rl At/ut

poset(rill/“t)

poset(r/#) is a projective cover

s )) is an injective hull

. ft Inty - And since T6 is contravariant, (T§ (Pupmj (/) ), T6 (nposet (r

M
poset(
of TZ(M
0 poset(t

an injective hull of Mp, where

ilt /ﬂt)) (for the definition of Té, see Section 2.4). Consequently, the pair (Painj( )t p) is

- -1 p-1
lp =820 T§ (nposet(‘r{ll/‘ul)) °g °ofp -

To summarize, we can state the following lemma.

Lemma 5.4. Let P € RSP, and 1/u = sh(tp).

(1) (Papr(,j(/l/u)’ r]p) is a projective cover of Mp.

2) (Puanj /1) Lp) is an injective hull of Mp.
Now, we are ready to state the classification of Mp’s for P € RSP, up to H, (0)-module isomorphism.

Theorem 5.5. Let P, Q € RSP,,. Then
Mp = Mg ifandonly if sh(tp) =sh(rp).

Proof. The ‘if” part follows from Proposition 4.1 and Theorem 4.7. To prove the ‘only if* part, suppose
that Mp = Mg. For simplicity, let 1/u = sh(rp) and v/k = sh(7g). By Lemma 5.4, Pg  (a/u) =
Poi(v/x) and Py, 1700 = Poyyi(v/6)> and therefore, Gproi(A/ 1) = Qproj(v/«) and inj(A/ ) = Qinj (v/ ).
Since o (A/ 1) = Oproj(v/k), the number of boxes in the same row of yd(4/u) and yd(v/«k) are the
same. Similarly, since yj(A/u) = @iyj(v/«), the number of boxes in the same column of yd(4/u) and
yd(v/k) are same. Thus, we have 1/u = v/«. )

Note that Theorem 5.5 is the classification theorem concerning the class of H,,(0)-modules {Mp |
P € RSP,}. Consequently, a natural question arises: can this theorem be extended to the classes
{Mp | P € RP,} or {Mp | P € SP,,}? This question appears to be highly nontrivial, as it involves the
investigation of a broader set of modules. As a specific instance, let us examine the characterization
of posets Q € RP, such that Mp = Mp when P € RSP,. This problem can be readily addressed by
assuming the validity of the following conjecture due to Stanley.

Conjecture 5.6 [34, p. 81]. For P € Py, if Kp is symmetric, then P € SP,,.

In more detail, by combining Stanley’s conjecture with Theorem 2.9(1), we can deduce that ch([Mg])
is not symmetric, and as a consequence, Mg # Mp unless Q € SP,. This observation leads to the
following conclusion from Theorem 5.5:

{0 € RP,, | Mg = Mp} = {Q € RSP, | sh(tp) = sh(1p)}.
If the shape of 7p is non-skew, it is indeed possible to derive this conjectural identity without depending

on the validity of Stanley’s conjecture (see Proposition 7.1). However, tackling the general case remains
beyond our current comprehension. For further discussions on classifications, refer to Section 7.1.
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6. A characterization of regular Schur labeled skew shape posets P and distinguished filtrations
of M P

In this section, we prove that a poset P € P,, is a regular Schur labeled skew shape poset if and only if
X1 (P) is dual plactic closed (Theorem 6.4). Then, by considering the dual plactic closedness of X; (P),
we construct filtrations

O0=MyC M CM S-S M;:=Mp

such that ch([ My /Mj._1]) is a Schur function for all 1 < k < [ (Theorem 6.7).

6.1. A characterization of regular Schur labeled skew shape posets

Let P € P, and let Zg(P) := {y~' | ¥ € Z(P)}. In [27, Fact 1], it was stated that if P € SP,,
then Xk (P) is plactic-closed. This, however, is not true. For instance, considering the case where

Afu=(3,2)/(2)and T = EES(ﬂ/y),wehave

Yr(poset(t)) = {312,231, 321},
which is not plactic-closed.
The purpose of this subsection is to prove that P € RSP,, if and only if g (P) is plactic-closed. We

begin by providing background knowledge relevant to the plactic congruence. For instance, see [6, 14,
31, 35].

1
Foro € G, and 1 <i < n, we write o = os; if

oc@)<o(i-1)<o(i+1) or o(i+1)<o(i-1)<o(i).

2
And we write o = os;_ if

oci-1)<o@i+1)<o@) or o@i)<o(i+]l)<o(i-1).

K K
The Knuth equivalence (or plactic congruence) is an equivalence relation = on S, defined by o = p if
and only if there are y{, y», ..., ¥Yx € S, such that

RS
RS
Q
RS
L

O=Y1LE"

where aj,ay,...ax—1 € {1,2}. A subset S of S, is called plactic-closed if for any o € S, every p € S,

K K
with p = o is also an element of S; in other words, S is a union of equivalence classes under =.

*

K
The dual Knuth equivalence (or dual plactic congruence) is an equivalence relation = on S, defined
by

K . . aKk
o= ifandonlyif o =p .

K

A subset S of S, is called dual plactic-closed if for any o € S, every p € S, with p = o is also an
K+

element of S; in other words, S is a union of equivalence classes under =.
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The Knuth and dual Knuth equivalences are closely related to the Robinson—Schensted correspon-
dence, which is a one-to-one correspondence between S, and | ,,.,, SYT(Q) X SYT(Q). For o € &,,,
we use the notation (ins(o), rec(o)) to represent the image of o~ under this bijection. We call ins(o)
and rec(o) as the insertion tableau and recording tableau of o, respectively. It is well known that
ins(o) = rec(o!) and

K
o =p ifandonlyif ins(o)=1ins(p) foro,p e ,.

Putting these together, one can easily derive that

K*
o = p ifandonlyif rec(o)=rec(p) foro,pe,.

For a subset S of &, S is plactic-closed if and only if {y~! | v € S} is dual plactic-closed. Based
on this fact, we will consider the claim that Xg(P) is plactic-closed and the claim that X7 (P) is dual
plactic-closed to be identical.

Let us collect the terminologies and lemmas necessary for the proof of the main result of this
subsection. Let T be a standard Young tableau of skew shape. Denote by Rect(T) the rectification of T
— that is, the unique standard Young tableau of partition shape obtained by applying jeu de taquin slides
to T (see [14, Section 1.2]). Then

Rect(T) = ins(read,(T)wg) forany T € SYT(A/p). 6.1

Define T" to be the tableau obtained from T by flipping it along its main diagonal.
Lemma 6.1. Let A/ u be a skew partition and T € SYT(A/u). Then

ins(read.(T)) = Rect(T)" for any T € DS(1/pu).
Proof. 1t is well known that
ins(owg) = ins(o)! forany o € S, 6.2)

(for instance, see [31, Theorems 3.2.3]). Therefore, due to Equation (6.1), the assertion can be verified
by showing that

ins(read.(T)) = ins(read . (7)) forany € DS(1/u). 6.3)

Applying Tagkin’s result [36, Proposition 3.2.5] to the weak order? on SYT,, given in [36, Definition
3.1.3], we derive that for o, p € S, with o <g p,

ins(o) = ins(p) or sh(ins(p)) <sh(ins(o)). (6.4)
Here, < denotes the dominance order on the set of partitions of n. And, Lemma 3.7 says that
readT(f/y (T) =g read.(T) =g readT]A/y (T) fort e DS(A/u). (6.5)
Note that

ins(read 0 (TYwo) = Rect(T') =Rect(T)' = ins(read v, (T)wo)".
7 Eq.(6.1) Eq.(6.1) 0

3This order was originally defined in [29, 2.5.1], where it is called the induced Duflo order.
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Since read_uu (T) = readT,p 1t (THwo, it follows from Equation (6.2) that
1 0
ins(read_u/,(T)) = ins(read_u,(T)). (6.6)
1 0

Now, the equality in Equation (6.3) is obtained by combining Equation (6.4), Equation (6.5) and
Equation (6.6). O

We introduce two important results due to Malvenuto [27].

Lemma 6.2 [27, Theorem 1]. For P € Py, if 2g(P) is plactic-closed, then P is a Schur labeled skew
shape poset.

For P € P,,, we say a subposet Q of P is convex if Q satisfies the property that for any x € P if there
exist y1,y2 € Q such that y; <p x <p y», then x € Q. For a subposet Q = {i; < i» < --- < i} of
P € P, the standardization of Q, denoted by st(Q), is the poset obtained from Q by replacing i; with j
for1 <j <0

Lemma 6.3 [27, Corollary 1]. Let P € P,, such that g (P) is plactic-closed. For any convex subposet
Q of P, Zr(st(Q)) is plactic-closed.

Now, we are ready to prove the main result of this subsection.

Theorem 6.4. For P € P, P is a regular Schur labeled skew shape poset if and only if £1 (P) is dual
plactic-closed.

Proof. To establish the ‘only if* part, let P € RSP, and A/u = sh(7p). Due to Lemma 3.2, we have that
2 (P) =read,, (SYT(1/w)).

We claim that read,, (SYT(2/u)) is dual plactic-closed.
As mentioned in [15, Property A], one can easily see that read,,(SYT(4/u)) is dual plactic-closed.*
In addition, by Lemma 6.1, we have

ins(read,, (T)) = ins(read,,(T)) forallT € SYT(1/u). 6.7)

Therefore, given T € SYT(A/u), if we show that

K* K*
read,,(T) = read,,(U) forall U € SYT(A/u) withread,,(T) = read,, (U),

then we have

{yec, |y ’; read,,(T)} C read,, (SYT(2/u)).

K
LetT,U € SYT(A/u) withread (T) = read,(U). Since read,(SYT(1/u)) is dual plactic-closed,
there exist standard Young tableaux Ty := 7,71, ...,T; := U of shape A/u such that forany 1 < k <[,

K+
read, (Tx) = read, (T) and read,,(Tx) = s; read,(Tx—1) forsome iy € [n—1].
Combining Equation (6.7) with the equality sh(ins(read,(7%))) = sh(ins(read.,(T))), we have

sh(ins(read,, (Tx))) = sh(ins(read.,(T))) foralll <k <. (6.8)

4[15, Property Al is stated as ‘For any skew diagram D the collection W =1 (D) is a union of Knuth equivalence classes’.
Following the notation of this paper, W =1 (yd(1/u)) = {(read, (T)wo)™' | T € SYT(A/u)}. So, [15, Property A] says that
the set read, (SYT(2/u))wo = {read,(T)wo | T € SYT(A/u)} is dual plactic-closed. Although read,,(SYT(1/u)) is
different from read, (SYT (1/u))wy, the dual plactic closedness of read, (SYT(2/u)) can be proved in the same way as that
of read-, (SYT(2/p)) wo.
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Note that Equation (6.4) is equivalent to the statement that for o, p € S, with o <, p,
K
o = p or sh(rec(p))<sh(rec(o)). (6.9)

Putting Equation (6.8) together with Equation (6.9), we have read, (T) L read,, (U). Since we chose
arbitrary T, U € SYT(A/u), we conclude that read,, (SYT(1/u)) is dual plactic-closed.

To establish the ‘if” part of the assertion, we prove the contraposition; that is, if P is not a regular
Schur labeled skew shape poset, then Z; (P) is not dual plactic-closed. If P is not a Schur labeled skew
shape poset, then Lemma 6.2 says that X; (P) is not dual plactic-closed. So, we assume that P € P, is
a non-regular Schur labeled skew shape poset.

One can easily check that if n = 1,2, 3, then X, (P) is not dual plactic-closed. Suppose n > 3. Then,
by Lemma 3.6, 7p is a non-distinguished Schur labeling. This implies that there exists k € Z( such
that cntg (7p) is not filled with consecutive integers. Let ko be the minimum among these integers and
let mq be the minimum element among m € cntg, (7p) such that m + 1 ¢ cnt, (7p). Since cnty, (tp) is
not filled with consecutive integers, we can choose

my = min{m € cnty,(tp) | m > mo}.

Since mo and m; are in the same connected component of the Schur labeling 7p and my < m;, we
can take m_; € cnty,(7p) such that m_; < m; and m_; is adjacent to m;. Here, the sentence ‘m_; is
adjacent to m |’ means that the box containing m_; and that containing m share an edge. We note that
m_; can be mg. Because of the choice of m |, we have m_; < mg+ 1 < mj. Let Q be the subposet of P
whose underlying set is {m_1,mg + 1, m}. In P, m| covers m_; and mg + 1 is incomparable with both
m1 and m_1. This implies that Q is a convex subposet of P. In addition, since m_; < mg+ 1 < my, we
have X (st(Q)) = {123, 132,213} or 21 (st(Q)) = {312,231, 321}. Thus, X7 (st(Q)) is not dual plactic
closed. Combining this with Lemma 6.3 yields that X; (P) is not dual plactic closed, as desired. O

6.2. Distinguished filtrations of Mp for P € RSP,,

We begin by introducing the definition of distinguished filtrations.

Definition 6.5. Let B = {B, | @ € I} be a linearly independent subset of QSym,, with the property that
B is F-positive for all @ € I, where [ is an index set. Given a finite dimensional H,,(0)-module M, a
distinguished filtration of M with respect to B is an H, (0)-submodule series of M

O==MycMyCcM,C---CM;:=M

such that forall 1 < k < [, ch([My/My_1]) = B, for some a € I.

As seen in Example 6.0, a distinguished filtration of M with respect to B may not exist even if
ch([M]) expands positively in B. This is because the category H,(0)-mod is neither semisimple nor
representation-finite when n > 3 ([10, 11]).

Example 6.6. Let B = {s; | A + 4}. For B = {2314, 1423,3214,2413,1432,3412}, let M be the
H4(0)-module with underlying space CB and with the H4(0)-action defined by

vy if i € Desy (y),
mi-y =10 if i ¢ Desy () and s;y € B,
siy ifi ¢ Desy(y) and s;y € B.

https://doi.org/10.1017/fms.2024.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.116

30 Y.-H. Kim, S-Y. Lee and Y-T. Oh

The H4(0)-action on B U {0} is illustrated in the following figure:

2314 T 1423 3
o 9

3214 ) m.m 2413 ) w7 1432 ) m.
lm lﬂz lm
0 0
3412 ) ™
l T, I3
0

One sees that

ch([M]) =s@,n+se1,) = Fan+Foy+Faz)+(Foiny+Fazan +Fa1,2)

So, if there exists a distinguished filtration of M with respect to 3, then there exists a three-dimensional

H4(0)-submodule N of M such that ch([N]) is equal to either s(3,1) or 5(2,1,1). We claim that such a
submodule N does not exist.
Note that

M = C{2314 — 3214, 1423 — 1432, 2413, 3412} & C{3214} @ C{1432}. (6.10)

Here, C{3214} and C{1432} are irreducible. And C{2314 — 3214, 1423 — 1432,2413,3412} is inde-
composable since it is isomorphic to a submodule of the injective indecomposable module P > 1.
Therefore, Equation (6.10) is a decomposition of M into indecomposables. The H4(0)-action on
{2314 — 3214, 1423 — 1432,2413,3412,3214, 1432} U {0} is illustrated in the following figure:

2314-3214 ) ™ 1423 -1432 ) ™
lﬂz \”3/4 V lﬂz
32]4 Q Ty, T2 (&) 0 24]3 Q Ty, 3 0 [<>) 1432 Q 0, 73
\L?rS lnz \L”l
0 0
3412 ) m
\L T, T3
0

The injective hulls of C{2314-3214, 1423-1432,2413,3412},C{3214} and C{1432} are P(; 5 1), P (13
and P (3 1), respectively. This implies that the socle of M is C{3412} © C{3214} @ C{1432}. It follows
that for every three-dimensional submodule N of M, 1 < dimsoc(N) < 3. We list all three-dimensional
submodules N of M in Table 1. Based on this, we conclude that there are no H4(0)-submodules N of M
such that ch([N]) = s(3,1) or 5(2,1,1)-

Let f € QSym,, and B = {B, | @ € I} be the linearly independent set given in Definition 6.5. When
f expands positively in 5, that is,

f= caBa (ca€Zs), (6.11)

ael
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Table 1. The complete list of three-dimensional submodules of M in Example 6.6.

Three-dimensional submodules N of M dimsoc(N) ch([N])

C{3214, 1432, 3412}

C{3214, 1423 — 1432 — 2413, 3412}
C{3214,2314 — 3214 — 2413, 3412}
C{3214, 2413, 3412}

C{1432, 1423 — 1432 — 2413, 3412}
C{1432,2314 — 3214 — 2413, 3412}
C{1432,2413, 3412}

C{2314 - 3214, 2413, 3412}
C{1423 - 1432,2413,3412}

Fan+Fas +Faa
Fay + Fa,12) + Fue
Fan+Feoun+Faan
Faay +Foo +Fao
Faz +Faio) +Faan
Faz) +Feu + Fue
Fas) +Foo +Fao
Foa) +Fep) + Fupe
Fa,12 + Feo +Faan

—_—= RN NN NN W

finding an H,,(0)-module M such that
(C1) ch([M]) = f,

(C2) itis not a direct sum of irreducible modules, yet it possesses a combinatorial model that can be
effectively handled, and
(C3) it has a distinguished filtration with respect to B

is a very important problem in the sense that this filtration can be considered as a nice representation
theoretic interpretation of Equation (6.11).

In this subsection, we focus on the above problem in the case where B is S := {s, | 4 + n} and
f = sayu for a skew partition A/ u of size n. Note that for all P € RSP, with sh(rp) = 1/u, Mp satisfies
(C1) and (C2) because ch([Mp]) = 5./, by Theorem 2.9(2) and it has a combinatorial model Xz (P).
In the following, we show that Mp satisfies (C3).

Theorem 6.7. For every P € RSP,,, Mp has a distinguished filtration with respect to S.

Proof. To begin with, we choose any total order < on SYT,, subject to the condition that
T < S whenever sh(T) <sh(S). (6.12)
Write {rec(y) | y € Z.(P)} as
{h<h<--<T}.
For0 <k <1, set
By :={y e S, | rec(y)=T; forsome 1 <i < k}.

Itisclearthat® = By € B; C B, C --- C B;. And, by Theorem 6.4, we have B; = X1 (P). We claim that

0=CBycCBycCByc---cCB;=Mp (6.13)

is a distinguished filtration of Mp with respect to S.
First, we show that for 1 < k <,

mi-y € B U{0} forallie [n—1]andy € Bg.

Take any i € [n— 1] and y € Bi. If m; - v = 0 or 7, then there is nothing to prove. Assume that
nw; -y = s;y. Then, by the definition of H,(0)-action on Mp, we have y <y s;¥. Combining this
inequality with Equation (6.9) yields that

% I; s;y or sh(rec(s;y)) <sh(rec(y)).

This implies that s;¥ € By, as desired.
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Next, we show that the filtration given in Equation (6.13) is distinguished with respect to S. For
1 <k <l,{y+My_1 |y € Bi\By-1}isabasis for My /My_; and By \ By_1 is an equivalence class under

K+
= . It follows that ch([ M}y /M}._1]) is a Schur function; more precisely, ch([My/My_1]) = Ssh(r)t- O

Example 6.8. Let P = poset(ré4’2’1)/ (2’1)). Following the method presented in the proof of Theorem
6.7, we will construct two distinguished filtrations of Mp with respect to {s, | 4 + 4} by choosing two
distinct total orders on SYTy4.

Note that {rec(y) | v € Z.(P)} is given by

, Os:

and sh(Q) <sh(Q>) = sh(Q3) <sh(Q4) <sh(Qs). Choose a total order < (resp. <) on SYTy satisfying
both Equation (6.12) and O, <1 Q3 (resp. Q3 <2 Q»). For 1 < k <5, let

By ={y € & | rec(y) = O}

When we use <1, we let

By = |_| B, for0<k<5,
1<i<k

and when we use <, we let

By = u B, fork=0,1,3,4,5 and B;:=B|UBj.

________

3214 70N mom T 4123 70 m . 31429m

______________

o] " - W om— |n

4132 ) mom 3241 Q 1, 7

Figure 2. The H4(0)-action on the basis £1.(P) = [2134,4321],, for Mp and the sets B; (1 < k <5)

in Example 6.8.
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Then
OZCB()CCBl CCBQCCB3CCB4CCB5=MP

is the desired distinguished filtration of Mp with respect to {s, | 1 + 4}.
For the readers’ convenience, we draw the H4(0)-action on the basis X; (P) = [2134,4321] for Mp
and the sets B (1 < k < 5) in Figure 2.

7. Further avenues

In this section, we discuss future directions regarding the classification problem, the decomposition
problem, and how to recover Mp for P € RSP,, from a module of the generic Hecke algebra H,,(gq) by
specializing ¢ to O.

7.1. The classification problem
In Theorem 5.5, we successfully classify Mp for P € RSP,,. To be precise, we show that for P, Q € RSP,,,

Mp = Mg ifandonlyif sh(rp) = sh(rp). (7.1

Recall that RSP,, = RP,, N SP,,. Hence, it would be natural to consider the classification problem for
{Mp | P € SP,} and {Mp | P € RP, }.

7.1.1. A remark on the classification problem for {Mp | P € SP,,}

Since the notion ‘the shape of 7p’ is available for P € SP,,, one may expect that the classification given in

Equation (7.1) can be extended to {Mp | P € SP,,}. Unfortunately, this expectation turns out to be false.
Let

- : _ 4 _ 4
T = :Ij, ) .— and T3 .— .

Then Mposet(+;) (i = 1,2, 3) is decomposed into indecomposables as follows:

Mposet(z;) = Pa) ® P(2.2),
Mposet('rz) = F(I,Z,I) (&%) B(4213,4312) (%) F(3’]) (&) F(z,z) (&) F(4),
Mposet(73) = F(1,2,1) ® B(4213,4312) @ B(2431,3421) & F(4),

where B(4213,4312) and B(2431, 3421) are 2-dimensional indecomposable modules. These decompo-
sitions show that Mposet(7,)» Mposet(r,) and Mposet(+3) are pairwise non-isomorphic although all 7peset(+,) '
have the same shape.

7.1.2. A conjecture on the classification problem for {Mp | P € RP, }
Note that for P € RP,,, the notion ‘the shape of 7p’ has not been defined. This leads us to introduce a

classification of {Mp | P € RSP, } without using this notion. To be precise, by combining Theorem 4.7
and Theorem 5.5, we derive that for P, Q € RSP,,,

Mp = Mo ifandonlyif X, (P)= 2.(Q). (1.2)

We expect that this classification can be extended to RP, in its current form. The validity of this
expectation has been checked for values of n up to 6 with the aid of the computer program SAGEMATH.
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Table 2. Seven pairs (Il(k) s Iz(k)) in Wg.

k 10 A

1 (123456, 426351 ] [123456, 624153 ]
2 [123456,354612] [123456, 561324 ]
3 (123456, 356412] [123456, 561342,
4 [123456, 5631241, [123456, 534612] .
5 (123456, 536412] [123456, 563142 ],
6 [123456, 465312] [123456, 645132]
7 [123456, 564213 ] [123456, 546231 ],

Let us provide an overview of our verification process. We first classify all left weak Bruhat intervals
in S, (n < 6) up to descent-preserving isomorphism and choose a complete list J,, of inequivalent
representatives. Next, we let 2, be the set of all unordered pairs ([0, p1]L, [02, p2]L) of intervals in
3, satisfying that [0, p1 1L # [02, 2] and

ch([B(o1, p1)]) = ch([B(02, p2)]), Desz (o) = Desz(02), Desy(p1) = Desz(p2). (7.3)

Note that Equation (7.3) is a necessary condition for B(o, p1) = B(0%, p2). Finally, we show that for
all (I1, ) € A, B(I}) # B(Iz). When n < 5, there is nothing to prove because %;, = 0. When n = 6,
W¢ has fourteen pairs. Note that if (11, I) € Wg, then (wq - I} - wo, wo - I - wo) € U and

B(11) = B(I») B(wo - I1 - wo) = B(wq - I - wo).

—
[19, Theorem 4]

Therefore, it suffices to examine seven pairs (1 l(k), I (k)) listed in Table 2. For 3 < k < 7, using Lemma
5.2, one can see that the projective covers of B(Il(k)) and B(Iz(k)) are not isomorphic. Therefore, B(Il(k))
and B(Iz(k)) are not isomorphic. For k = 1,2, one can see that B(Il(k)) and B(Iék)) are not isomorphic
in a brute force manner.

Let us give another evidence for our expectation. Specifically, we show that Equation (7.2) holds
when P € RSP,,, O € RP,;, and ch([Mp]) is a Schur function. This can be derived from the proposition
presented below.

Proposition 7.1. Let P be a poset in RSP,, such that ch([Mp]) is a Schur function.

(1) If Q € P, satisfies that Mg = Mp, then Q € RSP,,.
(2) The isomorphism class of Mp within {Mg | Q € Py} is equal to the isomorphism class of Mp within
{Mo | Q € RSP,.} as sets.

Proof. (1) Suppose that ch([Mp]) = s, for some A + n. By [39, Theorem 2.2], sh(7p) is either A or 1°,
where 1° denotes the skew partition whose Young diagram is obtained by rotating yd(1) by 180°.

First, we consider the case where sh(7p) = A. Let f : Mp — Mg be an H,,(0)-module isomorphism.
By Theorem 3.9, we see that X7 (P) = [read, (T3),read., (T})]., and therefore, read.,, (T) is a cyclic
generator of Mp. In addition, in view of [32, Lemma 3.12], we have that

Desy. (read,, (T')) 2 Desy (read,,(Ty)) forall T € SYT(2) \ {Ta}. (7.4)

Combining (7.4) with the equality ch([Mp]) = ch([Mg]), we can deduce that there exists a unique
o € 2 (Q) such that Desz (o) 2 Desy (read,, (T3)). This fact implies that f(read,,(T1)) = co for
some nonzero ¢ € C. We may assume that ¢ = 1 by considering the isomorphism % S instead of f. Since
f is an H, (0)-module isomorphism, X; (Q) is equal to f(X,(P)) and therefore is a left weak Bruhat
interval. Furthermore, it holds that

https://doi.org/10.1017/fms.2024.116 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.116

Forum of Mathematics, Sigma 35

Desy (f(y)) = Desp(y) forally € Zp(P).

As a consequence, we obtain a descent-preserving isomorphism f|z, (py : Zr(P) — Z1(Q). Now the
assertion follows from Theorem 4.7. ,

Next, consider the case where sh(tp) = A°. Let P’ and a* be the posets in P, whose orders are
defined by

uﬁ;*v(:)n+1—v§pn+l—u and uﬁé*v<=>n+1—v§Qn+1—u,

respectively. Since P is a poset in RSP, with sh(rp) = 1°, Plisa poset in RSP, with sh(75+) = 4. By
[9, Theorem 3.6(a)], we have M- = T;)(M p) and M=+ = TE)(MQ), which implies that M@* = Mg It
follows from the first case that é* € RSP, thus Q € RSP,,.

(2) It follows from (1). ]

Based on these evidences, we propose the following conjecture.

Conjecture 7.2. Let P, Q € RP,.. IfMp = Mo, then 31 (P) = 1.(Q).

We remark that the converse of Conjecture 7.2 holds due to Proposition 4.1.

7.2. The decomposition problem of Mp for P € RSP,

A Young diagram of skew shape is called a ribbon if it does not contain any 2 X 2 square. For simplicity,
we call a skew partition a ribbon if the corresponding Young diagram is a ribbon. Note that our ribbons
are not necessarily connected. Consider a skew partition

A= A0 7D 4 1@ 4@ sy 2B B

such that 19 /u® is connected for all 1 < i < k. We say that 1/u contains a disconnected ribbon if
there exists an index 1 < j < k — 1 such that both 24 /) and 1U+V /4 U*D are ribbons. With this
notation, we state the following proposition.

Proposition 7.3. Let P € RSP,,.

(1) If sh(tp) is connected, then Mp is indecomposable.
(2) If sh(tp) contains a disconnected ribbon, then Mp is not indecomposable.

Proof. (1) It follows from Lemma 5.4.

(2) Suppose that sh(7p) contains a disconnected ribbon. Let A/u = sh(tp). Write 1/ as 2D /() %
AP /@ 5w % 20 1) swhere A9 /u® s connected for all 1 < i < k and both A4 /) and
AU*D /4 G+) are ribbons for some 1 < j < k — 1.

In Appendix A, we constructed an H,, (0)-module X,,, satisfying that X;,,, = Mp. From now on,
we will prove the assertion for X, instead of Mp. By Proposition A.2(1), we have the H, (0)-module
isomorphism

Xoju = X/l(])/y(l) R--- K X/l(k)/ﬂ(k).

Set XD .= X/l(l)/ﬂ(l) K- X X/l(j—l)/ﬂ(j—l) and X©@ .= X/l(j+2)/ﬂ(j+2) R---X X/l(k)/ﬂ(k). Since A1) /,u(j)
and /1(j+1)/ﬂ(j+1) are ribbons, X/l(j)/#(j) =~ P, and X/l(f+1)/,1(i+'> = P, where @ = aproj(/l(j)/ﬂ(j)) and
B = Oproj (1Y) /uU+D)) Therefore,

Xy, =XV uP,uPsmx?.
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Combining Lemma 5.1 with the fact that ® is distributive over ®, we derive the H,,(0)-module isomor-
phism

X/l/y = (X(l) X Paﬂ X X(z)) 52} (X(l) X Pa/O,B X X(z))
This shows X/, is not indecomposable. O

The contraposition of Proposition 7.3(2) says that if Mp is indecomposable, then sh(7p) does not
contain any disconnected ribbon. We ask if the converse is true. In the case where sh(7p) is connected,
it is true by Proposition 7.3(1). In the case where sh(7p) is disconnected, we verified its validity when
|P| < 6. Indeed, this was done by showing that End(Mp) has no idempotent except for O and id. Refer
to the following example.

Example 7.4. Let A/u = (3,3,1)/(1,1) and P = pOSGt(T(;l//J). Then, X, (P) = [21435,42531], is a
basis for Mp. Let f € End(Mp) be an idempotent and let

£(21435) = Z cyy (cy €C).
y€[21435,42531]r,
Note that
{y € [21435,42531], | Des.(21435) € Desy (y)} = {21435,21543,42531}.
Since f is an Hs(0)-module homomorphism, this equality implies that ¢, = 0 for all y €

[21435,42531]; \ {21435,21543,42531}. In addition, ¢»;543 = O since
T T . 21435 =0 and T T . f(21435) = (21543 32541.

Hence, f — c31435id is an Hs(0)-module homomorphism such that

64253]42531 if’y = 21435,

(f = caizsid) (y) = {0 if y € [21435,42531], \ {21435},

and therefore, (f — C2]435id)2 = 0. Since f is an idempotent, the possible values for c;1435 are O or 1.
Using the fact that f is an idempotent again, we have that c42531 = 0. As a consequence, f is 0 or id.

Based on the above discussion, we propose the following conjecture.

Conjecture 7.5. Let P € RSP,,. Suppose that sh(tp) is disconnected and does not contain any discon-
nected ribbon. Then, Mp is indecomposable.

7.3. Recovering Mp for P € RSP,, from an H,(q)-module by specializing q to 0

Let ¢ € C. The Hecke algebra H,(q) is the associative C-algebra with 1 generated by 71,75, ..., Th-1
subject to the following relations:

TP=(q-)Ti+q forl<i<n-1,
T;TinT; =T TiTiwn forl <i<n-2,
TiTj = T]’Ti if |i —jl > 2.
Let ¢ € C be generic; that is, ¢ is neither zero nor a root of unity. It is well known that H, (g) is

isomorphic to the group algebra C[S,, ], and thus, the category of left finite dimensional H,, (g)-modules
is semisimple and there exists a ring isomorphism ([22, Section 3.2])
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chy : EP Go(Ha(9)) — Sym,  [Vi(g)] > 5.

n>0

Here, @nzo Go(H,(g)) is the Grothendieck ring of the tower of generic Hecke algebras equipped
with addition and multiplication from direct sum and induction product, Sym is the ring of symmetric
functions, and V4(q) is the irreducible H, (g)-module attached to a partition A of size n. The explicit
description of V*(g) can be found in [21, p.7].

Let P € RSP,,. Viewing ¢ as an indeterminate, one may ask if Mp can be obtained from an H,(q)-
module by specializing g to 0. However, it should be noted that the process of ‘specializing g to 0’
depends on the choice of bases for the H,,(g)-module under consideration, as illustrated in the example
below.

Example 7.6. The irreducible H3(g)-module V>V (4) has the underlying space C{v;,v,}, and the
H3(q)-action defined by

{Tl ‘v ==V, and {T1 vy = =q%vi +qva,

T vy =vy, T-va=qvi+(g—1)va.

By the specialization ¢ = 0, we have the H3(0)-action on C{v{, v,} defined by
{ﬁl V= -V, {71 vy =0,
_ and _
TV = V2, Ty - Vy = —V).

The resulting module is isomorphic to T§ (Mp, ), where Py = poset(réz’l)) € RSP;.

However, if we choose the basis {w; := gvi —va, wa := (¢> —q)vi —gqva} for V2D (g), then we have

2
Ty - wyp = —q“wy + gws.

Ty -wy = wa, T -wy=gqwi + (g — Dwa,
and
T - wy = -wy,

By the specialization ¢ = 0, we have the H3(0)-action on C{w, w,} defined by

T W = wa, T Wy = —wo,
_ and _
Ty W1 =—Wq, 7y - wo = 0.

The resulting module is isomorphic to T;(Mp,), where P, = poset(‘réz’z)/ (1)) € RSPj3. It is worth-
while to remark that while T{(Mp,) and T§(Mp,) have the same quasisymmetric characteristic

ch, ([V>V(g)]), they are not isomorphic.

We expect that for P € RSP,,, T'(;(M p) can be obtained from an H,, (¢)-module, whose image under
ch, equals Kp, by applying the specialization g = 0 to a suitable basis.

A. A tableau description of Mp for P € RSP,

Let P € RSP,,. Note that X; (P) is a basis of Mp consisting of permutations. Here, we construct an
H,,(0)-module that is isomorphic to Mp and has a tableau basis.
For a skew partition A/u of size n, consider the bijection

f:SYT(A/p) — EL(poset(‘rg/”)), T + read,, (7).
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Let f: CSYT(A/u) — Mposet ) be the C-linear isomorphism obtained by extending f by linearity.

We endow CSYT(A/u) with an H,,(0)-module structure by letting
h-x:=f"(h-f(x)) forhe H,(0)andx e CSYT(1/u).
One can see that for 7 € SYT(A/u)and 1 <i <n-1,

T if 7 is strictly left of i + 1 in 7,
n;-T =10 if i and i + 1 are in the same column of 7,
s; - T ifiis strictly rightof i+ 1in 7.
Here, s; - T is the tableau obtained from 7" by swapping i and i + 1. We denote the resulting module by
Xa/u- By Theorem 5.5, we have

o Mp = Xg(7p) for P € RSP, and
o Xy 2 Xy« for distinct skew partitions A/u, v/« of size n.

Therefore, X¢(+,) can be viewed as a representative of the isomorphism class of Mp in the category
H,,(0)-mod.

Remark A.1. (1) For a composition a, Searles [32] constructed an indecomposable 0-Hecke module
X« whose image under the quasisymmetric characteristic is an extended Schur function. In particular,
when « is a partition, our X, is identical to X,.

(2) For a generalized composition a, let 1/u be a unique skew partition satisfying the conditions that
Oproj(A/p) = @ and A/ is aribbon. Then, X/, = P,.

The following proposition shows how X,,,,’s behave with respect to induction product, restrictions
and (anti-)automorphism twists of ¢ and 0.

Proposition A.2. We have the following isomorphisms.

(1) For skew partitions A/ of size n and v [k of size m,
Xa/u® Xy = Xajusvic S Hppn (0)-modules.

(2) For a skew partition /u of sizenand 1 <k <n-1,

Xa/u lHk (0)®H,,_1 (0) = @ Xm ® X/l/il’ as Hi(0) ® H,_.(0)-modules.

[v/ul=k
ncvca

Here, m and m denote the basic skew partitions whose Young diagrams are obtained from
yd(v/u) and yd(4/v), respectively, by removing empty rows and empty columns.
(3) For a skew partition 1/ u of size n,

T:l-)(X/I/ll) = X(/l/#)o and Té(X}/ll) = X/ll/ﬂl.

Here, (1/u)° is the skew partition whose Young diagram is obtained by rotating yd(A/u) by 180°.

Proof. The first assertion follows from [19, Lemma 4], the second from [19, Theorem 2] and the third
from [19, Theorem 4]. |
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