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ABSTRACT

We generalise Simpson’s nonabelian Hodge correspondence to the context of projective
varieties with Kawamata log terminal (klt) singularities. The proof relies on a descent
theorem for numerically flat vector bundles along birational morphisms. In its simplest
form, this theorem asserts that given any kIt variety X and any resolution of
singularities, any vector bundle on the resolution that appears to come from X
numerically, does indeed come from X. Furthermore, and of independent interest, a
new restriction theorem for semistable Higgs sheaves defined on the smooth locus of a
normal, projective variety is established.
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1. Introduction

1.1 Nonabelian Hodge theory for singular spaces

Given a projective manifold X, a seminal result of Simpson [Sim92] exhibits a natural equivalence
between the category of local systems and the category of semistable, locally free Higgs sheaves
with vanishing Chern classes. The first main result of this paper extends this correspondence to
projective varieties with Kawamata log terminal (klt) singularities.
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THEOREM 1.1 (Nonabelian Hodge correspondence for klt spaces, Theorem 3.4). Let X be a
projective, klt variety. Then there exists an equivalence between the category of local systems
and the category of semistable, locally free Higgs sheaves with vanishing Chern classes.

We refer the reader to [GKPT15, §5] or to the survey [GKT18, §6] for the (rather delicate)
notions of Higgs sheaves, morphisms of Higgs sheaves and pull-back. Semistability is also
discussed there.

In fact, there exists a unique way to choose the correspondences of Theorem 1.1 that makes
them functorial in morphisms between klt spaces, and compatible with Simpson’s construction
wherever this makes sense; we refer to §3 for a precise formulation. In particular, functoriality
applies to resolutions of singularities as well as morphisms whose images are entirely contained in
the singular loci of the target varieties. Our results imply that the pull-back of semistable, locally
free Higgs sheaves with vanishing Chern classes under any of these maps remains semistable.

1.2 Descent of vector bundles

The proof of Theorem 1.1 relies in part on a descent theorem for vector bundles, which is of
independent interest. To put the result into perspective, consider a desingularisation 7 : X—> X
of a normal variety. It is well known that if X has rational singularities, then any line bundle on
X that comes from X topologically does in fact come from X holomorphically. If X is klt, we
generalise this result to vector bundles of arbitrary rank: we show that any vector bundle on X
that appears to come from X numerically does indeed come from X.

THEOREM 1.2 (Descent of vector bundles to klt spaces, Theorem 5.1). Let f : X — Y be a
birational, projective morphism of normal, quasi-projective varieties. Assume that there exists
a Weil Q-divisor Ay such that (Y, Ay) is klt. If Zx is any locally free, f-numerically flat sheaf
on X, then there exists a locally free sheaf %y on'Y such that ¥x = f*Zy.

The notion of ‘numerical flatness for vector bundles’ generalises the notion of ‘numerical
triviality’ for line bundles and is recalled in Definition 2.11. The importance of Theorem 1.2 in
the current investigation stems from the fact that locally free Higgs sheaves coming from local
systems on resolutions of klt spaces are numerically flat relative to the resolution morphism; see
Proposition 7.9.

In addition to the descent result for vector bundles spelled out above, Theorem 5.1 also
discusses descent of locally free Higgs sheaves. Theorem 4.1 contains a related result where X
(rather than Y') is assumed to be klt.

1.3 Optimality of results
We expect that varieties with klt singularities form the largest natural class where our results
can possibly hold in full generality. The construction of a pull-back functor for Higgs sheaves
is rather delicate and hinges on the existence of a functorial pull-back for reflexive differentials,
for morphisms between klt spaces. For classes of varieties with singularities that are just
slightly more general than klt, there are elementary examples [Keb13, Example 1.9] which show
that functorial pull-back for reflexive differentials does not exist, even though it is known that
reflexive differentials still lift to resolutions of singularities in these cases [GK14, Theorem 1.4].
In particular, it is not possible to define functorial pull-back of Higgs sheaves for these spaces.
For spaces with arbitrary singularities, we do not expect that a correspondence between the
two categories in Theorem 1.1 holds, even at the level of objects.
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1.4 Applications

Theorem 1.1 has applications to the quasi-étale uniformisation problem for minimal varieties of
general type. Eventually, we expect that all uniformisation theorems of nonabelian Hodge theory
have analogues for klt varieties. In particular, we expect to generalise the uniformisation result
[GKPT15, Theorem 1.2] to arbitrary klt varieties: if X is minimal, klt and of general type, and
if equality holds in the Q-Miyaoka—Yau inequality, [GKPT15, Theorem 1.1], i.e.,

(2(n+1) - &(Ix) —n-a1(Ix)?) - [Kx]" 7 =0,

then the canonical model of X is a singular ball quotient.
To keep the current paper reasonably short, these applications will appear in a separate
paper, cf. [GKPT18]. Please see the survey paper [GKT18] for related results in this direction.
One might expect similar uniformisation results in more general contexts, such as ‘pairs’
or ‘orbifolds’. In the setting of pairs, the Miyaoka—Yau inequality has already been established
in [GT16]. We refer to [GKPT15, §10] for a more precise formulation.

1.5 Relation to the work of Mochizuki

In a large body of work, Mochizuki set up a complete theory of Higgs bundles on arbitrary
smooth quasi-projective varieties; among others, see [Moc06, Moc07a, Moc07b]. Our study differs
from Mochizuki’s in at least two aspects. First, while our main result, Theorem 1.1 above,
traces a correspondence between topological and algebro-geometric properties of X, thereby
taking the singularities of X into account, the correspondence established by Mochizuki in the
present setup would focus on the connection between such properties for the smooth locus Xg.
Second, ultimately, our correspondence is induced geometrically from the nonabelian Hodge
correspondence in the projective case, which in turn requires much less sophisticated analytic

results than Mochizuki’s approach. However, Mochizuki’s theory will be used in the sequel paper
[GKPT18].

1.6 Structure of the paper

Section 2 gathers notation, known results and global conventions that will be used throughout
the paper. Section 3 formulates the nonabelian Hodge correspondence for klt spaces in detail,
discusses functoriality and its consequence, and states a number of singular generalisations of
Simpson’s classical results.

The results are then proven in the remaining sections. Sections 4 and 5 prepare for the
proof, establishing the descent theorems for vector bundles mentioned in §1.2 above. Section 6
establishes a restriction theorem of Mehta—Ramanathan type for Higgs sheaves that is slightly
more general than the versions found in the literature. This restriction theorem is then used
in §7 to prove that Higgs bundles with vanishing Chern classes on projective, klt varieties that
are semistable with respect to an ample divisor remain semistable with respect to ample divisors
when pulled back to a resolution of singularities. With these preparations in place, the nonabelian
Hodge correspondences can then be constructed in §8 without much effort.

2. Notation and elementary facts

2.1 Global conventions

Throughout the present paper, all varieties and schemes will be defined over the complex
numbers. We will freely switch between the algebraic and analytic context if no confusion is
likely to arise. Apart from that, we follow the notation used in the standard reference books
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[Har77, KM98], with the exception that for klt pairs (X, A), the boundary divisor A is always
assumed to be effective. Varieties are always assumed to be irreducible and reduced.

2.2 Varieties, sets and morphisms
Normal varieties are S, which implies that regular functions can be extended across sets of
codimension two. The following notation will be used.

Notation 2.1 (Big and small subsets). Let X be a normal, quasi-projective variety. A Zariski-
closed subset Z C X is said to be small if codimyx Z > 2. A Zariski-open subset U C X is said to
be big if X\U is small. A birational morphism ¢ : X — Y of normal, projective varieties is called
a small morphism if there exists a big open set X° C X such that ¢|x- is an open immersion.

Notation 2.2 (Set-theoretic fibre). Given a morphism of varieties ¢ : X — Y and a point y € Y/,
we call the reduced scheme ¢~ !(y).eq the set-theoretic fibre of ¢ over y.

DEFINITION 2.3 (Covers and covering maps, Galois morphisms). A cover or covering map is a
finite, surjective morphism + : Y — X of normal, quasi-projective varieties or complex spaces.
The covering map = is said to be Galois if there exists a finite group G C Aut(Y') such that X
is isomorphic to the quotient map ¥ — Y/G.

DEFINITION 2.4 (Quasi-étale morphisms). A morphism f: X — Y between normal varieties is
said to be quasi-étale if f is of relative dimension zero and étale in codimension one. In other
words, f is quasi-étale if dim X = dim Y and there exists a closed subset Z C X of codimension
codimyx Z > 2 such that f|x\z : X\Z — Y is étale.

Note. Combining Definitions 2.3 and 2.4, a quasi-étale cover is finite, surjective, and étale in
codimension one.

2.3 Line bundles and sheaves
Reflexive sheaves are in many ways easier to handle than arbitrary coherent sheaves, and we will
therefore frequently take reflexive hulls. The following notation will be used.

Notation 2.5 (Reflexive hull). Given a normal, quasi-projective variety X and a coherent sheaf
& on X of rank r, write

o= (@), gl = (@) Syml™ & = (Sym™ &)

and det & := (A"€)**. Given any morphism f:Y — X, write f& := (f*&)**.

DEFINITION 2.6 (Relative Picard number). Given a projective surjection f : X — Y of normal,
quasi-projective varieties, let N1(X/Y) be the R-vector space generated by irreducible curves
C C X such that f(C) is a point, modulo numerical equivalence. The dimension of N;(X/Y) is
called the relative Picard number of X/Y and is denoted by p(X/Y). Let NE(X/Y) C N1(X/Y)
be the closed cone generated by classes of effective curves which are contracted by f.
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2.4 Cycles

The Chow variety represents a functor. The associated notion of ‘families of cycles’ is however
somewhat awkward to formulate. For the sake of simplicity, we restrict ourselves to families
over normal base varieties where the definition becomes somewhat simpler. The book [BM14]
discusses these matters in detail.

Notation 2.7 (Families of cycles). Let X be a quasi-projective, n-dimensional variety, not
necessarily normal. Given any subscheme Y C X, we denote the associated cycle by [Y].
Let f : X — Y be an equidimensional morphism of normal, algebraic varieties, of relative
dimension d. Recall from [Kol96, I Theorem 3.17] or [BM14, Theorem 3.4.1 on p. 449] that f
is then a well-defined family of d-dimensional proper algebraic cycles over Y, in the sense of
[Kol96, I Definition 3.10]. In particular, if y € Y is any closed point, Kolldr defines in [Ko0l96,
I Definition 3.10.4] the associated cycle-theoretic fibre, which we denote by fI=1(y).

Warning 2.8. In the setting of Notation 2.7, it is generally not true that the cycle-theoretic
fibre f PH(y) is the cycle associated with the scheme-theoretic fibre f~!(y). Using the notation
introduced above, the cycles f=U(y) and [f~'(y)] do not agree in general. An example is
discussed in the preprint version of this paper.

Reminder 2.9 (Pull-back of Weil divisors). For arbitrary morphisms f : X — Y normal,
projective varieties, there is generally no good notion of pull-back for Weil divisors. If f is finite,
or more generally equidimensional, then a good pull-back map exists. We refer to [CKT16,
§2.4.1] for a discussion.

2.5 Numerical classes

We briefly fix our notation for numerical classes and intersection numbers. The following
definition allows us to discuss slope and stability for arbitrary sheaves on arbitrarily singular
spaces. We refer to [GKP16, §4.1] for a more detailed discussion.

Notation 2.10 (Numerical classes and intersection numbers). Let X be a projective variety. If
Z € Pic(X) is invertible and D € Div(X) is a Cartier divisor, we denote the numerical classes
in N'(X)g by [.Z] and [D]; see [Kol96, §11.4] for a brief definition and discussion of the space
NY(X)r of numerical Cartier divisor classes. If A is any purely d-dimensional cycle on X, we
denote the intersection number with numerical classes of invertible sheaves .Z; by [.Z] - - [-Zy] -
A € Z. For brevity of notation we will often write [Z] - - [.£,] € Z instead of the more correct
[A] - [Z,] - [X]. Ditto for intersection with Cartier divisors.

For the reader’s convenience, we recall the notion of ‘numerical flatness for vector bundles’,
which generalises the notion of ‘numerical triviality’ for line bundles.

DEFINITION 2.11 (Nefness and numerical flatness [DPS94, Definition 1.17]). Let ¢ : X — Y be
a projective morphism of quasi-projective varieties. Given a locally free sheaf .% on X, consider

the composed morphism

)
P(F) =X =

— X —=Y.
)

The sheaf .7 is said to be @-nef if [Op(#)(1)] is d-nef, that is, [Op#)(1)] - C = 0, for every
irreducible curve C' C P(.%) such that §(C) is a point. The sheaf .7 is said to be p-numerically
flat if Z and its dual #* are both w-nef. If Y is a point, we simply say that .% is numerically flat.
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Remark 2.12 (Alternate formulations of numerical flatness). Setting as in Definition 2.11. The
following conditions are equivalent.

(2.12.1) The bundle .# and its dual .#* are both p-nef.
(2.12.2) The bundle .% is ¢-nef and the invertible sheaf (det.%)* is p-nef.
(2.12.3) The bundle .Z is ¢-nef and the invertible sheaf det .# is p-numerically trivial.

Chern classes of numerically flat bundles vanish. The proof is based on two deep facts: the
Uhlenbeck—Yau theorem asserting the existence of Hermite-Einstein metrics on stable vector
bundles, and the resulting Kobayashi-Liibke flatness criterion derived from Liibke’s inequality
on Chern classes of Hermite-Einstein vector bundles.

THEOREM 2.13 (Chern classes of numerically flat bundles [DPS94, Corollary 1.19]). Let X be a
smooth, projective variety and % a numerically flat, locally free sheaf on X. Then all Chern
classes ¢;(F) € H*(X,R) vanish.

2.6 klt spaces, the basepoint-free theorem and contractions

We will mostly work with kit pairs (X, A), but the boundary divisor A is usually irrelevant in
our discussion. We will use the following shorthand notation throughout. We refer to [KM98]
for a standard reference concerning klt pairs but recall the global convention that the boundary
divisor is always assumed to be effective in this paper.

DEFINITION 2.14 (klt spaces). A normal, quasi-projective variety is called a kit space if there
exists an effective Weil Q-divisor A such that (X, A) is klt.

Note. Recall that a pair (X,A) as above is said to be kit if the Weil Q-divisor Ky + A is
Q-Cartier, |A| =0, and if for one (equivalently: for every) resolution of singularities, 7 : X — X
there exists a Q-linear equivalence of the form

K)z—l-ﬂ;lANQ?T*(KX—I—A)—f—ZCLi-Ei,
i

where the E; C X are m-exceptional and the numbers a; € Q satisfy a; > —1 for all i.

The results of §4 rely in part on the basepoint-free theorem and its immediate Corollary 2.16,
which proves Theorem 4.1 for line bundles. We recall the statement for the reader’s convenience.
Full details are found in the standard references, cf. including [KMMS87, Theorem 3-1-1 and
Remark 3-1-2(i)], [KM98, Theorem 3.24] and [Laz04, Theorem 2.1.27].

THEOREM 2.15 (Basepoint-free theorem). Let ¢ : X — Y be a projective surjection of normal,
quasi-projective varieties. Assume that there exists an effective Weil Q-divisor A on X such
that (X,A) is klt. If L is any @-nef Cartier divisor on X and m € NT any number such that
m - L — (Kx + A) is ¢-nef and p-big, then there exists a unique factorisation via a normal

variety 7,
©
—— 5 T\
XT»ZT»Y7 (2.15.1)
such that the following holds.
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(2.15.2) The morphisms « and [ are surjective. The morphism « has connected fibres.

(2.15.3) The Cartier divisor L is the pull-back of a f-ample Cartier divisor Ly on Z.

(2.15.4) If Y° C Y is open with preimages X° and Z°, and L|xo is ¢|xo-ample, then o|xo :
X° — Z° is isomorphic.

Note. Item (2.15.3) implies that the morphism « contracts exactly those irreducible curves C
with [L] - C'= 0 and dim ¢(C) = 0.

COROLLARY 2.16 (Descent of invertible sheaves). Let ¢ : X — Y be a birational, projective
morphism of normal, quasi-projective varieties, and let L be any p-numerically trivial Cartier
divisor on X. If there exists a Weil Q-divisor A on X such that (X, A) is kIt and —(Kx + A) is
p-nef, then L is linearly equivalent to the pull-back of a Cartier divisor on Y .

Proof. We claim that L is p-nef and that D := L — (K x + A) is p-nef and -big. Relative nefness
of L and D holds by assumption. The condition that D is (-big is void since ¢ is assumed to
be birational. Theorem 2.15 thus gives a factorisation of ¢ via a normal variety Z as in (2.15.1)
and a fS-ample Cartier divisor Ly on Z such that L ~ a*Ly.

As a next step, we claim that 3 is finite. If not, we would find a curve C' C X which is
mapped to a point by ¢ but not by «. The image curve a(C) would them be contained in a
B-fibre and would thus have positive intersection with the S-ample divisor Lz. In particular,
deg L|c = dega*(Lz)|c > 0, contradicting the assumption that L is p-numerically trivial.

In summary, see that S is both birational and finite. Zariski’s main theorem [GW10,
Corollary 12.88] applies to show that f is isomorphic. Corollary 2.16 follows. O

We list some basic properties of the contraction morphism associated with an extremal face
and refer to [KMMS87, Definition 3-2-3] for terminology.

PROPOSITION 2.17 (Relative contractions of extremal faces). Assume we are given a sequence
of projective surjections between normal, quasi-projective varieties f : X — Y and Y — Z.
Assume also that there exists an effective Weil Q-divisor A on X such that (X, A) is klt.

(2.17.1) If f has only connected fibres and —(Kx +A) is f-ample, then there exists a (Kx +A)-
negative extremal face F' of NE(X/Z) such that f is the contraction morphism of F.

(2.17.2) If there exists a (Kx + A)-negative extremal face F' of NE(X/Z) such that f is the
contraction morphism of F', then relative Picard numbers are additive:

p(X/Z) = p(X/Y) + p(Y/Z).
The extremal face F' is an extremal ray if and only if p(X/Y) = 1.

Proof. Ttem (2.17.1) is [KMMS87, Lemma 3-2-5(1)]. The additivity of Picard numbers in Item
(2.17.2) is [KMMS87, Lemma 3-2-5(3)]. It remains to consider the relation between Picard numbers
and the dimension of F' in Item (2.17.2).

If the dimension of F'is one, it follows from the definition that p(X/Y") = 1 once we know that
there is a curve in X that is mapped to a point by f. This is shown in [KMM87, Lemma 3-2-4].
As for the converse direction, if p(X/Y’) = 1, the definition implies that there must be curves
that are contracted. The face F' cannot be empty, and it is necessarily of dimension one. O

Warning 2.18. Picard numbers are generally not additive for compositions of arbitrary
morphisms. See [KM98, §2.2] for a discussion and [KMMS87, Remark 3-2-6] for an explicit
example.
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2.7 Sheaves with operators and Higgs sheaves

Higgs sheaves and sheaves with operators on singular varieties were defined and discussed in
detail in [GKPT15, §§4 and 5]. We briefly recall the main definitions here and then discuss
pull-back of Higgs sheaves.

2.7.1 Fundamental definitions.

DEFINITION 2.19 (Sheaf with an operator, invariant subsheaves [GKPT15, Definition 4.1]). Let
X be a normal, quasi-projective variety and # be a coherent sheaf of &'x-modules. A sheaf with
a W -valued operator is a pair (&,0) where & is a coherent sheaf and 6§ : & — & ® # is an
O'x-linear sheaf morphism.

DEFINITION 2.20 (Invariant subsheaf [GKPT15, Definition 4.8]). Setting as in Definition 2.19.
A coherent subsheaf .# C & is said to be 6-invariant if (%) is contained in the image of
the natural map % @ # — & @ #. We say Z is generically invariant if the restriction Z |y
is invariant with respect to 0|y, where U C X is the maximal, dense, open subset where #  is
locally free.

DEFINITION 2.21 (Stability of sheaves with operator [GKPT15, Definition 4.13]). Let X be a
normal, projective variety and H be any nef, Q-Cartier Q-divisor on X. Let (&, ) be a sheaf with
an operator, as in Definition 2.19, where & is torsion free. We say that (&, 0) is semistable with
respect to H if the inequality pp (%) < pm (&) holds for all generically f-invariant subsheaves
F C & with 0 < rank.Z < rank &. The pair (&,0) is said to be stable with respect to H if strict
inequality holds. Direct sums of stable sheaves with operator are said to be polystable.

On a singular variety, some attention has to be paid concerning the definition of ‘Higgs sheaf’
at singular points. Again, we recall the relevant definitions here.

DEFINITION 2.22 (Higgs sheaf, stability, morphisms [GKPT15, Definitions 5.1 and 5.2, §5.6]).
Let X be a normal variety. A Higgs sheaf is a pair (&,6) of a coherent sheaf & of &'x-modules,
together with an Q[)lf]—valued operator 6: & — é"@Q[)y, called a Higgs field, such that the
composed morphism

0 0®1d 1d® [A]

&

& @Y & o0l e all & o0l

vanishes. A Higgs sheaf is said to be stable if it is stable as a sheaf with an Q[)l(]—valued operator;
ditto for semistable and polystable. A morphism of Higgs sheaves, written f : (&1,01) — (&2, 62),
is a morphism f : & — & of coherent sheaves that commutes with the Higgs fields,

(f®ldgu)obr =620 f.
X

2.7.2 Pull-back. If f:Y — X is a morphism of normal varieties, and if (&, 0) is a Higgs sheaf
on X, there is generally no way to equip the pull-back sheaf f*& with a Higgs field, even if & is
locally free. It is a non-trivial fact that pull-backs do exist for klt spaces. We refer to [GKPT15,
§85.3 and 5.4] for details. In brief, if X is klt, recall from [Keb13, Theorems 1.3 and 5.2] that
there exists a natural pull-back functor for reflexive differentials on klt pairs that is compatible
with the usual pull-back of Kahler differentials and gives rise to a sheaf morphism

deeaf : fOF — QU
One can then define a Higgs field on f*& as the composition of the following morphisms:

Idf*éa ®dren f
_—>

rell ool = prew ol Fr& el (2.22.1)
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2.8 Stability for sheaves on the smooth locus

In the situation discussed in the present paper, it makes sense to generalise the stability notions
of §2.7 to the case where the (Higgs-) sheaves are defined on the smooth locus of a normal variety
only.

DEFINITION 2.23 (Slope and stability for sheaves on the smooth locus). Let X be a normal,
projective variety and let &° be a torsion-free, coherent sheaf on X, of positive rank. If
H € Div(X) is nef, define the slope of &° with respect to H as

Cl(L*go) . [H]dimX—l
rank &° ’

pa(E°) =
where ¢ : X;eg — X is the inclusion.

Remark 2.24 (Algebraicity assumption). We underline that &° is assumed to be algebraic in
Definition 2.23. For coherent analytic sheaves on X7J, the push-forward :.&° need not be
coherent in general.

DEFINITION 2.25 (Slope and stability for sheaves on the smooth locus). Setting as in Definition
2.23. If #° is coherent on X,e and if 6° : £° — &° @ #'° is a # °-valued operator, we say that
(&£°,6°) is stable with respect to H if the inequality pm(.-#°) < pum(&£°) holds for all generically
f°-invariant subsheaves .#° C &° with 0 < rank.#° < rank &°. Analogously, define notions of
semistable and polystable for sheaves with operators on X,,; ditto for Higgs sheaves.

The following two lemmas summarise properties of the generalised stability notions that will
be used later. Proofs are elementary and are therefore omitted.

LEMMA 2.26 (Restriction of stable sheaves to X,eg). Let X be a normal, projective variety, and
let (&,0) be a torsion-free sheaf with a # -valued operator. If H € Div(X) is nef, then (&,0)
is semistable (respectively stable) with respect to H as a sheaf with a # -valued operator if
and only if (&£,0)|x,,, is semistable (respectively stable) with respect to H as a sheaf with a
V| x,.,-valued operator.

LEMMA 2.27 (Extensions of operators from subsheaves). Let X be a normal, projective variety
and let (6°,0°) be a torsion-free sheaf on X,eq with a # °-valued operator. Let 1° : #'° — ¥°
be an inclusion of coherent sheaves on X,¢s and consider the natural ¥ °-valued operator 7° that
is defined as the composition

/T\"
&° EQWC————E° V.

0° Id®°

If H € Div(X) is nef, then (&°,0°) is semistable (respectively stable) with respect to H as a
sheaf with a # °-valued operator if and only if (&°,7°) is semistable (respectively stable) with
respect to H as a sheaf with a ¥ °-valued operator.
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3. The nonabelian Hodge correspondence for locally free Higgs sheaves

3.1 Main result

Generalising work of Simpson [Sim92, Corollary 3.10], in this section we formulate a nonabelian
Hodge correspondence for locally free Higgs sheaves on klt spaces, relating such locally free
Higgs sheaves to representations of the fundamental group. The formulation uses the fact that
every algebraic variety admits a distinguished, canonical resolution of singularities, see [BM97,
Remark 1.16ff and § 13]. The following additional notation will be used.

Notation 3.1 (Categories in the nonabelian Hodge correspondence). Given a normal, projective
variety X, consider the following categories.

Higgsy Locally free Higgs sheaves (&,6) on X having the property that there exists an ample
divisor H € Div(X) such that (&, 60) is semistable with respect to H and additionally
satisfies chi(&) - [H]" 1 = cha(&) - [H]" 2 = 0.

LSys, Local systems on X.

Notation 3.2 (Higgs sheaves). There is no uniform definition of Higgs sheaves on singular
spaces in the literature. Throughout the present paper, we use the definition given in §2.7.1.
(Semi)stability of Higgs sheaves is defined and discussed in [GKPT15, §5.6]. We refer to [Del70,
§1.1] for a discussion of the basic properties of local systems.

Notation 3.3 (Nonabelian Hodge correspondence for manifolds). If X is smooth, Simpson’s
nonabelian Hodge correspondence gives an equivalence between the categories Higgsy and LSysy.
We denote the relevant functors by nx : LSysy — Higgsy and px : Higgsy — LSysx.

The following is now the main result. As we will see in § 3.2 below, the properties spelled out
in (3.4.2) and (3.4.3) immediately imply that the nonabelian Hodge correspondence presented
here is in fact fully functorial in morphisms of klt spaces.

THEOREM 3.4 (Nonabelian Hodge correspondence for klt spaces). For every projective klt
space X, there exists an equivalence of categories, given by functors nx : LSysy — Higgsy
and px : Higgsxy — LSysy, such that the following additional properties hold.

(3.4.1) If X is smooth, then nx and px equal the functors from Simpson’s nonabelian Hodge
correspondence.

(3.4.2) If (&,6) € Higgsy and © : X — X is the canonical resolution of singularities, then
7(&,0) € Higgsg, and there exists a canonical isomorphism of local systems,

Mrr,(é",g) : W*MX(@@,9> —> MX(W*(570)>

(3.4.3) If E € LSysy is any local system and 7 : X — X s the canonical resolution of
singularities, then there exists a canonical isomorphism of Higgs sheaves,

Nz :7m'nx(E) — UX(W*E).

Note (Pull-back of Higgs sheaves). Item (3.4.2) discusses the pull-back of the Higgs sheaf 7x (E)
from X to the resolution of singularities, X, as discussed in §2.7.2 above.

Theorem 3.4 is shown in §8.1. Section 7 prepares for the proof.
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3.2 Functoriality

Items (3.4.2) and (3.4.3) of Theorem 3.4 allow us to describe the functors nx and px on any
given klt space X in terms of the classical nonabelian Hodge correspondence that exists on the
canonical resolution of singularities. In fact, a much more general functoriality holds true.

THEOREM 3.5 (Functoriality in morphisms). The correspondence of Theorem 3.4 is functorial
in morphisms. More precisely, for every morphism f : Y — X of projective klt spaces, every
E € LSysy and every (&,0) € Higgsy, there exist canonical isomorphisms

My sy : [Tux(E,0) — py (f*(£,0)) and Nyg: fnx(E) — ny (f°E).
The collection of these isomorphisms satisfies the following properties.

Functoriality: Given morphisms g: Z — Y and f : Y — X between projective kit spaces and
E € LSysy, the following diagram commutes:

Nyogk

* £k E * *E * *E X
g nx(B) — o = 9" (F'B) ———nz(9""B)

Ditto for the functor p and the isomorphisms M, .

Behaviour under canonical resolution: For 7 : X — X the canonical resolution of a
projective klt space, the morphisms M; . and Nr. equal the isomorphisms given in
Items (3.4.2) and (3.4.3) of Theorem 3.4.

Compatibility: If f : Y — X is a morphism between smooth projective varieties, then My,
and Ny o are the standard isomorphisms given by functoriality of Simpson’s nonabelian
Hodge correspondence.

Theorem 3.5 is shown in § 8.2 below.

Remark 3.6 (Uniqueness). One verifies in the blink of an eye that functoriality, behaviour under
canonical resolution and compatibility determine the isomorphisms M, o and N, o uniquely.

Remark 3.7 (General resolutions). Theorem 3.5 implies in particular that the statement of
Theorem 3.4 holds for any resolution of singularities, not just the canonical resolution. Taken
together with [Tak03], for any klt space this establishes an equivalence of categories of Higgsy

with Higgs, where X is any resolution of singularities of X.

As a further consequence of functoriality, we observe that the nonabelian Hodge
correspondence respects group actions and relates G-linearised local systems to Higgs G-sheaves
in the sense of [GKPT15, Definition 5.1].

COROLLARY 3.8 (G-linearised local systems and Higgs G-sheaves). Let X be a projective klt
space, and let G be a group acting on X via a group morphism G — Aut(X).

(3.8.1) If (&,0) € Higgsx carries the structure of a Higgs G-sheaf, given by isomorphisms ¢ :
g*(&,0) — (&,0), then the following composed maps endow the local system px(&,0)
with a G-linearisation:

g*MX(g7 9) ,UX(g*(g7 9)) NX(éa?‘g)'

(3.8.2) If E € LSysy carries a G-linearisation given by isomorphisms ¢4 : g*E — E, then the
following composed maps endow nx (E) with the structure of a Higgs G-sheaf:

Mg (.,0) px (#g)

N,

N E " nx (pg)
g*nx(E) ——nx(g°E) ———

nx (E).
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3.3 Independence of polarisation

As in Simpson’s original setup, a Higgs bundle on a klt space X is in Higgsy if and only if it
satisfies the conditions of Notation 3.1 with respect to any ample class. The following proposition
makes this assertion precise.

THEOREM 3.9 (Independence of polarisation). Let X be a projective kit space of dimension n.
Given any locally free Higgs sheaf (&,60) on X, the following statements are equivalent.

(3.9.1) There exists an ample divisor H € Div(X) such that chi(&)-[H]" ! = cha(&)-[H]" 2 =0
and such that (&,6) is semistable with respect to H.

(3.9.2) For all ample divisors H € Div(X), we have chy(&) - [H]" ! = cha(&) - [H]" 2 = 0 and
(&,0) is semistable with respect to H.

(3.9.3) All Chern classes ¢;(&) € H*(X,Q) vanish and (&,0) is semistable with respect to any
ample divisor on X.

(3.9.4) There exists a resolution of singularities, 7 : X — X, and an ample divisor H € Div()N()
such that chy(7* &)-[H]" ™' = chy(x* &)-[H]"~? = 0 and such that 7 (&, 0) is semistable

with respect to H.

(3.9.5) For any resolution of singularities 7 : X;_) X and any ample divisor He Div(X), we
have intersection numbers chy(7* &) - [H]" ™' = chy(n* &) - [H]" "2 = 0, and 7* (&£, 0) is

semistable with respect to H.

The analogous equivalences hold when ‘semistable’ is replaced by ‘stable’ or ‘polystable’.
Theorem 3.9 is shown in § 8.3 below.

3.4 Harmonic bundles and differential graded categories

Simpson constructs his nonabelian Hodge correspondence first in the case of polystable Higgs
bundles and semisimple local systems. In this setup, the correspondence is a consequence of
existence theorems for pluri-harmonic metrics on the underlying bundles. Given their central role
in the theory, we remark that the nonabelian Hodge correspondence for klt spaces, Theorem 3.4,
also has a description in terms of harmonic structures, although in our case the harmonic metric
exists on the smooth locus of the underlying space only. The proof of the following proposition is
simple and therefore omitted. Item (3.4.3) of Theorem 3.4 allows us to relate the correspondence
on X to that on a resolution.

ProPOSITION 3.10 (Hodge correspondence for klt spaces via harmonic bundles). Let X be a
projective, klt space and E € LSysy a semisimple local system on X, with underlying
C*°-bundle E. We claim that there exists a tame and purely imaginary harmonic bundle
(E°,0p0,0° h°) on X,e; with the following two properties.

(3.10.1) The induced flat bundle (E°, Vo) corresponds to the local system E|x,,, .

(3.10.2) Writing &° for the sheaf of holomorphic sections in (E°,Jgs), the functor nx of the
nonabelian Hodge correspondence satisfies (6°,0°) = nx (E)|x,e,-

Remark 3.11. We refer to [Sab13, § 1] for a discussion of harmonic bundles, and to [Sim90, p. 723]
and [Moc07b, §22.1] for the notions of ‘tame’ and ‘purely imaginary’.

As a second point, we note that Theorem 3.4 includes equivalences of differential graded
categories (DGCs) that appear in Simpson’s nonabelian Hodge theory. For detailed discussion
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of DGCs and their relation to this theory we refer the reader to [Sim92, § 3] and the references
therein. Given a resolution 7 : X — X, Theorem 3.4 implies that there is an equivalence of DGCs
between the category of extensions of stable Higgs bundles with vanishing Chern classes on X
and the category of flat connections on X. The same conclusions as in the smooth projective
setting then follow.

4. Descent of vector bundles from klt spaces

The proof of Theorem 5.1, our main result concerning descent of vector bundles to klt spaces,
relies on the following auxiliary statement, which we prove in this section.

THEOREM 4.1 (Descent of vector bundles from klt spaces). Let ¢ : X — Y be a projective,
birational morphism of normal, quasi-projective varieties. Assume that there exists a Weil
Q-divisor Ax on X such that the pair (X,Ax) is klt and —(Kx + Ax) is @-nef. If Fx is
any locally free, p-numerically flat sheaf on X, then there exists a locally free sheaf %y on'Y
such that Fx & p* Fy.

4.1 Proof of Theorem 4.1: setup and notation

We maintain the notation and assumptions of Theorem 4.1 throughout § 4. To avoid trivial cases,
we may assume throughout the proof that the rank of Zx is positive. Set r := (rank .Zx) — 1.
Using Grothendieck’s terminology, we consider the associated P"-bundle Px := Px(#x). The
following diagram summarises the situation:

pxl \ (4.1.1)
X .

¢, birational

Since px is a locally trivial P"-bundle, the variety Py is normal, and the pair (Px, Ap, ) is klt,
where Ap, := pxAx. Let Y° C Y be the maximal open set over which ¢ is isomorphic, and
write X° := ¢~ }(X°). As Y is normal, the subset Y° is big.

We will also consider the invertible sheaves Zx = Op, (z,)(1) and .#x = det Fx. The
assumption that .#x is p-numerically flat has immediate consequences for £x and .#x, which
we state for later reference.

Observation 4.2.

(4.2.1) The sheaf L is d-nef.

(4.2.2) The sheaf .#x is p-numerically trivial. In particular, Corollary 2.16 implies the existence
of an invertible sheaf .#y € Pic(Y) such that #x = o* 4y .

For convenience of notation, choose Cartier divisors Ly and My representing the bundles
Zx and Ay. The Cartier divisor Mx := @* My will then represent .#x.

4.2 Proof of Theorem 4.1: factorisation of &

We aim to construct a locally free sheaf .#y on Y. Rather than doing so directly, we will first
construct a factorisation of § via a morphism py : Py — Y that agrees with Py over the big
open set where Y°. Later, we will show that py is equidimensional, and has in fact the structure
of a linear P"-bundle. The sheaf %y will then be constructed as the push-forward of the relative
hyperplane bundle on Py.
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CrAamm 4.3 (Construction of Py). There exists a commutative diagram of surjective projective
morphisms with connected fibres extending Diagram (4.1.1) as follows:

Py ® Py

PXJ/ \ J/’Y (4.3.1)
X——=Y

¢, birational

as well as a py-ample sheaf %y € Pic(Py) such that £x = ®*%y. The variety Py and the
morphisms of Diagram (4.3.1) are unique up to isomorphism, and the following holds in addition.

(4.3.2) The restricted morphism (I)|p)_(1(X0) . py (X°) — pyt(Y°) is isomorphic. In particular, ®
is birational.
(4.3.3) We have an isomorphism of sheaves Ay = det((py )« -Zy).

Proof of Claim 4.3. The factorisation of § via an intermediate variety Py will be constructed
using Theorem 2.15 (‘Basepoint-free theorem’). To apply the theorem, it suffices to show that
Lx is d-nef and that

D:=Lx — (KpX + AIP’X)

is 0-nef and §-big. Relative nefness of Lx is clear from Observation (4.2.1). To analyse D, we
use the standard formula for the canonical bundle of a projectivised vector bundle to obtain a
Q-linear equivalence of Q-divisors,

D ~g (r+2)-Lx — px(Kx + Ax + Mx). (4.3.4)

The divisor Lx is px-ample and therefore ample on the general fibre of §. Since ¢ is
birational, (4.3.4) implies that D is 6-big. Relative nefness of D also follows from (4.3.4),
using Observations (4.2.1) and (4.2.2) as well as the assumption that —(Kx + Ax) is ¢-nef.
Theorem 2.15 thus applies and yields a unique factorisation as in Diagram (4.3.1) as well as a
py-ample sheaf %y such that Zx = ¢* % .

Item (4.3.2) follows from Item (2.15.4) of Theorem 2.15, using the fact that D is px-ample
over X° and therefore d-ample over Y°. It remains to show that .#y = det((py).-%y). By
Item (4.3.2), an isomorphism exists at least over the big open set Y°. But since both sides of the

equation are reflexive, the isomorphism exists globally. This ends the proof of Claim 4.3. o

4.3 Proof of Theorem 4.1: equidimensionality
As indicated above, we will now show that py is equidimensional. This is the point where the
assumption that .Fx is ¢-numerically flat is used in a crucial way.

CrAmm 4.4 (Equidimensionality of py). The morphism py is equidimensional, of relative
dimension 7.

Proof of Claim 4./. We argue by contradiction and assume that there exists a point y € Y whose

fibre p{,l(y) contains a subvariety Z of dimension r + 1. Recalling that %5 is py-ample, we have
a positive intersection number

(AT (2] > 0. (4.4.1)
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We will see that this is absurd. To this end, let F C ©~!(y) be any irreducible component. Choose
a desingularisation 7 : F' — F' and extend Diagram (4.3.1) to the left by taking fibre products
as follows:

v & i Plpy

Pz Pp—Px Py Pz—sPp—>py' (y)—Py
Pﬁi PFl pxl PYl J{Pﬁ lpF l iPY
13 } Y
F——=F X 2 Y F—s=F p {y}c Y

Setting 75 1= 1" Fx and L = II* Lx, we obtain identifications
PF = Pﬁ(yﬁ) and gﬁ' = ﬁpﬁ(yﬁ)(l)

If Zz C Pz is any (r + 1)-dimensional subvariety that dominates Z, (4.4.1) immediately implies
that
[La) T (25 = [T * K ) [Z5] > 0. (4.4.2)
On the other hand, as the pull-back of a numerically flat bundle, F is numerically flat.
Theorem 2.13 hence implies that all Chern classes ¢;(F ) of F5 vanish. A standard Chern
class computation on projectivised vector bundles [Ful98, Remark 3.2.4 on p. 55] thus gives
T
al(Lp) T == alps Fp) - a( L) =0. (4.4.3)
i—1 \_:6_/
Items (4.4.2) and (4.4.3) are obviously in contradiction. The assumption that py(y) contains an
(r+1)-dimensional subvariety is thus absurd. In summary, we obtain that py is equidimensional,
thus finishing the proof of Claim 4.4. a

Building on work of Kollar and Horing-Novelli, it has been shown by Araujo and Druel
[AD14, Proposition 4.10] that equidimensionality and the existence of the relatively ample sheaf
% whose restriction to general py-fibres is the hyperplane bundle implies that py has the
structure of a linear bundle. We briefly recall the argument.

CrAM 4.5 (Linear bundle structure of py). The sheaf Fy = (py )%y is locally free on Y. The
morphism py : Py — Y can be identified as the projection Py (%#y) — Y. The invertible sheaf
2y becomes Op, (#,)(1) under this identification.

Proof. By (4.3.2), we know that the general fibre Py, of py is isomorphic to P", with Zy [, =
Opr(1). Since %y is py-ample, [HN13, Proposition 3.1] applies to guarantee that in fact all
fibres of py are irreducible and generically reduced, and that the normalisation of any fibre
is isomorphic to P". In particular, the Hilbert polynomial of the normalisation of the fibres is
constant, and [Kolll, Theorem 12| applies to show that the variety Py admits a simultaneous
normalisation, which is a finite, birational morphism 7 : ]/I\Dy — Py with the property that the
morphism py on is flat and that all its fibres are normal. But since Py already is normal, Zariski’s
main theorem [Har77, V Theorem 5.2] applies to show that 7 is isomorphic, and all fibres of py
are therefore smooth, and isomorphic to P". Grauert’s theorem [Har77, III Corollary 12.9] thus
shows that .#y is locally free and that the natural morphism (py )* Fy = (py)*(py )L — L
is surjective. The universal property of projectivisation [Har77, II Proposition 7.12] thus gives
a morphism « : Py — Py (Fy) that identifies #y with the pull-back of Op, (#,)(1). But since
the identification £y |(,,)-1¢y) = Opr(1) now holds for every y € Y, the morphism « is clearly
bijective, and hence isomorphic by Zariski’s main theorem. O
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4.4 Proof of Theorem 4.1: end of proof
It remains to show that #x = p*.%y. Recalling that

Fy = (py)«L and Fx = (px)+ZLx = (px)«P* L,

there exists a natural morphism « : p*.Z#y — Zx, cf. [Har77, III Remark 9.3.1]. The restriction
of the morphism « to the open set X° is clearly isomorphic. We claim that it is isomorphic
everywhere. To this end, consider its determinant det o : ¢*.#y — #x. Using that o* 4y =
M x, the determinant can be seen as a section in JZom(Mx, #x) = Ox, and hence as a function
on X that does not vanish on X°. But since the p-exceptional set E := X\ X° is contracted to
the small subvariety Y\Y° of Y, the function in fact cannot vanish anywhere. It follows that the
morphism det « is isomorphic, and hence so is «. This ends the proof of Theorem 4.1. O

5. Descent of vector bundles to klt spaces

In this section, we will prove the following theorem, a simplified form of which appeared as
Theorem 1.2 in the introduction.

THEOREM 5.1 (Descent of vector bundles to klt spaces). Let f : X — Y be a birational,
projective morphism of normal, quasi-projective varieties. Assume Y to be a kIt space. Then the
following holds.

(5.1.1) If Fx is any locally free, f-numerically flat sheaf on X, then there exists a locally free
sheaf %y on'Y such that Fx = f*Fy.

(5.1.2) If (Fx,0x) is any locally free Higgs sheaf on X, where % is f-numerically flat, then
there exists a locally free Higgs sheaf (:#y,0y) on'Y such that (Zx,0x) = f*(Fy,0y).

5.1 Proof of Theorem 5.1: setup and notation

We maintain the notation and assumptions of Theorem 5.1 throughout §5. Choose an effective
Weil Q-divisor Ay such that (Y, Ay) is klt. We denote by Ay := f. Ay the strict transform
of Ay and by Ex := Exc(f) the divisorial part of the f-exceptional locus Exc(f).

5.2 Proof of Statement (5.1.1)

Consider a resolution of singularities 7 : X — X. If we can show that 7*.%x is of the form
(fom)* Fy for a suitable sheaf %y on Y, then .#x will be isomorphic to f*.%y by the projection
formula. We are therefore free to replace X by X and assume without loss of generality that the
following holds.

ASSUMPTION W.L.O.G. 5.2. The variety X is smooth, the f-exceptional set equals Fx, and
supp(Ax + Ex) is a simple normal crossing divisor in X.

Step 1: Factorisation via an f-relative MMP. We will factor the resolution f: X — Y via a
relative minimal model program (MMP) of X over Y, cf. the discussion in [GKKP11, §23],
whose organisation we will follow closely. By the definition of ‘klt pair’, there exist effective
f-exceptional divisors F' and G without common components such that [ F| = 0 and such that
the following Q-linear equivalence holds:

Kx+Ax +F ~¢p f"(Ky +Ay) + G.
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For e € (0,1) NQ we let A, := Ax + F +¢- E. For 0 < ¢ < 1 small enough, the pair (X,A) is
klt. Fix one such € and let H € QDiv(X) be an f-ample divisor such that (X, A; + H) is still
klt and Kx + Ac + H is f-nef. We may then run the f-relative (X, Ac) MMP with scaling of H,
cf. [BCHM10, Corollary 1.4.2] to obtain a diagram

X—X,- X, 27 2P X,
fl fnl fn—ll fol
Y Y Y Y

with the following properties.

(5.2.1) The spaces X; are Q-factorial. Writing Ay, for the cycle-theoretic image of A., the pairs
(Xi, Ax;,) are klt.

(5.2.2) The maps ; are either divisorial contractions of (Kx, + Ax,)-negative extremal rays in
R; C NE(X;/Y) or flips associated to small contractions of such rays.

(5.2.3) The log-canonical divisor Kx, + Ax, is fo-nef, and it hence follows from the
negativity lemma [GKKP11, Lemma 2.16.2] that the morphism fj is small and crepant,
cf. [GKKP11, Claim 23.4]. In other words, Ax, = (fo);(Ay) and Kx, + Ax, ~g
(fo)*(Ky + Ay). As a consequence, also —(Kx, + Ax,) is fo-nef.

Step 2: Construction of bundles. Next, we construct vector bundles on the X;.

CLAIM 5.3. There exist locally free sheaves .#x, on the varieties X; such that the following holds.

(5.3.1) The sheaf Fx, equals Fx.
(5.3.2) Given any index i, the sheaf F#x, is fj-numerically flat.

(5.3.3) Ifi > 0 is any index such that Fx,_, is isomorphic to (fi_1)*¥ for a locally free sheaf ¢
onY, then Fx, = (fi)*¥Y.

Proof of Claim 5.3. We construct the vector bundles inductively. Start by setting Zx, = Zx.
Next, assume that we are given an index ¢ > 0 for which vector bundles Zx,,..., %x, have
already been constructed. We consider separately the cases where ; is a divisorial contraction
and where it is a flip.

Divisorial contraction. If ¢; : X; — X;_1 is a divisorial contraction, then —(Kx, + Ax;) is
p;-nef. Theorem 4.1 (‘Descent of vector bundles from kit spaces’) hence proves the existence of a
locally free sheaf .#x, |, on X;_; such that #x, = ¢7.#x, ,. This isomorphism guarantees that
Properties (5.3.2) and (5.3.3) both hold.

Flip. If ¢; + X; --+ X;—1 is a flip, consider the associated ‘flipping diagram’

where « is obtained by contracting a (Kx, + Ay,)-extremal ray, which implies as above that
—(Kx, + Ax;) is a-nef. In this setting, Theorem 4.1 again proves the existence of a locally free
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sheaf .#7 on Z such that Zx, = o*.%z. Properties (5.3.2) and (5.3.3) will hold once we set
Fx, , = [*%Fz. This finishes the proof of Claim 5.3. a

Step 3: End of proof. To end the proof of Statement (5.1.1), recall from (5.2.3) that (Xo, Ax,)
is kIt and that —(Kx, + Ax,) is fo-nef. Since Fx, is fo-numerically flat by (5.3.2), we may
therefore apply Theorem 4.1 to obtain a locally free sheaf . %y on Y such that ZFx, = (fo)* Fy.
A repeated application of Property (5.3.3) then shows that the sheaves Zx,, #x,, ..., %x, = F
are all pull-backs of .#y. Statement (5.1.1) follows.

5.3 Proof of Statement (5.1.2)
For e € {X, Y}, set
A= Hom(Fe, Fo @ Q[.Z])

A Higgs fields on Fy is, by definition, a section of the sheaf @4} such that the induced section
in %2 vanishes. In our case, the sheaf .Fy is locally free, which implies that both 4! and @42
are reflexive. To give a Higgs field on %y it is therefore equivalent to give a Higgs field on the
restriction of #y to any big open subset of Y. The Higgs field fx, however, clearly induces a
Higgs field on the restriction of .#y to the big open set where f~! is well defined and isomorphic.
The existence of 0y follows.

It remains to show that f*(Fy,0y) = (Fx,0x). In other words, we need to show that the
two sections fx and f*0y € H(X, o/}) agree. They will clearly agree over the open set f~1(Y°).
Since Fx is locally free and %)1( therefore reflexive, this suffices to show that they are the same.
This finishes the proof of Theorem 5.1. |

6. The restriction theorem for semistable Higgs sheaves

The proof of the nonabelian Hodge correspondence uses the following restriction theorem for
(semi)stable Higgs sheaves, which generalises a number of earlier results including [GKPT15,
Theorem 5.22].

THEOREM 6.1 (Restriction of (semi)stable Higgs sheaves). Let X be a normal, projective
variety, dim X > 2, and let H € Div(X) be big and semiample. Given any torsion-free Higgs
sheaf (6°,0°) on X, that is semistable (respectively stable) with respect to H in the sense of
Definition 2.25, there exists an integer M € N satisfying the following conditions. If B C |m - H|
is any basepoint-free linear system with m > M, then there exists a dense, open subset B® C B
such that the following properties hold for all D € B°.

(6.1.1) The hypersurface D is irreducible and normal, and Dieg = D N Xyeg-

(6.1.2) The Higgs sheaf (£°,0°)|p,., is torsion-free and semistable (respectively stable) with
respect to H|p.

Remark 6.2 (Algebraicity assumption). We stress that the Higgs sheaf (&°,0°) of Theorem 6.1
is assumed to be algebraic.

Remark 6.3 (Restriction theorem for sheaves on X). Recalling from Lemma 2.26 that a Higgs
sheaf on X is semistable (respectively stable) if and only if its restriction to X,eg is semistable
(respectively stable), Theorem 6.1 immediately implies a restriction theorem for torsion-free
Higgs sheaves on X that is more general than the results found in the literature. In practical
applications, the variety X might admit a finite group action, and the linear system B C |m - H|
might be chosen to contain invariant divisors only.
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Theorem 6.1 is shown in §6.2 below. The following corollary discusses the behaviour of
semistability under pull-back. It complements [GKPT15, §5.6], where the (G-)stable case was
discussed. Its proof, spelled out in the arXiv version of this paper, arXiv:1711.08159, applies
Theorem 6.1 repeatedly to cut down to a curve, where the result is classically known.

COROLLARY 6.4 (Semistability under generically finite morphisms). Let X and Y be two
projective, kit spaces. Let H € Div(X) be big and semiample, and let f : Y — X be a surjective
and generically finite morphism. Let (&,0) be a reflexive Higgs sheaf on X.

e If & is locally free, then the following are equivalent.

(6.4.1) The Higgs bundle (&,0) is semistable with respect to H.
(6.4.2) The Higgs bundle f*(&,0) is semistable with respect to f*H.

e IfY is smooth, then the following are equivalent.

(6.4.3) The Higgs sheaf (&,6) is semistable with respect to H.
(6.4.4) The Higgs sheaf fI*)(&,0) is semistable with respect to f*H.

Remark 6.5. One might wonder why the assumptions in Corollary 6.4 are so much more
restrictive compared to Theorem 6.1. If X is not klt, then pull-back of Higgs sheaves does not
exist in general. If the sheaf & is not locally free and Y is not smooth, its pull-back is generally
neither reflexive nor torsion-free, and no good notion of ‘stability’ is defined in this case. Also,
we do not know whether the reflexive pull-back f*/& carries a natural Higgs field in this case.

6.1 Restriction theorem for sheaves with operators

The following restriction theorem for sheaves with operators is a generalisation of [GKPT15,
Theorem A.3 in the arXiv version, arXiv:1511.08822]. It serves as the main technical tool used
in the proof of the restriction theorem for Higgs sheaves, Theorem 6.1.

THEOREM 6.6 (Restriction theorem for sheaves with operators). Let X be a normal, projective
variety, dim X > 2, let H be a big and semiample divisor on X, and let #'° be a reflexive sheaf
on Xyeg. Let (6°,6°) be a torsion free sheaf on X,eg with a # °-valued operator, and assume that
(&£°,6°) is semistable (respectively stable) with respect to H. Then there exists M € N7 satisfying
the following conditions. If B C |m - H| is any basepoint-free linear system with m > M, then
there exists a dense, open subset B® C B such that the following properties hold for all D € B°.

(6.6.1) The hypersurface D is irreducible and normal, and Dyeg = Xyeg N D.

(6.6.2) The sheaf &°|p,,, is torsion-free, and (6°|p,.,,0°|p,.,) is semistable (respectively stable)
with respect to H|p, as a sheaf with a #'|p,,-valued operator.

Remark 6.7 (Algebraicity and restriction theorem for sheaves on X). As before, we underline
that (&£°, 6°) is assumed to be algebraic. Also as before, Theorem 6.6 implies a restriction theorem
for sheaves & with operators that are defined on all of X. In particular, if & is a torsion-free
sheaf on X (sheaf equipped with the zero operator) that is not necessarily semistable, then
P (&) = Ky (&|p) for all D € B°, and the Harder-Narasimhan filtration of &|p equals the

restriction of the Harder-Narasimhan filtration of &’; in symbols: HN%(&)|p = HN%(&£'|p).

Proof of Theorem 6.6. Let « : X° — X be the inclusion map. Set & = 1.(&°) and # = 1.(#°).
The sheaf & is torsion-free; furthermore, # is reflexive and therefore embeds into a locally
free sheaf ¥. Composing morphisms as in Lemma 2.27, the operator 6° induces an operator
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7% 1 8% — &° ® VX, and Lemma 2.27 shows that (£°,7°), considered as a sheaf with a
7| x,,-valued operator, is again semistable (respectively stable) with respect to H. Pushing
forward, we can extend the operator 7°, which a priori is only defined on X,es, to an operator
T:8 — &®Y . Lemma 2.26 then shows that (&£, 7) is again semistable (respectively stable) with
respect to H, when considered as a sheaf with a #"-valued operator. We claim the following.

(6.8.1) There exist a number M € NT, and for every m > M and basepoint-free linear system
B C |m - B|, a dense open subset B® such that (6.6.1) holds, &|p is torsion free and
(&|p,0|p) is semistable (respectively stable) with respect to H|p, as a sheaf with a
V| p-valued operator.

As soon as (6.8.1) is true, Lemma 2.26 asserts that (&|p,.,,T|Dies) = (6°|Dregs T°|Dreg) 18
semistable (respectively stable) with respect to H as a sheaf with an #'|p,,-valued operator.
A final application of Lemma 2.27 then shows that (6°|p,.,,0°|p,.,) is semistable (respectively
stable) with respect to H, which would end the proof.

It remains to show (6.8.1). To this end, observe that for any resolution of singularities,
m: X — X, the operator 7 induces an operator on the torsion-free pull-back of & to X,

T:7mE [tor - (& @ V) /tor = & [tor @ T Y.

Replacing X by a suitable resolution and replacing (&,7) by (7*&/tor,T), we may assume
without loss of generality that X is smooth and that & is locally free. Now, if (&, 7) is stable
with respect to H, the stability claim of Theorem 6.6 has been shown already for every D € B
fulfilling (6.6.1) and having the property that &|p is torsion-free, see [Lanl5, Theorem 9]
and [GKPT15, Theorem A.3 in the arXiv version|. These two assumptions can be guaranteed
for D belonging to an open subsystem B° by the classical Bertini theorem and by [EGAIV,
Theorem 12.2.1], respectively. In the case where (&, 7) is only semistable, the assumption that
¥ is locally free guarantees the existence of a Jordan—Hélder filtration, which presents (&, 7) as
a repeated extension of stable sheaves with ¥ -valued operator of equal slope. The claim then
follows by induction on the length of the filtration. O

6.2 Proof of Theorem 6.1

For convenience of notation, write n := dim X, let ¢ : X;¢c — X be the inclusion map, and let
& = 1,&° be the torsion-free extension of &° to X. Twisting the Higgs sheaf (£°,60°) with a
sufficiently positive line bundle and noticing that semistability considerations are unaffected by
this operation, we may also assume that the following holds.

ASSUMPTION W.L.0.G. 6.9. The slope of & is positive, ug (&) > 0.
Choice 6.10. Choose M > 0 large enough so that the following holds.
(6.10.1) If m > M and B C |mH| is basepoint-free, then Theorem 6.6 and Remark 6.7 apply to

max max

yield a dense, open set B’ C B such that for every D € B, we have p;**(&) = s (&|p).

(6.10.2) The number M is larger than the number given by Theorem 6.6 for (&°,6°) as a sheaf
with an Qﬁ(mg—valued operator.

(6.10.3) We have [M - H]" > nr - Wi (&).

Step 1: Argument by contradiction. Assume for the remainder of the proof that we are given a
number m > M and a basepoint-free linear system B C |m - H|. Let B° be the intersection of
the open subsets given by the two applications of (6.10.1) and (6.10.2) above, and let D € B® be
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any element. We aim to show that (£°,60°)|p,., is semistable (respectively stable) with respect
to H. We argue by contradiction and assume that this is not the case.

ASSUMPTION 6.11. There exists a generically Higgs-invariant, saturated subsheaf 0 C .7p,,
E°|Dyeg With pigr), (FD,e,) > 111 (&) (respectively > instead of >).

Step 2: Cutting down. Repeated applications of Theorem 6.6 (and Remark 6.7) allow to find an
increasing sequence of numbers M < m < mg < --- < my_1 and hyperplanes D; € |m; - H| such
that the associated intersection C':= DN Dy N---N Dy_1 has the following properties.

(6.12.1) The scheme C is a smooth curve, entirely contained in X,es. The sheaves &|c and
F D, |C are torsion-free and hence locally free. The natural morphism .Zp, ., |c — &|c
is an injection.

(6.12.2) We have p}j* (&) = u%‘f‘é‘(é”\c)

(6.12.3) Because of (6.10.2), the restriction (&|c,0°|¢) is semistable (respectively stable) as a
sheaf with an Q% |c-valued operator.

Step 3: Computation. In the following, write #¢ := Fp,, |c and consider the associated sequence

0 Fe Ele +—~ 2 0. (6.13.1)

Let Ng /X denote the conormal bundle of C in X. If Z C 2 ® Né /X is any coherent subsheaf
of positive rank, then we will show in this step that

dego(AB) < (n— V)r - g™ (&) — [m - H]". (6.13.2)

To prove (6.13.2), consider first any coherent subsheaf &/ C 2 of positive rank. We obtain from
(6.13.1) an exact sequence 0 — F¢ — ¢ Lo/ 4 o - 0, which allows us to estimate the degree
of o7 as follows:
dego(o7) = dege(q~' o) — dego(Fe) < dega(q™ o) since g (F0) > pa(8) > 0

< rank(q ') - pp () definition of slope

< rank(&) - pi (&) Item (6.12.2).
In order to apply this inequality to the problem at hand, recall that C is constructed as a
complete intersection. The normal bundle of C' in X is hence described as

Ng/x = @NDi/X‘C where Np, /x|c = Oc(m - H|c) for all i.
i

We can therefore view o := %(m - H|c) as a subsheaf of 29"~ An induction using the
inequality obtained above then shows the following, which immediately implies (6.13.2):

Induction

deg(A) + rank(AB) - m - deg(H|c) = dege B(m - Hlc) < (n—1)r- g™ (&).

Step 4: End of proof. Consider the operator 6°|¢ and its restriction 07 : Fo — &|c ® Qk|c.
The target of 6 appears in the following commutative square:

Elo ® Okl —= Elc © Qp

o

0—= 2@ N x —>2®lc 20, ——0.
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Assumption 6.11 and Item (6.12.3) guarantee that .#¢ is not invariant with respect to 6°|c.
The composed map (¢ ®Id) oz is therefore not the zero morphism. But since Z¢ is a
Higgs-invariant subsheaf of (£°,6°)|c by assumption, the morphism o (¢ ® Id) o 04 is zero.
In summary, we obtain a non-trivial morphism 7 : o - 2 ® Né/X. But then, we compute
degrees as follows:

(n—1)r- 5> (&) — [m - H™ > deg(img 1) Inequality (6.13.2)
= dego(Fc) — dego(kerT)
> —degq(ker ) Assumptions 6.9, 6.11
> —rank(ker7) - pf*™(&)  Item (6.12.2)
> —r- g (8) Assumption 6.9.
We obtain a contradiction to (6.10.3), which finishes the proof of Theorem 6.1. O

7. Ascent of semistable Higgs bundles

The proof of the nonabelian Hodge correspondence on klt spaces relies on the following result,
which can be seen as an inverse to the descent results obtained in the first part of this paper. It
asserts that the pull-back of a Higgs sheaf in Higgsy to any resolution of singularities is again

in Higgsx.

THEOREM 7.1 (Ascent of semistable Higgs bundles). Let X be a projective, kit space and let
m: X — X be a resolution of singularities. If (&,0) € Higgsx, then 7*(&, 0) € Higgs ;.

The following is an almost immediate consequence of Theorems 7.1 and 5.1 and Item (5.1.2);
see also Fact 7.7 below.

COROLLARY 7.2 (Boundedness of Higgs sheaves). Let X be a projective, klt space and let
r € Nt be any number. Let F be the family of locally free Higgs sheaves (#,0) € Higgsy
with rank % = r. Then the family F is bounded.

Theorem 7.1 will be shown in §§7.1-7.6 below. The main difficulty here is that it is not clear
from the outset that a pull-back of a semistable Higgs bundle via the resolution map is again
semistable with respect to an ample divisor. It turns out that the assumption of vanishing Chern
classes is sufficient to resolve this problem in dimension two. The higher-dimensional case will
be reduced to the surface case by restriction techniques.

7.1 Preparation for the proof of Theorem 7.1: boundedness

We will use the following iterated Bertini-type theorem for bounded families of Higgs sheaves,
generalising [GKP16, Corollary 5.3], where the same result was shown for reflexive sheaves
without a Higgs field that are defined on a projective variety and not just on some big open
subset.

PROPOSITION 7.3 (Iterated Bertini-type theorem for bounded families on X,e). Let X be a
normal, projective variety of dimension n > 2, let H € Div(X) be ample and let X° C X,¢q
be a big open subset. Let (Exo,0¢,,) be a locally free Higgs sheaf on X°, and let F° be
a bounded family of locally free Higgs sheaves on X°. If m > 0 is large enough and if
(D1,Da,...,Dy 1) € lm- H|*™ ! is a general tuple with associated complete intersection curve
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C:=DyNn---NDy_1, then C C X° is smooth and the following holds for all Higgs sheaves
(Fxo,07,,) in F°:
(gxoaegxo)g((gxovagxo) ~ (gxoaegxo)‘cg(éoXovegXo”C'

Proof. As a first step in the proof, we extend all relevant sheaves from X° to X. To this end, let
&x be the unique reflexive sheaf on X whose restriction to X° is &xo. Doing the same with the
sheaves that appear in .%°, observe that the family

F := {isomorphism classes of reflexive .#x on X such that there exists
a member (Fxo,0z,.) in F® with Fx|xo = Fxo}

is likewise bounded. This fact is crucial in the proof of the following two claims.

CLAIM 7.4. Setting DY := D1 N X°, the restriction maps

Homxo(y\xo,g){o) — HomDi’(yX°|Df7éDX°|Df) (741)
Homxo(yxo7éaXo) — HomC'(‘gZXOIC'-)@@XO‘C) (742)
Homyo (Fxo, Fxo @ Qo) — Home(Fxo|o, Fxolc @ Uyelo) (7.4.3)

are isomorphic, for all (Fxo-,0%,.,) in F°.

Proof of Claim 7.4. For brevity, we consider (7.4.1) only and leave the rest to the reader. Since
m > 0 is assumed to be large, we have vanishing

hO(X, Hom(Fx,Ex) @ _Ip) = hl(X,%om(yx,gx) ® fIp)=0

for all members .Zx of the bounded family F. In fact, vanishing for k! follows from [SGAZ2,
Exp. XII, Proposition 1.5] since X is normal, which implies by [Har80, Proposition 1.3] that the
sheaves om(Fx,Ex) ® Zp have depth > 2 at every point of X. As a consequence, we obtain
that the natural restriction maps

Homx(gx,@ﬁ’x) d HO(Dl,%”om(,?X,gx)\Dl) (7.4.4)

are isomorphic for all .Zx in F. In order to relate (7.4.4) to the problem at hand, use boundedness
of F again and recall from [HL10, Corollary 1.1.14] that the sheaves Zx|p,, &x|p, and
Hom(Fx,Ex)|p, are reflexive on the normal variety Dy, for all #x in F. As a consequence, we
find that the natural restriction morphisms

Homy (%x, &x) — Homxo (Fxo, Exo)
HO(Dy, #om(Fx,Ex)|p,) — Hompe (Fxo|pe, Exe|ps)

are all isomorphic. O (Claim 7.4)

CrLam 7.5. If 1c : C — X° denotes the inclusion, then the composed morphisms ¢z, of the
diagrams

Home(Zxo|c, Fxolc ® Né*/X)

|

tricti
HOHlXO (ﬁxo,?Xo (9 Ql O) % HOmc(ﬁXo|C, yxo|c & Q}(o|c) (751)

\ ild@dbc
69Xo

Home(Fxo|o, Fxolo @ QL)

are injective, for all (¥ xo,0z,,) in F°.
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Proof of Claim 7.5. By exactness of the vertical sequence, it suffices to show that
Homg(Zxo|c, Fxolc ® N(’}/X) = {0} for all ¥xo. in F°. (7.5.2)

To this end, observe that the normal bundle of C' in X is very positive. In fact, we have
Nejx = Ox(m - H)®""1 ¢ by construction. Since m > 0 is assumed to be large, it follows
from semicontinuity of the Harder—Narasimhan filtration [HL10, Theorem 2.3.2] that

P (Fx @ Fx @ Ox(—m - H))™) <0 for all Zx in F.

In particular, Flenner’s version of the Mehta-Ramanathan theorem [HL10, Theorem 7.1.1]
implies that the sheaf
Home(Fxo|os Fxolo ® Niyx)

has no section. O (Claim 7.5)

Coming back to the proof of Proposition 7.3, we need to show the implication ‘<=’ only.
Assume that an element (Fx-,07,,) in F® and an isomorphism of Higgs sheaves

0o (Fxo,0z)lc = (Exe,0s..)|C

are given. In other words, denoting the obvious inclusion map by ¢c : C' — X°, we are given an
isomorphism of sheaves p¢ : Fxo|c — &xo|c and a commutative diagram

(Idg, ®dc)o (07, lc)

Fc Fo® QIC
P | l@c ®ldgl, where ?g :::: i):roc (7.6.1)
& Eo® Qé

(Idgp ®dic)o (Beyolc)

Item (7.4.2) guarantees that the sheaf morphism ¢c extends in a unique manner to an
isomorphism ¢xo : Fxo — &xo. This way, we obtain two Higgs fields on .%x., namely,

nyo and Gfg,:xo = (pxo ® Idg;{o)_l o ngo o pxo.

Diagram (7.6.1) implies that both Higgs fields §#,, and Q’yxo restrict to the same Higgs field
on Fxo|c. But then Claim 7.5 guarantees that the two Higgs fields 67, , and 9{’%(0 are in fact
equal. In other words, the sheaf isomorphism ¢ xo is an isomorphism of Higgs sheaves. |

We use the following boundedness result for families of Higgs sheaves. Its proof is very
similar to [GKPT15, Claim 8.5 and proof] and is therefore omitted. We emphasise that, unlike
Corollary 7.2, the result formulated here does not depend on Theorem 7.1 and can therefore be
used in the proof of that theorem.

Fact 7.7 (Boundedness of Higgs sheaves). Let X be a kit space, let r € Nt be any number, and
let 7: X — X be a resolution of singularities. Let F be the family of locally free Higgs sheaves
(#,0) on X that satisfy rank.# = r and have the additional property that 7*(.#,0) € Higgs ;.
Then the family F is bounded.
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7.2 Preparation for the proof of Theorem 7.1: vanishing of Chern classes
The following observation is rather standard but is used several times in this section.

LEMMA 7.8 (Description of bundles with pull-back in Higgsg). Let X be a projective, kit space
and let ™ : X — X be a resolution of singularities. If (&,0) is any locally free Higgs sheaf on
X such that 7(&,6) € Higgsg, then all Chern classes ¢;(&) € H*(X,Q) vanish and (&, ) is
semistable with respect to any nef divisor N € Div(X).

Proof. To prove that (&, 6) is semistable with respect to any nef divisor, it is equivalent to show
that 7*(&,0) is semistable with respect to any nef divisor on X, [GKPT15, Proposition 5.20].
Argue by contradiction and assume that 7*(&,0) is not semistable with respect some nef
N € Div(X). As non-semistability is an open condition, if A € Div(X) is ample and § € Q*
sufficiently small, then 7*(&, 0) fails to be semistable with respect to the ample divisor N +§- A.
This contradicts the fact that 7*(&£,0) is semistable with respect to any ample divisor on
X, cf. [BRO6, Theorem 1.3]. Semistability of (&,6) with respect to any nef divisor follows
as desired.

Concerning Chern classes, recall from [Sim92, Remark on p. 36] that the C*°-bundle E on
X underlying & is induced by a local system. Takayama has shown in [Tak03, Proposition 2.1]
that X" can be covered by contractible, open subsets U; with simply connected inverse images
(7o) ~1(U;). We infer that the C*°-bundle E on X*" underlying & & 7, & is again induced by
a local system. But then, a classical result of Deligne and Sullivan [DS75] implies that there
exists a finite, étale cover « : X — X where (v*)*E is trivial. Vanishing of Chern classes
downstairs then follows from the Leray spectral sequence and from the splitting of the natural

map Qx — (). Q. o

7.3 Preparation for the proof of Theorem 7.1: numerical flatness of Higgs sheaves
The following observation allows to apply the results obtained in §5 above to Higgs sheaves on
resolutions of klt spaces.

PROPOSITION 7.9 (Numerical flatness of Higgs sheaves). Let 7 : X — X be a resolution of a klt
space, and let E be any local system on X. Then the corresponding locally free Higgs sheaf (&', 0)
is m-numerically flat.

Proof. Given any smooth, projective curve C and any morphism v : C' — X such that 7o v is
constant, we need to show that both v*& and its dual are nef. To this end, recall from [Tak03,
p. 827] that every fibre of m admits a small, simply connected neighbourhood U, open in the
Euclidean topology. The local system v*(7*E) is therefore trivial. As Simpson’s nonabelian Hodge
correspondence is functorial in morphisms between manifolds [Sim92, Remark on p. 36], it follows
that the pull-back v*(&,6) corresponds to the trivial local system and is therefore trivial itself;
in particular, the pull-back 7*(? and its dual are both nef, as desired. O

7.4 Proof of Theorem 7.1 if X is a surface
The following proposition immediately implies Theorem 7.1 (‘Ascent of semistable Higgs
bundles’) in the case where X is a surface.

PROPOSITION 7.10 (Independence of the polarisation for surfaces). Let X be a smooth, projec-
tive surface. Given a locally free Higgs sheaf (&,0) on X, the following statements are equivalent.
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(7.10.1) There exists a big and nef divisor N such that chi(&) - N = cha(&) = 0 and such that
(&,0) is semistable with respect to N.

(7.10.2) All Chern classes of ¢;(&) € H*(X,Q) vanish and (&, 0) is semistable with respect any
ample divisor on X.

Proof. Using the fact that big and nef divisors are limits of ample divisors, the direction (7.10.2)
= (7.10.1) is immediate. We will therefore consider the converse direction (7.10.1) = (7.10.2)
for the remainder of the proof. Set r := rank &

Step 1. Proof in the case where (&,0) is stable with respect to N. Using the assumption on
stability with respect to a big and nef class, recall from [Lan(02, Theorem 2.1] or [GKPT15,
Theorem 6.1] that & satisfies the Bogomolov—Gieseker inequality,

2r - co(&) — (r—1) - c1(&)* = 0. (7.10.3)

Substituting the assumption cho(&) = 0 into (7.10.3), we obtain that c1(&)? > 0. On the other
hand, the assumption chi(&) - N = 0 together with the Hodge index theorem implies that
c1(£)? < 0, with equality if and only if ¢1(&) = 0. We obtain that both ¢ (&) and cy(&) vanish,
as desired.

Next, let H C S be any ample divisor. By openness of stability [GKPT15, Proposition 4.17]
there exists e € Q1 such that (&, 6) is stable with respect to the ample class (N + ¢H). Lemma 7.8
then asserts that (&£, 0) is stable with respect to any ample divisor. This finishes the proof in the
stable case.

Step 2. Proof in general: setup. Since X is smooth, there exists a Jordan—Holder filtration for
the Higgs bundle (&, 0) and the nef polarisation N. More precisely, we obtain a filtration

0=6Ca G CE1Ca=¢
with the following properties.

(7.10.4) Each of the sheaves &; is saturated in &j;1, and hence reflexive, and hence locally free
since X is a surface.

(7.10.5) The torsion-free quotients 2; := &;/&;—1 satisfy ¢1(2;) - N = 0 and inherit Higgs fields
7; making (2;, 7;) stable with respect to N.

Moreover, 2% being locally free, the reflexive hulls 2;*, which are automatically locally free,

also inherit Higgs fields, say 7;*, which make (2;*, 7*) stable with respect to N. Since 2; and

v 0l

2** agree in codimension one, ¢1(2;) = ¢;1(2}*) and ¢;(2;*) - N =0.
Step 3. Proof in general: the Chern character of 2;*. We will prove in this step that
cho(27") = cha(2;) =0 for all 4, (7.10.6)

following [Sim92, proof of Theorem 2] closely. In fact, since co(2;*) < ¢2(£2;), cf. [HL10, p. 80],
we have the inverse inequality for the second Chern character, cho(2;) < cho(Z2F*). Additivity
of Chern characters then implies that

0=cho(&) = cha(2i) <Y cha(2FY). (7.10.7)

On the other hand, the Bogomolov—Gieseker inequality, [Lan02, Theorem 2.1] or [GKPT15,

Theorem 6.1], gives that
1

: )2
Tk 2, c1(277)" (7.10.8)

2 cho(27") <
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As before, equality ¢;(2;*) - N = 0 together with the Hodge index theorem implies that
c1(2:%)? <0, so (7.10.8) reduces to cha(2;*) < 0. Hence, (7.10.7) implies (7.10.6).

Step 4. Proof in general: end of proof. Equation (7.10.6) allows us to apply the results of Step 1
to the Higgs bundles (£2;*, 7). This implies in particular that all Chern classes of 2;* vanish,
so that the sheaves 2; and 2;* agree to start with. The Higgs sheaf (&, 0) is thus an (iterated)
extension of Higgs bundles with vanishing Chern classes that are stable with respect to any
ample polarisation. Item (7.10.2) follows, which ends the proof of Proposition 7.10 and therefore

the proof of Theorem 7.1 in dimension two. O

7.5 Proof of Theorem 7.1 if X is maximally quasi-étale

We will now prove Theorem 7.1 under the additional assumption that the natural push-
forward morphism of algebraic fundamental groups, 71 (X;eg) = 71(X), is isomorphic. Following
[GKP16], we say that X is maximally quasi-étale. This assumption will be maintained throughout
§7.5. Choose a divisor A such that (X, A) is klt.

Notation 7.11. Choose an ample divisor H € Div(X) such that (&, 6) is semistable with respect
to H and satisfies chy (&) - [H]" ! = cha(&) - [H]""2 = 0. Set (&,0) :=7*(&£,0) and H := n*H.
If A is a subvariety of B, we denote the obvious inclusion morphism by ¢ 4.

Finally, let F be the family of locally free Higgs sheaves (.%,0) on X that satisfy rank .% =
rank & and have the additional property that 7*(%,©) € Higgs . Recall from Fact 7.7 that this
family is bounded.

Step 1: Choice of a complete intersection surface. Our proof relies on the choice of a sufficiently
general complete intersection surface S C X to which we can restrict. To be precise, choosing a
sufficiently increasing sequence of numbers 0 < m; <€ my < -+ - K m,_s as well as a sufficiently
general tuple of hyperplanes

(Dl,...,Dn_Q) S ]ml H‘ X - X ‘mn_g-H’,
the following will hold.

(7.12.1) The intersection S := Dy N --- N Dy_3 is an irreducible, normal surface, not contained
in any component of A, and the pair (S,A|g) is klt (Seidenberg’s theorem [BS95,
Theorem 1.7.1] and [KM98, Lemma 5.17]).

(7.12.2) The restriction (&, 0)|s is semistable with respect to the ample divisor H|g (Restriction
theorem, Theorem 6.1).

(7.12.3) The natural morphism iy : m1(Sreg) = 71 (Xreg), induced by the inclusion i : Syeg —
Xreg, is isomorphic (Lefschetz hyperplane theorem for fundamental groups, [GMS8S,
Theorem in §11.1.2]).

(7.12.4) Given any Higgs sheaf (%#,0) € F, then (&,0) = (%,0) if and only if (&,0)|s =
(Z,0)|s (Iterated Bertini theorem, Proposition 7.3).

Let S C X be the strict transform of S in X. Then S is a smooth surface and mg : S — Sis
a resolution. The following diagram summarises the situation.

ﬁsl lw (7.12.5)

ls
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CrAmM 7.13. The natural morphism of étale fundamental groups, m1(S) — m1(X) is isomorphic.
In particular, every local system on S is the restriction of a local system on X.

Proof. Consider the following diagram of push-forward morphisms of étale fundamental groups.

1 1 ) 1 150

1(8) — = R(X)

ﬂsT Bx
71 (Sreg) 1 (Xreg)

(LSreg)*

The group morphisms g and ax are isomorphisms by Takayama [Tak03]. The morphism Sg is
surjective by e.g. [FL81, 0.7.B on p. 33] and by the fact the profinite completion is right exact
[RZ10, Lemma 3.2.3 and Proposition 3.2.5]. The morphism fx is isomorphic by assumption, and
(£Syeg )+ 18 isomorphic by Item (7.12.3). The remaining arrows (tg). and (t5). must then also be
isomorphic. The asserted extension of local systems comes from the fact that representation of
71(S) comes from a representation of m1(X), cf. [Gro70, Theorem 1.2b] or [GKP16, §8.1] for a
detailed pedestrian proof. O

Step 2: End of proof. We consider the restriction of ((;@v , 5) to S. Commutativity of Diagram
(7.12.5) and the fact that all spaces involved are klt allow us to apply [GKPT15, Lemma 5.9] to
conclude that

(€,0)l5 = 75((£,0)]s), (7.13.1)

which is hence semistable with respect to 7§(H|g), thanks to Item (7.12.2) above and [GKPT15,
Proposition 5.19]. Proposition 7.10 therefore implies that (&, 5)\5 € Higgsg. The classical
nonabelian Hodge correspondence applies, and gives a local system Ez € LSysg. According to
Claim 7.13, we find a local system Eg € LSysg whose restriction E )}\g is isomorphic to Eg. The
classical nonabelian Hodge correspondence on X thus yields a Higgs sheaf (ﬁ‘N, (:)) € Higgs with
vanishing Chern classes, whose restriction (i 0)| g is isomorphic to (&.0)] g by functoriality.
It follows from Proposition 7.9 that .# is m-numerically flat. Item (5.1.2) of Theorem 5.1
therefore yields a locally free Higgs sheaf (.%,0) € F whose restriction (.%#,0)|g is isomorphic
to (&,0)|s owing to (7.13.1). In particular, Item (7.12.4) applies to show that (&,0) = (£, 0).
By construction, 7%(&,0) = (:/5:, é) € Higgs g, which concludes the proof of Theorem 7.1 in the
case where X is maximally quasi-étale. O

7.6 Proof of Theorem 7.1 in the general setting
Finally, we prove Theorem 7.1 (‘Ascent of semistable Higgs bundles’) without any additional
assumptions. Choose an ample divisor H € Div(X) such that (&,0) is semistable with respect
to H and satisfies chy (&) - [H]"! = cho(&) - [H]"2 = 0, and write (£,6) := 7*(&,6).

Recall from [GKP16, Theorem 1.5] that there exists a quasi-étale cover f : Y — X such
that 71 (Yieg) = 71(Y). Choose one such f, note that the corresponding Y is again klt, and let Y
be a desingularisation of the (unique) irreducible component of the fibre product Y x x X that
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dominates both Y and X. We obtain a diagram of surjections as follows.

-~ f, gen. finite >
Y X

7, resolution 7, resolution
Y X

f, quasi-étale

Recall from Corollary 6.4 that the Higgs sheaf (&y, 0y ) := f*(&, 0) is semistable with respect
to the ample divisor Hy := f*H. It clearly satisfies chi(&y) - [Hy|" ™! = cha(&y) - [Hy]" 2 = 0.
In particular, (&y,0y) € Higgsy. We have seen in §7.5 that this implies 7*(&y,fy) € Higgsy.
Lemma 7.8 thus yields the following.

(7.13.2) All Chern classes ¢;(7* &) = ¢;(f*&) € H2(Y, Q) vanish.
(7.13.3) The Higgs sheaf 7*(&, fy) is semistable with respect to any nef divisor on Y.

Let H € Div(X) be any ample divisor. Item (7.13.2) immediately implies that

chi(&) - [H" " = cho(&) - [H]" 2 = 0.
In a similar vein, Item (7.13.3) and Corollary 6.4 imply that (£~ ,0) is semistable with respect
to H. This concludes the proof of Theorem 7.1. O

8. Proof of the nonabelian Hodge correspondence for klt spaces

8.1 Proof of Theorem 3.4 (‘Nonabelian Hodge correspondence for klt spaces’)
Using the results on descent and ascent for Higgs bundles, Theorems 5.1 and 7.1, we construct
the relevant functors between Higgsy and LSysy. Once the functors are constructed, we show
that they indeed satisfy all the claims made in Theorem 3.4. We maintain the assumptions and
notation of Theorem 3.4 throughout §8.1. The canonical resolution of singularities is denoted by
m: X > X.

Step 1: From local systems to bundles. We establish the first half of Theorem 3.4, constructing a
functor that maps local systems to Higgs bundles. Given a local system E € LSysy, consider the
Higgs bundle (&, 0) := n5(7*E) associated to 7*E via the nonabelian Hodge correspondence on
the manifold X. Recall that (&, 0) € Higgs; and set & := 7.&. Proposition 7.9 and Item (5.1.2)
of Theorem 5.1 imply that & is locally free and that it carries a unique Higgs field 6 such
that (&£,0) = 7*(&,0). Lemma 7.8 applies to show that (&,60) € Higgsy. In summary, we have
constructed a mapping nx : LSysxy — Higgsy.

If e : Ey — Eg is a morphism of local systems, we obtain a morphism e : 7*(E;) — 7*(Ez2) and
hence a morphism between the associated Higgs sheaves, 15 (€) : (@gl, 51) — (@%, 52) Denoting the
associated locally free Higgs sheaves on X by (&71,61) and (&3,62), an elementary computation
shows that ng(€) descends to a morphism nx(e) : (61,01) — (&2,62). In other words, we have
constructed a functor ny : LSysy — Higgsx.

Observation 8.1. If X is smooth, then the canonical resolution of singularities is the identity,
and nx equals the functor given by the nonabelian Hodge correspondence.

Observation 8.2. The natural map 7*& = 7*m, & — & induces an isomorphism of Higgs sheaves,
Ny nx(E) = ng(7*E).
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Step 2: From bundles to local systems. Given a Higgs bundle (&, 0) € Higgsy, consider the Higgs
bundle (&,0) := 7*(&,0). Theorem 7.1 asserts that (&,0) is in Higgsg. Apply the classical
nonabelian Hodge correspondence on the manifold X, in order to obtain a local system Eg :=

s (€,6). As before, Takayama’s result [Tak03, p. 827] shows that E := T, E¢ is a local system
on X. We leave it to the reader to show that this construction does indeed give a functor
wx : Higgsxy — LSysy and that the following observations hold.

Observation 8.3. If X is smooth, then the canonical resolution of singularities is the identity,
and px equals the functor given by the classical nonabelian Hodge correspondence.

Observation 8.4. The natural map 7°E = 7*m.Eg — Eg induces an isomorphism of local
systems, My (s9) : ™" ux(E) — pg(7E).

Step 3: Equivalence of categories. Let X be a projective klt space, and let = : X — X be the
canonical resolution. The functors ng and pg associated with the classical nonabelian Hodge

correspondence on the manifold X form an equivalence of categories: the compositions ng o ug
and pg ong are naturally isomorphic to the identities on Higgs and LSys g, respectively. One
checks immediately that these isomorphisms descend to X, showing that the functors nx and
px constructed above do indeed give an equivalence of categories.

Step 4: End of proof. It remains to show Items (3.4.1)—(3.4.3) of Theorem 3.4. These, however,
follow immediately from Observations 8.1-8.4. The proof of Theorem 3.4 is thus complete. O

8.2 Proof of Theorem 3.5 (‘Functoriality in morphisms”)

To keep the paper reasonably short, we will only consider functoriality of the functors 7,.
Functoriality of ue follows along the same lines of argument. We construct the isomorphisms N, o
in some detail, but leave the tedious and lengthy verification of the construction’s properties to
the reader, as none of the required arguments is in any way surprising or holds a promise of new
insight.

Step 1: Lifting morphisms. For morphism between manifolds, functoriality of the nonabelian
Hodge correspondence is classically known [Sim92, Remark on p. 36]. If f : X — Y is a morphism
between klt spaces that are not smooth, the following claim allows us to lift f to a morphism
between spaces that are smooth, though possibly of higher dimension.

CrAam 8.5. Given_a morphism f : X — Y of projective klt spaces, there exists a smooth,
projective variety W, and a commutative diagram as follows:

W / WX

N

II, conn. fibres Ty, conn. ﬁbresl 7, canon. resolution (851)
Z

N

Ty, canon. resolution f

where Z = f(Y) and W = f(W).
Proof. Recall from [HMO07, Corollary 1.7(1)] that there exists an irreducible variety W C

771(Z) C X such that the induced morphism 7y : W — Z is surjective and such that its
general fibre is rationally connected, and in particular irreducible. Choose one such W. Consider
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the fibre product W x z 17, choose the unique component that dominates both W and Y, and let
W be its canonical resolution. The general fibre of 11 is again rationally connected and irreducible,
in particular connected. O

Step 2: Construction of Ne.. With the help of Claim 8.5, we construct the isomorphisms N, o
in this section.

CONSTRUCTION 8.6. Assume we are given a morphism f: X — Y of projective klt spaces and
a local system E € LSysy. Choose a diagram (D) as in Claim 8.5 and construct an isomorphism

ap : Iy f* nx (E) - 7y ny (f*E)
as the composition of the following canonical isomorphisms:

75 f*nx (E) & f*r* nx (E) Commutativity of (D)
>~ f* ng (7™ E) Item (3.4.3) of Theorem 3.4
= UW(J?*W* E) Simpson’s functoriality for f: WX
& UW(H*W;‘/f* E) Commutativity of (8.5.1)
= [I* ng(my- f*E)  Simpson’s functoriality for II : WY
= 7y ny (f*E)  Item (3.4.3) of Theorem 3.4.

Since 7y o II has connected fibres, the isomorphism ap descends to an isomorphism
Bp : [nx(E) = ny (fE).

CLAIM 8.7. In the setting of Construction 8.6, the morphism fp is independent of the choices
made. More precisely, given two diagrams Dy and Dy as in Claim 8.5, we have fp, = fBp,. We
can therefore choose D arbitrarily and set Nyg := (p.

Proof. Left to the reader. O

Step 3: End of proof. The isomorphisms N, . constructed in Step 2 clearly have the expected
behaviour under canonical resolution and satisfy the compatibility conditions spelled out in
Theorem 3.5. We leave it to the reader to verify functoriality and to write down the analogous
construction of the morphisms M, . O

8.3 Proof of Theorem 3.9 (‘Independence of polarisation’)
We establish the following sequence of implications.

(3.9.5) m (3.9.1)

trivial trivial trivial

Implication (3.9.4) = (5.9.3) in the semistable case. This is given by Lemma 7.8 (‘Description
of bundles whose pull-back is in Higgss’).

Implication (3.9.4) = (3.9.3) in the stable case. Choose w: X — X and H € Div(X) as in (3.9.4).
Vanishing of Chern classes has been shown in the semistable case. As for stability, let H €
Div(X) be any ample divisor. Choose a sufficiently large number m > 0 such that |m - H| is
basepoint-free, choose sufficiently general hyperplanes Hy, ..., Hqim x—1 € |m - H|, and consider
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the associated complete intersection curve C' := Hy N --- N Hgimx_-1 C X. Observe~ that C is
entirely contained in X,¢g and that 7 is isomorphic near C. Denote the preimage by C :=71C.
We obtain the following obvious morphisms between fundamental groups.

~ Tx ~

m(C) m(X)
is‘”“orphicl i[kaolgo%lﬁésgfn 1.1]
7’['1(0) surjective -~ (Xreg) surjective - (X)

[GM88, Theorem in §11.1.2] [FL81, 0.7.B on p. 33]

In particular, we see that the morphism iy s surjective. Apply the nonabelian Hodge
correspondence for klt spaces, Theorem 3.4, to obtain local systems E on X and 7*E = u5

(7* (£,6)) on X. The following will then end the proof:

7™ (&,0) is stable w.r.t. H = 7*E is irreducible [Sim92, p. 18ff]
= (7*E)|g is irreducible  surjectivity of i
= E|¢ is irreducible isomorphic
= (&,0)|c is stable [Sim92, p. 18ff]

= (&,0) is stable w.r.t. H genl. choice.

Implication (3.9.4) = (3.9.8) in the polystable case. Analogous to the above, with ‘irreducible’
replaced by ‘semisimple’.

Implication (3.9.1) = (3.9.5) in the semistable case. This is Theorem 7.1 (‘Ascent of semistable
Higgs bundles’) together with [BR06, Theorem 1.3].

Implication (3.9.1) = (3.9.5) in the stable case. The pull-back bundle 7* (&, 0) is clearly stable
with respect to the nef bundle 7* H, [GKPT15, Proposition 5.19]. But then openness of stability
[GKPT15, Proposition 4.17] asserts that 7* (&, 60) is stable with respect to one ample bundle,
and hence any ample bundle.

Implication (3.9.1) = (3.9.5) in the polystable case. Same as the stable case. O
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