J. Inst. Math. Jussieu (2023), 22(3), 1087-1117 1087
doi:10.1017/S1474748021000359  (©) The Author(s), 2021. Published by Cambridge University Press.

COMPARISON OF KUMMER LOGARITHMIC TOPOLOGIES WITH
CLASSICAL TOPOLOGIES

HEER ZHAO

Fakultdt fir Mathematik, Universitat Duisburg-Essen, Thea-Leymann-Stra3e,
45117 Essen, Germany
(heer.zhao@uni-due.de)

(Received 8 January 2020; revised 25 June 2021; accepted 28 June 2021; first published
online 27 July 2021)

Abstract We compare the Kummer flat (resp., Kummer étale) cohomology with the flat (resp., étale)
cohomology with coefficients in smooth commutative group schemes, finite flat group schemes, and
Kato’s logarithmic multiplicative group. We are particularly interested in the case of algebraic tori in the
Kummer flat topology. We also make some computations for certain special cases of the base log scheme.

Keywords and Phrases: log schemes, Kummer flat topology, Kummer étale topology, comparison of

cohomology

2020 Mathematics Subject Classification: Primary 14F20
Secondary 14A21

1. Notation and conventions

Let X = (X,Mx) be an fs (fine saturated) log scheme; we denote by (fs/X) the category
of fs log schemes over X and by (fs/X)s (resp., (fs/X)a, (fs/X)ket, or (fs/X)kq) the
classical étale site (resp., classical flat site, Kummer étale site, or Kummer flat site) on
(fs/X). In order to shorten formulas, we will mostly abbreviate (fs/X)e¢; (resp., (fs/X)a,
(fs/X)et, or (fs/X)kn) as X (resp., Xa, Xkst, or Xkn). We refer to [7, §2.5] for the
classical étale site and the Kummer étale site, and to [8, Def. 2.3] and [12, §2.1] for the
Kummer flat site. The site (fs/X)g is an obvious analogue of (fs/X)s. We have natural
‘forgetful” maps of sites:

Eét © (fS/X)két — (fS/X)ét (11)
and
e€q - (fS/X)kﬁ — (fS/X)ﬂ (12)

We denote by (st/X) the full subcategory of (fs/X) consisting of strict fs log schemes
over X. Note that (st/X) is canonically identified with the category of the schemes over
the underlying scheme of X.

Kato’s multiplicative group (or the log multiplicative group) Gm,10g is the sheaf on X
defined by G 10g(U) =T'(U,MF") for any U € (fs/X), where MgP denotes the group
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envelope of the log structure My of U. The classical étale sheaf Gy, 10¢ is also a sheaf on
Xist and Xyq (see [12, Cor. 2.22] for a proof).

By convention, for any sheaf of abelian groups F on Xyg and a subgroup sheaf G of F
on Xyq, we denote by (F/G)x, the quotient sheaf on Xz, and F/G denotes the quotient
sheaf on Xyq. We abbreviate the quotient sheaf Gy, 10g/Gm on Xga as @m,log

Let F be a sheaf on Xy (resp., Xg, Xieét, or Xka) and set U € (fs/X); we denote by
H} (U,F) (resp., HY(U,F), Hi,(U,F), or Hiq(U,F)) the ith sheaf cohomology group
of the sheaf F' on Xg (resp., Xa, Xket, or Xkn). For a sheaf F on Xg = (fs/X)g, the
canonical map (fs/X)g — (st/X)a of sites satisfies the conditions from [15, Tag 00XUJ;
hence by [15, Tag 03YU], the cohomology of the sheaf F' on (fs/X)a can be computed on
the smaller site (st/X)g. Hence for U € (st/X), we will use the same notation H}(U,F)
for the cohomology of F' on any of the two sites (fs/X)g and (st/X)g.

Let G be a group scheme over X and F be a presheaf of abelian groups on (fs/X)
endowed with a G-action. We denote by H%(G,F) the ith cohomology group of the
G-module F (see [3, Chap. II, §3] for the definition of such cohomology groups). For an
abstract group I' and a I-module N, we denote by H*(I',N) the ith cohomology group
of the I'-module N.

2. Introduction

According to [6, §0], the notion of log structure is due to L. Illusie and J.-M. Fontaine,
and the theory of log structure is essentially carried out by K. Kato. One merit of log
geometry is that certain nonsmooth morphisms in classical algebraic geometry become
smooth (more precisely, log smooth) in the world of log geometry. There is also the notion
of log étale morphism, as well as the notion of log flat morphism, in log geometry. Using
log étale morphisms (resp., Kummer log étale morphisms), K. Fujiwara, K. Kato, and C.
Nakayama developed a theory of log étale topology (resp., Kummer log étale topology);
see [7] for an overview. Using Kummer log flat morphisms, K. Kato developed a theory
of Kummer log flat topology [8]. We will abbreviate ‘Kummer log étale’ (resp., ‘Kummer
log flat’) simply as ‘Kummer étale’ (resp., ‘Kummer flat’).

In order to understand cohomology theory in the Kummer étale topology (resp.,
Kummer flat topology), one is led to compare the Kummer étale topology (resp., Kummer
flat topology) with the classical étale topology (resp., classical flat topology). The main
topic of this paper is to investigate such comparisons — that is, to investigate the functor
Ricgis (resp., Rleq,) associated to the map of sites (1.1) (resp., map (1.2)) for i > 0.

2.1. Main results and outline

In the first half of §3.1 we study the higher direct images R’es.G for G a smooth
commutative group scheme with connected fibers over the base. The main result is the
following theorem (see also Theorem 3.8):

Theorem 2.1. Let X be a locally Noetherian fs log scheme, G be a smooth commutative

group scheme with connected fibers over the underlying scheme of X, and i be a positive
integer.
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(1) We have

R'es.G =lim (R'e.G) [n] = P (R'eewG) 1],
n l prime
where (Rifét*G) [n] denotes the n-torsion subsheaf of RicgxG and (Rigét*G) [1°°]
denotes the l-primary part of Ries«G for a prime number .
(2) The l-primary part (Rifét*G) [1°°] is supported on the locus where 1 is invertible.
(3) If n is invertible on X, then

(R'eexG) [n] = R'e0Gln] = Gln)(—1) @z /\ (Gunytog/Cum) x,, -

When the underlying scheme of the base X is over QQ, Theorem 2.1 actually gives an
explicit description of Rieg.G (see Corollary 3.9). When the underlying scheme of the
base X is over a finite field, we also have an explicit description of Rics.G (see Corollary
3.10).

In the second half of §3.1 we study the first higher direct image R'eq,.G for G a smooth
commutative group scheme over the base. The main result is the following theorem (see
also Theorem 3.14):

Theorem 2.2. Let X be a locally Noetherian fs log scheme, and let G be either a finite flat
group scheme over the underlying scheme of X or a smooth commutative group scheme
over the underlying scheme of X. We endow G with the induced log structure from X.
Then we have

R'eq.G = limHomx (Z/nZ(1),G) ®z (G, 10g/Gm) x,, -

In §3.2 we mainly study the second higher direct image R?eq,G for a torus G over the
base. The main result is the following theorem (see also Theorem 3.23):

Theorem 2.3. Let X be a locally Noetherian fs log scheme and let G be a torus over the
underlying scheme of X.

(1) We have
R’en.G =lig (R%eq.G) [n] = @ (Ren.G) 1],
n l prime

where (R*eq,G) [n] denotes the n-torsion subsheaf of R*eq.G and (R%*eq.G) [1°°]
denotes the l-primary part of R%cq.G for a prime number I.

(2) We have (R%*cq.G) [n] = R?eq.G[n].
(3) The l-primary part (R2€H*G) [[°°] is supported on the locus where [ is invertible.
(4) If n is invertible on X, then

(R?q.C) [n] = RG] = Gln)(~2) ©2 /\ (Gin tox/ G ), -
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When the underlying scheme of X is a Q-scheme or an IF,-scheme for a finite field F,,
Theorem 2.3 can be strengthened to give an explicit description of R2eq,G (see Corollaries
3.24 and 3.25, respectively).

Another case in which we have an explicit description of R%eq.G is related to log
structure. Let Y € (fs/X) be such that the ranks of the stalks of the étale sheaf My /Oy
are at most 1, and let (st/Y") be the full subcategory of (fs/X) consisting of strict fs
log schemes over Y. Then the restriction of R%eg.G to (st/Y) is zero (here G is as in
Theorem 2.3).

Theorem 2.3 can also be slightly generalized to include a certain class of unipotent
group schemes (see Theorem 3.26).

In §4 we investigate the higher direct image of Kato’s logarithmic multiplicative group
Gum,log- The main result is the following theorem (see also Theorem 4.1):

Theorem 2.4. Let X be an fs log scheme with its underlying scheme locally Noetherian.
Then we have the following:

(1) R"ea+Gm, 10 =0 (resp., R e¢t+Gm,10g =0) for r>1.

(2) The canonical map R"eqGm — R easGm 1og (T€Sp., R €6txGm — R €44+ G, log) 5
an isomorphism for r > 2.

By Theorem 2.2, we have Rlen,G,, = Q/Z®y (Gmlog/Gm)Xﬂ. Theorem 2.1 gives a
description of R'e¢«Gy,. In contrast to Theorem 2.4(2), the canonical maps Rleq. G, —
Rlaﬂ*GmJog and Rleg.Gn — ngét*Gm,]Og are not isomorphisms in general, by the
following theorem of Kato [8, Cor. 5.2]:

Theorem 2.5 (Kato). Let X be an fs log scheme with its underlying scheme locally
Noetherian. Then we have Rli‘:ﬂ*Gm’]Og =0 and ngét*Gm’log =0.

In §5 we apply the previous results to compute H{q(X,Gy,) for i = 1,2 in the following
two cases:

(1) R is a discrete valuation ring with finite residue field and X = Spec R endowed with
the canonical log structure associated to its closed point.

(2) K is either a number field or a function field. When K is a number field, X is the
spectrum of the ring of integers of K. When K is a function field, X is the unique
smooth projective curve associated to K. Let S be a finite set of closed points of X,
U:=X-5,and j:U — X. We endow X with the log structure j,O; NOx — Ox.

2.2. History

As we have already stated, the Kummer flat topology was introduced by K. Kato in
[8]. The comparison between the Kummer flat topology and the classical flat topology is
initiated there. In fact, our Theorem 2.2 is a generalization of [8, Thm. 4.1] from smooth
affine commutative group schemes to smooth commutative group schemes. Theorem 2.5 is
also from [8, Cor. 5.2]. We would like to point out that [8] was started around 1991 and was
circulated as an incomplete preprint for a long time — until 2019. The comparison results
there have been reproduced by Niziol in [12], with proofs. Besides [8], the only existing

https://doi.org/10.1017/51474748021000359 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000359

Comparison of Kummer logarithmic topologies with classical topologies 1091

comparison theorem between the Kummer log topologies and the classical topologies is
the following one from [9]:

Theorem 2.6 (Kato and Nakayama). Let X be an fs log scheme and F be a sheaf of
abelian groups on (fs/X)s such that

F= U Ker (F LN F) .
n: nvertible on X

Then the cup product induces an isomorphism

q
F(_q) Xz /\ ((Gm,log/(G'm)Xét — Rqsét*EZtF

for any q¢ > 0, where (—q) denotes the Tate twist.

2.3. Ideas of the proofs

As happens very often in cohomological comparison, Cech cohomology is a key tool for
the proofs of the comparison results in this article.

For Theorem 2.1 (resp., Theorem 2.3), we first prove that Ries.G (resp., R%eq.G)
is torsion and that R~ leg.G (resp., R'eq.G) is divisible. If n is invertible on the base
(resp., n is arbitrary), we have a short exact sequence 0 — G[n] — G > G — 0 on (fs/ X )xet
(resp., (fs/X)ka). This short exact sequence further gives rise to a short exact sequence

0— R e.G®2Z/nZL — R'esGn] — (R'eee.G) [n] — 0
(resp., 0 = R'eq. G ®7z Z/nZ — R?eq.Gn] — (R%eq.G) [n] = 0).

Then we are reduced to investigating Ries«G[n] (resp., R%eq.G[n]). Clearly the sheaf
Rieg.Gn] can be explicitly described via Theorem 2.6. And actually, the sheaf Rleq.G[n]
can be well understood via Theorem 2.6 with some effort (see Corollary 3.21). Theorem
2.1(2) and Theorem 2.3(3) are reduced to local computations (see Corollary 3.6 and
Lemma 3.20(3)).
The proof of Theorem 2.2 is a modification of that of [8, Thm. 4.1], which is the affine
case of Theorem 2.2. Kato first constructs a canonical homomorphism
lim Homx (Z/nZ(1),G) @z (G 1og/Gm) x, = R'ensG. (2.1)

n

Then it suffices to show that this homomorphism is actually an isomorphism. One is
reduced to checking this for X = Spec A such that A is a Noetherian strictly Henselian
local ring and X admits a chart P — Mx with P an fs monoid such that the canonical map
PSS M X,z/ O)X(,z is an isomorphism, where x denotes the closed point of X. Therefore
one is led to the computation of Hl4(X,G) in this case. For any positive integer m, we
define

X = X Xspeczp] SpECZ [Pl/m} (2.2)

endowed with the canonical log structure coming from P/ where PY/™ is a monoid
endowed with a homomorphism P — P'/™ which can be identified with P = P. We get
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a Kummer flat cover X,, — X, which is also a Kummer étale cover if m is coprime to
the characteristic of the residue field of A. It is shown in [8, Lem. 4.6] and its proof that

1Yy (X.G) = Bly(X,6) = i Fily (X, /X.G) = iy H' ().

where Cg,p, is the Cech complex for the cover X,, — X with coefficients in G. In order
to show that formula (2.1) is an isomorphism, one is reduced to showing that

Homy (Z/nZ(1),G) @z P& — H' (Cq.,) (2.3)

is an isomorphism for each positive integer n (see [8, §4.9] for the details of the reduction).
For this, Kato first deals with the case where A is complete [8, Prop. 4.10]. The proof
of [8, Prop. 4.10] is first given in the Artinian case in [8, §4.11], then achieved in general
by passing to the limit in [8, §4.13]. The proof of our formula (2.3) in the general case is
reduced to the complete case by descent, which requires the condition that G is affine. In
this article we have the following key lemma (see also Lemma 3.12), which reduces the
computation of H4(X,,/X,G) directly to the Artinian case, so that we can remove the
condition that G is affine:

Lemma 2.7 (Key lemma). Let X be an fs log scheme whose underlying scheme is Spec A
with A a Noetherian strictly Henselian local ring, and let x be the closed point of X. Let
P — Mx be a chart of X with P an fs monoid such that the induced map P =, MX@/(’);}J
is an isomorphism. Let X, be as constructed in formula (2.2). We regard x as an fs log
scheme with respect to the induced log structure, and x., := X,, Xx x. Let ? be either kfl
or két; then the canonical map

HY( X/ X,G) = Hi(x,/7,G)
is an isomorphism for all i > 0.

Finally, we briefly discuss the proof of Theorem 2.4. The second part of the theorem
clearly follows from the first part. And the first part — that is, the vanishings of
RTsﬁ*@mylog and Rr€ét*@m’log for r > 1 — follows from the vanishings of H}g4 (X ,@m,log)
and Hyg, (X a@m,log)a with X having its underlying scheme the spectrum of a Noetherian
strictly Henselian local ring. The latter are given by explicit computations of Cech
cohomology (see Theorem 4.1 and Lemma 4.2).

3. The higher direct images for smooth commutative group schemes

In this section we investigate the higher direct images under eq and e4 for smooth
commutative group schemes. We deal with the case of €4 in the first subsection, and
the case of eq in the second subsection. In the Kummer étale case, we have more tools
at hand and can get results for Ricg, G for i > 2 and G a smooth commutative group
scheme with connected fibers over the base. In the Kummer flat case, we have only results
for R2eq, for certain smooth commutative group schemes.

https://doi.org/10.1017/51474748021000359 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000359

Comparison of Kummer logarithmic topologies with classical topologies 1093

3.1. Kummer étale case

In this subsection we study the higher direct image R'cs.G along the forgetful map
get : (I8/ X))kt — (fs/X)st, where ¢ > 2 and G is a smooth commutative group scheme
with connected fibers over X regarded as a sheaf on (fs/X)yet.

In order to understand Ries.G, we need to compute Hi, (X,G) first, for the case where
X has its underlying scheme Spec A with A a Noetherian strictly Henselian ring. We will
make heavy use of Cech cohomology, for which we often refer to [10, Chap. ITI].

The following proposition is an analogue of [10, Chap. III, Prop. 2.9]:

Proposition 3.1. Let ? be either fl or ét. Let X be an fs log scheme and F be a sheaf on
(fs/ X ). Let Hi(F) be the presheaf U — H{,(U,F) for U € (fs/X). Then we have that
the Oth Cech cohomology group HY, (U,H},(F)) vanishes for i >0 and all U € (fs/X).

Proof. The proof of [10, Chap. ITI, Prop. 2.9] is purely formal, and it also works here. O

The following corollary is an analogue of [10, Chap. III, Cor. 2.10]:

Corollary 3.2. Let 2, X, F, and U be as in Proposition 3.1. Then the Cech cohomology
to derived functor cohomology spectral sequence

iy (U, H{,(F)) = H (U.F)
induces isomorphisms
Hip(U.F) = Hiy(U.F)
fori=0,1, and an exact sequence
0 — HE,(U,F) = H(U,F) = Hiy (U,Hip (F)) = H (U, F) = H(ULF).
Proof. The results follow from Proposition 3.1. 0

Corollary 3.3. Let X = SpecA be an fs log scheme with A a Noetherian strictly
Henselian local ring, x the closed point of X, p the characteristic of the residue field
of A, and F a sheaf on (fs/X)wet. Let P> Mx be a chart of the log structure of X with
P an fs monoid, such that the induced map P — MX@/(’))X(J is an isomorphism. For
any positive integer m, we define X, to be the fs log scheme X Xgpecz(p) SpecZ [Pl/m}
endowed with the canonical log structure coming from PY™, where PY/™ is a monoid
endowed with a homomorphism P — PY™ which can be identified with P = P. We get
a Kummer flat cover f,, : X, = X, which is also a Kummer étale cover if m is coprime
to p.

Set v € Hi, (X,F); then there exists a positive integer n with (n,p) =1 such that v
maps to zero in Hf;ét(Xn,F) along fn: X, — X.

Proof. By Proposition 3.1, there exists a Kummer étale cover

el

(i X
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such that ¢ (y) =0 for each i € I. Let ig be such that g;, (Y;,) contains the closed point
of X. By [12, Prop. 2.15], there exists a commutative diagram

*>Xn

Z
|

Y;*>X

0

such that the image of g;, o ¢ contains the closed point of X, ¢ is Kummer étale, n
is a positive integer which is invertible on X, and & is classically étale. Then we have
h* fry =g g;,v = 0. Since h is classically étale and the underlying scheme of X, is strictly
Henselian local, h has a section s. It follows that

Jiv =" (f17) = s"0 =0, 0

Corollary 3.4. Let the notation and the assumptions be as in Corollary 3.5. Then we

have
Hia (X F) = tingker (Bl (6F) 5 Hia(X,.F) ).
Proof. This follows from Corollary 3.3. O

Proposition 3.5. Let the notation and the assumptions be as in Corollary 3.3. We
further define N' := {n e N| (n,p) = 1}.

(1) The family 2y :={X, = X}n>1 (resp., Xy = {Xn = X}nen) of Kummer flat

covers (resp., Kummer étale covers) of X satisfies condition (L3) from [1, §2],
whence we have a spectral sequence

iy (230 H{g(F)) = H{F (XCF) (resp., Higy (230, Bl (F)) = H (X,F)),

(3.1)
where
(23, F) i= lim iy (X, /X, F)
neN
and
Hio (20, F) = liny i, (X, /X, F).
neN’

(2) We have HY,, (%N/,ﬂiét(FD =0 for anyj>o0.
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Proof. Part (1) follows from [1, Chap. II, Sec. 3, (3.3)].
Part (2) follows from Corollary 3.3. Indeed, we have

i, (230, ey (F)) = lim H (X, F),
neN’

and the latter vanishes by Corollary 3.3. O

Corollary 3.6. Let the notation and the assumptions be as in Corollary 3.3. Then the
groups Hi, (X,F) are torsion and p-torsion-free for all i > 0.

Proof. By the Kummer étale spectral sequence from formula (3.1) and Proposition
3.5(2), it suffices to show that the groups lim ert (X /X, Hi,, (F)) are torsion and
p-torsion-free for all ¢ > 0 and j > 0. Define Hn := SpecZ [(Pl/”)gp /ng}7 which is a
group scheme over SpecZ such that

Xy X x Xy, = X, Xgpecz Hp,

(see [12, the second paragraph on p522] for more detailed descriptions of H,). Regarded
as a group scheme over X, H, is constant; X, is a Galois cover of X with Galois group
H,. By [10, Example 2.6], we have

ert (X /X ert(F)) =H' (H ert(XmF))v
which is torsion and p-torsion-free for ¢ > 0. This finishes the proof. O

Corollary 3.7. Let X be a locally Noetherian fs log scheme and F be a sheaf on (fs/ X )kt
Then the sheaves Ries F are torsion for i > 0.

Proof. This follows from Corollary 3.6. O

Theorem 3.8. Let X be a locally Noetherian fs log scheme, G be a smooth commutative
group scheme with connected fibers over the underlying scheme of X, and i be a positive
integer.

(1) We have
Ries.G =lim (R'eenG) In] = @ (R'eaG) (1],
n L prime

where (Riee.G) [n] denotes the n-torsion subsheaf of Rice G and (R'essG) [1°°]
denotes the l-primary part of Riesi«G for a prime number I.

(2) The l-primary part (Rigét*G) [1°°] is supported on the locus where 1 is invertible.
(3) If n is invertible on X, then
(R'ect«G) [n] = R'etuGln] = G[n)(—1) @z /\ (Gum,10g/Gm) y,,

Proof. Part (1) follows from Corollary 3.7.
Part (2) follows from Corollary 3.6.
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We are left with part (3). Since n is invertible on X, the sequence
0—=Gn]—-G5G—0 (3.2)

is a short exact sequence of sheaves of abelian groups for the classical flat topology and
G[n] is quasi-finite and étale. Indeed, if X is a point, then by the structure theorem of
connected algebraic groups [2, Thm. 2.3, Thm. 2.4], we are reduced to checking the cases
where G is a torus, a connected unipotent group, or an abelian variety, which are all
clearly true. In general, it suffices to show that G = G is an epimorphism for the classical
flat topology. This is clear, since it is set-theoretically surjective and flat by the fiberwise
criterion of flatness, and therefore it is faithfully flat. Moreover, G[n] being étale over X
implies that G = G is even an epimorphism for the classical étale topology, and thus the
sequence (3.2) is also exact for the classical étale topology. Since the pullback functor e,
is exact, the sequence (3.2) remains exact on (fs/X)ket and induces a long exact sequence

— R e, G 5 R4, G — RieginGn] — Rlegn G 2 RiegG.
This further induces a short exact sequence
0 — R 'e.G®@2Z/nZ — Rieg . Gn] — (RiEét*G) [n] =0

for each i > 0. We have Rieg.G[n] = G[n](—i) @z \' (G, 1og/Gm) x,, by Theorem 2.6. To
finish the proof, it suffices to prove that the sheaf R ~les, G is n-divisible. We proceed
by induction. For i = 1, this is clear, since G = G is an epimorphism of sheaves of
abelian groups for the classical étale topology. Assume Rie4, G is n-divisible; then we

have Ri+leq,Gln] = (R7e6.G) [n]. Therefore

lim (R e.G) [n"] = H_H}leJrlEét*G[nr]

T T
Jj+1

:%G[ J_l ®Z/\ mlog/G

where the second equality follows from Theorem 2.6. Hence lim (RitlesG) [n7] is
n-divisible. It follows by part (1) that R'*les.G is n-divisible. This finishes the
induction. O

Corollary 3.9. Let X be a locally Noetherian fs log scheme such that the underlying
scheme of X is a Q-scheme, and G be a smooth commutative group scheme with connected
fibers over the underlying scheme of X. Then we have

Rif‘:ét * lﬂG ®Z /\ m, log/G )

Proof. This follows from Theorem 3.8. O

Corollary 3.10. Let p be a prime number. Let X be a locally Noetherian fs log scheme
such that the underlying scheme of X is an Fy-scheme, and G be a smooth commutative
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group scheme with connected fibers over the underlying scheme of X. Then we have

Rleq.G = lim G[n)(—i) @z [\ (G tog/Cm),, -

(n,p)=1
Proof. This follows from Theorem 3.8. O

Now we are going to generalize Kato’s description of Rleq,G [8, Thm. 4.1] from smooth
affine group schemes to smooth group schemes. The following lemma is analogous to [10,
Proof of Thm. IT1.3.9, Step 2 plus Rmk. 3.11 (b)]:

Lemma 3.11. Let X be a locally Noetherian fs log scheme endowed with a chart P —
Mx with P an fs monoid satisfying P* =1, and G be a smooth commutative group
scheme over X endowed with the induced log structure from X. For a positive integer
m, we define PY™ and fp, : X — X as in Corollary 3.3. Let H,, be the group scheme

SpecZ [(Pl/m)gp /ng} over SpecZ; then we have that the (r+ 1)-fold product X,, X x

<o X x Xy 18 isomorphic to Xp, Xspecz Hyy,, where HY, denotes the r-fold product of Hy,
over SpecZ.

We define C'(G) to be the complex of functors C*(G) : (st/X) — Ab such that for
any Y € (st/X), C'(G)(Y) is the Cech complex C(Y;,)Y,G) for the Kummer flat cover
Y, =Y xx X,, =Y. Write Zi(G) for the functor

(st/X) = AbY — ker (d' : C'(Y;,/Y,G) = C"TH(Y,, /Y, G)).

Then d'=': C"H(G) — Z'(G) is representable by a smooth morphism of algebraic spaces
over X fori>1.

Proof. By definition, Qi(G) is the functor
(St/X) — Ab,Y — G(Ym Xy «+- XYYm) — G (Y XXXm XSPECZH,:;”) ’

that is, it is 7.G, where m denotes the map X, Xgpecz H! — X and 7 denotes the
underlying map of schemes of 7. Since 7 is clearly finite and faithful flat, Qi(G) is
therefore represented by the Weil restriction of scalars of G X x (Xm X SpecZ H}n)7 which
is representable by a group algebraic space by [10, Chap. V, 1.4 (a)]. Hence the functor
Z'(@), as the kernel of a map d' : C*(G) — C*T(G) of group algebraic spaces over X, is
representable by a group algebraic space over X.

Now we prove the smoothness of d'~!: C"~'(G) — Z'(G). It suffices to show that for
any affine X-scheme T, closed subscheme Ty of T defined by an ideal I of square zero,
and z € Z'(G)(T) whose image 2o in Z'(G)(Tp) arises from an element co € C*1(G)(Tp),
there exists ¢ € C*~!(G)(T) such that ¢ maps to co. Let N be the functor

(Sch/T) — Ab,Y s ker(G(Y) = G(Y x7Tp)).
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Let C*(T,,/T,N) be the Cech complex for the Kummer flat cover T,,, := T xx X,,, = T
with coefficients in N. Then we have the following commutative diagram with exact rows:

0 —— C" YT, /T,N) —— C" 1 (G)(T) —— C* 1 (G)(Ty) —— 0

| J |

0 —— CHT,,/T,N) —— C*(G)(T) ——— C(G)(Ty) —— 0

| J |

0 —— O (T, /T,N) —— CHG)(T) —— CTH(G)(Ty) — 0,

where the exactness property at the right-hand side follows from the smoothness of G.
Let Z!(T,,/T,N) be the kernel of

CY (T /T,N) — C (T, /T,N);
then the diagram induces the following commutative diagram with exact rows:

0 —— C (T /T,N) —— CH(G)(T) —— €' () (Ty) —— 0

| J |

0 —— Z4(T},/T,N) — Z'(G)(T) ——— Z'(G)(Tp).

By an easy diagram chasing, for the existence of ¢ it suffices to show that the map
C"" T /T,N) = Z"(T,,/T,N) is surjective — that is, that H'(T,,,/T,N) =0, i > 1.
To finish the proof, we compute H*(T,,/T,N) for i > 1. Let N be the functor

(Sch/T) — Ab,U — N(U x1Ty,).
Since T,, X1 T =2 Ty X Hyy,, the group scheme H,, acts on the functor N , and the Cech

complex C"(T,,/T,N) can be identified with the standard complex C" (Hm,N ) computing

the cohomology of the H,,-module N. We claim that N is coherent; then the vanishing
of H(T,,/T,N) follows from H,, being diagonalizable by [4, Exposé I, Thm. 5.3.3]. For
any U € (Sch/T), the smoothness of G implies that
N(U) = N(U x7Ty,) =ker(G(U x1Tp) = G(U x7 Ty x7 Tp))
= Lie(G) r(T,0r1) N(7T,,,I1071,) Qr(T,0r1) IU,0p).

Therefore N is coherent. O

The following lemma is analogous to [10, Proof of Thm. I11.3.9, Step 3 plus Rmk. 3.11

(b)]:

Lemma 3.12 (Key lemma). Let X, X, fon, P,P/™ be as in Lemma 3.11. We further
assume that the underlying scheme of X is Spec A with A a Henselian local ring, and let
x be the closed point of X. We regard x as an fs log scheme with respect to the induced
log structure, and T, = T Xgpecz(p] SPECZ [Pl/m] is obviously identified with X,, X x x
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canonically. Let ? be either kfl or két; then the canonical map
HY( X/ X,G) — Hi(xm/x,G)
is an isomorphism for all i > 0.

Proof. Since G is smooth and X, x x -+ X x Xy, 2 X,y Xgpecz Hy,, is a disjoint union of
spectra of Henselian local rings, the maps

C'(Xm/X,G) = C(xm/2,G)

are surjective by [10, Chap. I, 4.13]. Thus we are reduced to showing that the complex
ker(C (X, /X,G) = C (z,/2,@G)) is exact. Let

2 € ker (c"’(xm /x,6) & oitL(X,, /X,G))

have image z9 =0 in C¥(x,,/7,G). We seek a ¢ € C"71(X,,/X,G) with cg = 0 such that
d~1(c) = z. By Lemma 3.11 we know that (difl)fl (z) is representable by a smooth
scheme over X. But (di_l)_1 (2) has a section over z, namely the zero section, and as X
is Henselian, this lifts to a section of (di_l)f1 (z) over X. This finishes the proof. O

With the help of Lemma 3.12, we can give a slightly different proof of Kato’s theorem ([8,
Thm. 4.1]), which describes Rleq.G for a smooth affine group scheme G. This alternative
proof allows us to remove the affinity condition on G from [8, Thm. 4.1 (ii)].

Theorem 3.13. Let X = SpecA be an fs log scheme with A a Noetherian strictly
Henselian local ring, = the closed point of X, and p the characteristic of the residue
field of A, and fiz a chart P — Mx satisfying P = Mx’x/(’);m, Let ¢ be either fl or ét,
let g9 : (fs/ X )k — (fs/X)2 be the canonical ‘forgetful” map of sites, and let G be a smooth
commutative group scheme over X endowed with the log structure induced from X. Then
we have canonical isomorphisms

. o
lﬂ(71717):1 Homx (Z/nZ(1),G) @z PP if 7 =¢t,

Hli'?(XvG) = H117(XaG) =
liy Homx (Z/nZ(1),G) @7 P#P if 7= fl.

Proof. In the proof of [12, Prop. 3.13], the affineness of G is only used in the paragraph
before [12, Cor. 3.17]. Its use is to extend from the complete local case [12, Lem. 3.15]) to
the Henselian local case. Note that the proof of [12, Lem. 3.15] deals with the Artinian
local case first, then passes to the complete local case. With the help of Lemma 3.12, we
can pass from the Artinian local case directly to the Henselian local case, and hence no
affineness of G is needed. O

Theorem 3.14. Let X be a locally Noetherian fs log scheme and G be either a finite flat
group scheme over the underlying scheme of X or a smooth commutative group scheme
over the underlying scheme of X. We endow G with the induced log structure from X.
Then we have

R'eq.G = limHomx (Z/nZ(1),G) 9z (G 10g/Gum) x, -
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Proof. The statement for the finite flat case is the same as in [8, Thm. 4.1]. We only
need to deal with the other case, which follows from Theorem 3.13 in the same way as
[12, Thm. 3.12] follows from [12, Prop. 3.13]. O

The following proposition about Hb (X,G) will be used in next subsection:

Proposition 3.15. Let the notation and the assumptions be as in Theorem 3.13. Then
we have lim Hl4(X,,G) =0 and @(n,p)leﬁét(XmG) =0.

Proof. We prove only @n Hﬁﬁ(Xn,G) = 0; the other statement can be proven in the
same way. By Theorem 3.13, we have

1 3 1 gp
H}(X,.,G) = limHomy, (Z/rZ(1),G) ®z (P /”)

for each n > 0. As n varies, these isomorphisms fit into commutative diagrams of the form

Hﬁﬂ(XmG) Hllﬁ(an’G)

lim Homx,, (Z/rZ(1),G) @z (PY/")* —— limHomy,, (Z/rZ(1),G) @z (PY/™)*",

i
with the second row induced by the canonical inclusion PY/™ < PY/™7 The group
Homy, (Z/rZ(1),G) is clearly torsion, and thus it follows that

gp
limy Hly(X,,,G) = limlim Hom ., (Z/rZ(1),G) @z (Pl/") —0.

3.2. Kummer flat case

Throughout this subsection, X is an fs log scheme with its underlying scheme locally
Noetherian and G is a smooth commutative group scheme over the underlying scheme of
X. We are going to investigate the second higher direct image R?cq,.G along the forgetful
map eq : (fs/X)ka — (fs/X)a. We have a satisfactory result in the important case where
G is a torus (as well as in a slightly more general case). The reason we can deal with
Rieq,G only for i =2 and G a suitable group scheme (mainly tori) is that we are only
able to do computations of higher (i > 1) group scheme cohomology in this case.

The following proposition is the counterpart of Corollary 3.3 in the Kummer flat
topology, but only for ¢ =2 and F' = G for a smooth commutative group scheme G:

Proposition 3.16. Let X,z,A,p,P,X,,, and f,, be as in Corollary 3.3. Let G be a smooth
commutative group scheme over the underlying scheme of X.

Let v € H}fﬂ(X,G); then there exists a positive integer n such that v maps to zero in
HZ4(X,,G) along fr: Xn — X.

Proof. By Proposition 3.1, we can find a Kummer flat cover T'— X such that + dies in
HZ(T,G). By [12, Cor. 2.16] we may assume that for some n, we have a factorization
T — X, —» X with T — X,, a classical flat cover. It follows that the class v on X, is
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trivialized by a classical flat cover — that is, v € ker (HZy(X,,G) — H{ (Xy, R%eq.G)).
The seven-term exact sequence of the spectral sequence H}j (X, R/ eq.G) = Hi4? (X, G)
gives an exact sequence
o= HE (X,,,G) — ker (HZg (X0, G) = HY (X, R%e0.G)) — Hg (X, R'en.G).
Hence, to show that v =0 in HZ(X,,G), it suffices to show that H3(X,,G) =
H} (X, R'eq.G) = 0.
Since G is smooth and A is strictly Henselian, we have
H{(X,,G) = H3 (X, G) =0.

We have Rlen,.G = li_r)anoan(Z/mZ(l)7G) ® (Gm,10g/Gm) yx, , by Theorem 3.14.
By Lemma A.1, the sheaf Homx, (Z/mZ(1),G) is representable by a quasi-finite étale
separated group scheme over X,,. It follows that

Hi (X, R'eq.G) = H} <Xm lim Homx,, (Z/mZ(1),G) @ (G log/Crm) xn,ﬂ>

m

= timg H} (X, Homx, (2/mZ(1).0)® (Gun o/ G, )

sE

H} (X007 (Homx, (Z/mZ(1),G) 2 (Grog/Gn)x, . ) )

liny H, (X0, Homx,, (2/mZ(1),G) @2 (Gun tog/Gm)x, ., )

3

I
o

)

where 0 : (fs/X,,)a — (fs/X,,)¢t denotes the forgetful map between these two sites. This
finishes the proof. O

The following corollary is the counterpart of Corollary 3.4 and Proposition 3.5(2) for
the Kummer flat topology:

Corollary 3.17. Let the notation and the assumptions be as in Proposition 3.16. Then
we have the following:

(1) Hig(X,G)= lim ker (HZ(X,G) = Hi (X, Q).
(2) Hiy (2, Hia(G)) =0.
Proof. This follows from Proposition 3.16. O

Let the notation and the assumptions be as in Proposition 3.16. Let n be a positive
integer. With the help of Corollary 3.17(2), the Kummer flat Cech cohomology to derive
a functor cohomology spectral sequence from formula (3.1) gives rise to an exact sequence

0 —lim Hig(Xn/X,G) = Hig(X,G) = lim Hig (Xn/X,Hin(G))

—lim H(X,/X,G) = HZy(X,G) = lim Hlg (X,/X, Hig(G)) (3.3)
— lim | H (X, /X,G).
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Lemma 3.18. Let the notation and the assumptions be as in Proposition 5.16; then we
have

lim Hig (X /X, Hia(G)) =0
fori>0.

Proof. We denote by X, ; the fiber product of i+ 1 copies of X, over X. We have
X =HE Xspecz Xp = (Hy)% X x X, where H,, := SpecZ [(Pl/")gp /ng} and (H,,)x :=
H,, Xspecz, X. Note that (H,)x is a constant group scheme associated to the abstract
group H,(X) over X if (n,p) =1.

We first compute the Cech cohomology group Hig (X,/X,Hq(G)) for n=p". In this
case, the underlying scheme of the group scheme (Hp-) is strictly Henselian local. Let
Apr (resp., xpr) be the underlying ring (resp., the closed point) of X, and let m4 , be
the maximal ideal of A,-. Since A, is a finite local A-algebra, it is also Henselian local
by [15, Tag 04GH], and thus (Apr,mAp,,) is a Henselian pair [15, Tag 09XE]. Let B be the
underlying ring of (Hpr)g( X x Xpr. Clearly B is a finite local A,--algebra. Therefore any
finite B-algebra C' is also a finite A,--algebra, and we have (m4 , B) C =m4 , C. Then by
an easy exercise, one can see that the equivalence [15, Tag 09XI] implies that (B,m a,-B )
is also a Henselian pair. Since the Hom-sheaf Homx (Z/mZ(1),G) is torsion, Gabber’s
theorem [15, Tag 09ZI]) implies that the vertical maps in the canonical commutative
diagram

i

Hyr)' X x Xpr

Hom, , (Z/mZ(1),G) —= Hom(

Homy, . (Z/mZ(1),G) *>Hom( (Z/mZ(1),G)

(Z/mZ(1),G)

Hp'r);XX:L’pr
are isomorphisms. Since (Hpr)i( X x Zpr is an infinitesimal thickening of x,-, the lower
horizontal map in the diagram is also an isomorphism by [15, Tag 03SI]. Thus the
canonical map

(Z/m2Z(1),G)

i

Homy . (Z/mZ(1),G) — Hom(Hpr)X X x Xy
is an isomorphism. Combining with Theorem 3.13, we get
Hiy (Xpr1,G) = Hig (Hy )y xx X,r,G)
L 1757 8P
=t Hom ., x,, (B/mZ(1).6) @z (P)

— limH Z/mZ 1/pm) 5
= ling omy, . (Z/mZ(1),G)®z ( P

= Hyq (Xpr,G).
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The Cech complex for Hiq(G) with respect to the cover X,~/X can be identified with

Hlg (Xpr,G) % Hig (Xpr,G) S Hig (X,r,G) S Hly (X, G) 2 -

hence

HY (X,,G) if i =0,

i (5. 11) = { im0

In general, we write n =p" -n’ with (p,n’) = 1; then we have
Ko = () xx (Hyr)y x Xa)
and

Hig(XniG) = [] Hia(Xn,G) =Map (Hu (X)', Hig(X,,G)).
IEH”/(X)'L

The Cech complex for Hiq(G) with respect to the cover X,,/X can be identified with
the standard complex that computes the cohomology of H}lq(X,,,G) regarded as a trivial
H, (X)-module. Hence we get

Hiq (X /X, Hy(G)) = H' (Hu (X), Hy (X0, G)) -
Finally, we get

lim H{ (X, /X, Hig(G)) = 1l H' (Hy (X), Hlg(X,.C)

n n=p"-n’

— b (@H (X), iy H¢ﬂ<xn,a>),
n n=p”-n’/

where the second identification follows from [13, §2, Prop. 8]. By Proposition 3.15 we

have lim Hl(X,,G) =0, and thus lim Hiq (Xn/X. Hi(G)) =0. O

Theorem 3.19. Let the notation and assumptions be as in Proposition 3.16. Then the
canonical homomorphism lim | H2(X,/X,G) = H%(X,G) is an isomorphism.

Proof. The result follows from Lemma 3.18 and the exact sequence (3.3). O

In order to understand the group HZ,(X,G), we are reduced to computing the groups
HZ(X,/X,G).

Lemma 3.20. Let the notation and assumptions be as in Proposition 3.16. We further
assume that G is a torus. Then we have the following:

(1) HZy(X,/X,G) = H, (X,,/X,G) for (n,p) = 1.
(2) HZ(Xpr/X,G) =0 forr>0.
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Hl%ﬂ(X)G): th Hl%ﬂ(Xn/X7G): hﬂ gl%ét(Xn/X’G>:Hl%ét(X’G);
(n,p)=1 (n,p)=1

in particular, H2y(X,G) is torsion, p-torsion-free, and divisible.

Proof. (1) Since X,, is a Kummer étale cover of X whenever (p,n) =1, this is clear.
(2) By Lemma 3.12, we may assume that X is a log point Speck with k separably
closed. By [12, page 521-523, in particular Lem. 3.16], we have

Hﬁﬂ (XPT/X’G) = Hin] (HPT’G)
for ¢ > 1, where H§<ﬂ (Hpr,@) denotes the ith cohomology group of the group scheme

H,r = SpecZ [(Pl/pr)gp /ng] acting trivially on G over the flat site Xg. The group

H)Q(fl (Hpr,G) can be identified with the group of extension classes of H,» by G which
admit a (not necessarily homomorphic) section [14, Exposé XVII, Prop. A.3.1]. By [14,
Exposé XVII, Prop. 7.1.1], such extensions must be of multiplicative type, and therefore
must be commutative. Since the base field k is separably closed, such extensions must be
trivial. It follows that HZ; (X, /X,G) = H%_ (H,,G) =0

(3) First we show that any class v € HZ(X,G) vanishes in HZ;(X,,,G) for some positive
integer m with (m,p) = 1. By Corollary 3.17, v is annihilated by some cover X,,.,» with
(m,p) = 1. Let 7 be the image of v in HZ4(Xn,G); we want to show that it is zero. The
Cech-to-derived functor spectral sequence for the cover Xm-pr/ Xy gives rise to an exact
sequence

T I:Ilgﬁ (XWL';D"'/XmaG) — ker (ngﬁ (XmaG) - Hl%ﬂ (Xm-p"’aG))
= Hyg (Xonpr / X, Hi(G)) = -
We have v € ker (HZy(Xn,G) = HZy (Xpnpr,G)). By part (2), we have HZy(Xppr/

Xm,G) =0. By equation (3.4) we have Hil (Xom.pr/Xom, Hiq(G)) = 0. Hence we get 7' =0.
It follows that

lim  ker (Hy(X,G) = Hig(Xm,G)) = Hg(X,G). (3.5)
(m,p):l
Now consider the exact sequences
— Hygy (X /X, Hi(G)) — Higg(Xn/ X, G) — ker (Hiy (X, G) = Higg (X, G))
= Hyg (X /X, Hi(G)) =

arising from the spectral sequence H{y (Xm/X,ﬂiﬁ (G)) = Hf{;l” (Xm,G) for the Kummer

flat covers X,,,/X with (m,p) = 1. Taking the direct limit, we get an exact sequence

- lﬂ Hkﬁ( X /X, Hig(G)) = lim Hig(Xn/X,G) = Hy(X,G)

- (m,p)=1
_> 1& Hkﬂ( X /X, Hix(@)) (36)

(m,p)=1
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by the identification (3.5). Similar to the general case of the proof of Lemma 3.18, we can
show that lig(m’p)=1 Hig (X/X,Hiq(G)) =0 for any i > 0. Then the exact sequence
(3.6) tells us that
H(X,G) = hHm Hg(Xom/X,G) = hﬂ Hig (X /X,G) = HE (X, G).
(m.p)=1 (m,p)=1

The group HZ,(X,G) is torsion and p-torsion-free by Corollary 3.6, and n-divisible
for (n,p) =1 by Theorem 3.8(3). Therefore HZ;(X,G) is torsion, p-torsion-free, and
divisible. ]

Corollary 3.21. Let the notation and assumptions be as in Lemma 3.20. Then we have
HZ(X,G[n]) 2 Gm](—2)(X) @z N> PE, where n.=m-p" with (m,p) = 1.

Proof. We have a short exact sequence
0 — Hi(X,G)®zZ/nZ — H(X,Gn)) — H(X,G)[n] — 0.
Since G is a torus, the group Hl (X,G) = lim Homx,, (Z/nZ(1),G) @z PP is divisible,
whence H'4(X,G) ®z7Z/nZ = 0. Therefore for n =m-p" with (m,p) =1, we have
Higg(X,G[n]) = Hig(X,6)[n] = Higg, (X,G)[n] = Hige (X,G)[m]
2

:ngét(XaG[m]):G[m](—Q)(X)(@Z/\ng. 0

Corollary 3.22. Let X be a locally Noetherian fs log scheme and G be a torus over the
underlying scheme of X. Let Y € (fs/X) be such that the ranks of the stalks of the étale
sheaf My /Oy are at most 1 and let (st/Y) be the full subcategory of (fs/X) consisting
of strict fs log schemes over Y. Then we have that the restriction of R*cq.G to (st/Y) is
zero.

Proof. This follows from Corollary 3.21. O

Theorem 3.23. Let X be a locally Noetherian fs log scheme and G be a torus over the
underlying scheme of X.

(1) We have
R’eq,G = lim (R%eq.G) [n] = @ (R?eq.G) 1™,
I prime

where (R2€H*G) [n] denotes the n-torsion subsheaf of R%*cq.G and (R2sﬁ*G) [1°°]
denotes the l-primary part of R?cq.G for a prime number L.

(2) We have (R?eq.G) [n] = R?eq.G[n).
(3) The l-primary part (R?q.G) [I>°] is supported on the locus where 1 is invertible.
(4) If n is invertible on X, then

(R?q.C) [n] = RG] = Gln)(~2) ©2 /\ (Gun tox/ G )y, -
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Proof. By Lemma 3.20, R?eq,.G is torsion. Hence part (1) follows.
We prove part (2). Since G is a torus, we have a short exact sequence 0 — G[n] — G =
G — 0 for any n > 1. This short exact sequence induces a short exact sequence

0— R'eq.G @z Z/nZ — RPeq,G[n] — (R%eq.G) [n] — 0.

Since the sheaf Rleq.G is divisible, we get (R%eq.G) [n] = R%eq.Gn).

Part (3) follows from part (2) and Corollary 3.21.

We are left with part (4). By [16, §3], in particular the part between [16, Cor. 3.7] and
[16, Thm. 3.8], we have a cup product for the higher direct image functors for the map
of sites eq : (fs/X)ka — (fs/X)g. The cup product induces homomorphisms

2
G[n] ®z/nz /\Rlaﬂ*Z/nZ — G[n] ®z/nz R?eqZ/nZ — RPeq.Gln].

Since G[n] ®z/nz N’ Rleq,Z/nZ = G[n](—2) @z \° (Gm,1og/Gm) x,, We get a canonical
homomorphism

Gnl(—2) @z /\ (G 1og/Gm) x,, — Ren.Gn].

By Corollary 3.21, this homomorphism is an isomorphism. This finishes the proof of
part (4). O

Corollary 3.24. Let X be a locally Noetherian fs log scheme such that the underlying
scheme of X is a Q-scheme, and let G be a torus over the underlying scheme of X. Then
we have

2
Re4,G = lim G[n](—2) @z /\ (G 10g/Gm) x, -

Corollary 3.25. Let p be a prime number. Let X be a locally Noetherian fs log scheme
such that the underlying scheme of X is an Fp-scheme, and let G be a torus over the
underlying scheme of X. Then we have

2
R’e3.G = lim G[n](=2)@z /\ (Cum,1og/Cm) x,
(n,p)=1

Theorem 3.26. Let X be a locally Noetherian fs log scheme and G be a smooth affine
commutative group scheme over the underlying scheme of X.

(1) If the fibers G, of G over X are all unipotent and k(x)-solvable (see [1/, Exposé
XVII, Def. 5.1.0]), then we have

R'eq.G = R%:q.G = 0.

(2) If G is an extension of a group U by a torus T such that the fibers U, of U over X
are all unipotent and r(z)-solvable, then the canonical map R%*eq.T — R%eq.G is
an isomorphism.
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Proof. In part (2), since G is smooth, U has to be smooth by fppf descent. Hence part
(2) follows from part (1) and we are left to prove part (1).
By Theorem 3.14, we have

Rleq .G = lim Homx (Z/nZ(1),G) @z (Gm,l0g/Gm) x, »

which is zero by [14, Exposé XVII, Lem. 2.5]. To prove RZ%eq .G =0, it suffices to
prove HZq(X,G) =0 for the case where the underlying scheme of X is Spec A with A
a strictly Henselian ring and X admitting a chart P — Mx with P =N Mx,w/O)X(’x.
By Theorem 3.19, we have lim HZ(X,./X,G) =N H24(X,G). By Lemma 3.12, we are
further reduced to the case where X is a log point with A a separably closed field. We
have HZ(X,/X,G) = H%, (H,,G) by [12, page 521-523, in particular Lem. 3.16]. But
H%, (H,,G) =0 for any positive integer n by [14, Exposé XVIL, Thm. 5.1.1 (1) (c)] and
[14, Exposé XVII, Appendice I, Prop. 3.1]. This finishes the proof. O

4. The higher direct images of the logarithmic multiplicative group

In this section we show that Ricg,Gpiog = 0 (resp., RicsxGmiog = 0) for i > 1,
where @m,log denotes the quotient of Gy, 10s by Gy, with respect to the Kummer flat
topology (resp., Kummer étale topology). The case ¢ = 1 has been treated essentially
in the proof of [12, Cor. 3.21]. As a corollary, we get R'cg.Gm = R'eqGm 10z (Tesp.,
RicgnGyy & RiSét*GmJog) for i > 2. By Kato’s logarithmic Hilbert 90 [12, Cor. 3.21], we
have Rlsﬂ*GmJog =0 (resp., ngét*Gm’]og =0).

We start with the strictly Henselian case.

Theorem 4.1. Let X =Spec A be an fs log scheme with A a Noetherian strictly Henselian
local ring, = the closed point of X, and p the characteristic of the residue field of A. We

fix a chart P — Mx satisfying P = Mx’m/O)X(}w, Then we have the following:
(1) Hiy (X,Gumlog) =0 (resp., Hiy (X,Gmlog) =0) for r>1.
(2) Hig(X,Gm) = Hiy (X,Gm,10g) (resp., Hie,(X,Gm) = Hyg (X,Gm,10g)) for r=2.
Before going to the proof of Theorem 4.1, we prove the following lemma:

Lemma 4.2. Let the notation and assumptions be as in Theorem J.1. For the Cech
cohomology for the Kummer flat cover X, /X, we have

_ PYM*2,Q ifi=0,
Hf(ﬂ (Xn/XaGm,log> = {(() ) z ’L;’L >0

If (n,p) = 1, for the Cech cohomology for the Kummer étale cover X,,/X we have

(PY")* 2,Q ifi=0,

Hige (Xn/ X G 10g) = {o ifi>0
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Proof. We deal only with the Kummer flat case; the Kummer étale case can be done in
the same way.
It is clear that

ﬁl({)ﬂ (Xn/Xa@m,IOg) = (Gm,log/Gm) (Xn) - (Pl/n)gp KRz Q (41)

Let n=m-p" with (m,p) = 1; then X Xgpecz Hy, is a constant group scheme over X and
X Xgpecz H i 18 a connected group scheme over X. Therefore we have

Gm,log(Xn Xx XX Xn) = Gm,log (Xn XSpecZ H:l)
—_—————

r4+1 times

:@m,log ((Xn ><SpecZI?[;t) Xx (X XSpecZH;;L))

= H @m,log (Xn XSpecZ H;t)
h€H,, (X)"

H @m,log (Xn)

gp
= (pl/n) ®zQ
heH,,

m(X)"
1/n\ &P
= Map (Ho(X)", (P1") " @2,0).
To compute the higher Cech cohomology groups, we consider the Cech complex
= do = di = d
Gm,log(Xn) —0> Gm,log(Xn XX Xn) —1> Gm,log(Xn XX Xn XX Xn) —2) e (42)

for @m,log with respect to the cover X, /X. Define I'), := (Pl/”)gp /P#P. By [10, Chap.
IT1, Example 2.6], the Cech nerve of the Kummer flat cover X,,/X can be identified with
the sequence

di,1 d2,2 ds,3
Xni:anHnEanHﬁanng...7
di,o d
2,0 ds,o

where the map d, ; on the ring level is given by the A-linear ring homomorphism

Aggp Z[PY"@T, | > Aggp 2| PV o T

(a,a,a1,...,4r-1) if i =0,
(a,dl,--~7&r,1)»—> (a,dh...,@i,@i,...7(7,T,1) ifo<i<r,
(a,dl,...,dr_l,O) if’i:T,

for any (a,ay,...,a,_1) € P/ @TT~1 If m =1 — that is, n = p* —, we have

— t\ 8P
Gm,log (Xpt XSpecZ H;t) = (PI/P ) &Kz Q

https://doi.org/10.1017/51474748021000359 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748021000359

Comparison of Kummer logarithmic topologies with classical topologies 1109
By the description of d, ;, the map
dy i : G, log (Xpt XSpeci H;t_l) — G log (Xpt Xspecz Hy)
can be identified with the identity map
1d: (P)" 020 (P) @20,
In general, the map
7 Gylog (Xn Xspecz Hy, ) = Guntog (X Xspecz Hy,)

can be identified with the map

gp gp

Map (Hon(X)71, (PY7) 7 22,Q) 25 Map (Ho(X)7, (PY") " 22Q)
F(hayerenn B ifi=0,

fl—> 8r7i(f)2(h1,...,hr)f—) f(hl,...7hi—|—hi+1,...,h7n) if0<i<7’,
f(hla"'7"')h7‘—1) ifi=r

Therefore the complex (4.2) can be identified with the standard complex
gp gp
(Pl/”) %2Q — Map (Hm(X), (Pl/”) ®1 Q)
gp
= Map (Hn(X)% (P") 7 2,Q) - -

for computing the group cohomology of the trivial H,,(X)-module (Pl/ ”)gp ®zQ. It
follows that

y _ . gp (Pl/")gp®z(@ ifi=0
Hig (Xn/X,Cumton) = H' (Hm X), (Pl/") ® ) - ’

wa (Xn/ X, Gon.1oz) (%) 22 =10 if > 0.
Proof of Theorem 4.1. Part (2) follows from part (1) clearly. We deal only with the
Kummer flat case; the Kummer étale case can be proven in the same way.

We use induction on 7 to prove part (1). -

First we consider the case 7 = 1. We want to prove Hpg (X,Gm,10g) = 0. The spectral

sequence Hf;ﬁ (Xn/X7ﬂiﬁ (@m,log)) = Hﬁj (X,@m,log) gives rise to an exact sequence

0— Hig (X0/X,Grntog) = Hig (X,Grmtog) — Hig (Xn/ X, Hig (Gmtog)) -

By Lemma 4.2, we have that Hﬁﬂ (Xn/X,@mﬁlog) vanishes, and thus u is injective. We
also have a canonical injection

v HYy (X0/ X, Hyy (Gintog)) = Hig (X0, G tog) -

The composition vowu is nothing but the pullback map f} : Hly (X ,@mlog) —
Hﬁﬂ (Xn,GmJOg), where f,, denotes the cover map X, — X. Hence we get an injection
fo Hﬁﬂ (X,Gmylog) — Hﬁﬁ (Xnma,log)' Passing to the direct limit, we get a canonical

injection Hﬁﬂ (X,Gm’log) — li_n;nH&ﬂ (Xn,Gmylog). Hence it suffices to show that
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@nHﬁﬂ (Xna@m,log) = 0. Let o be an element of Hﬁﬂ (Xn,@mlog), and let T'— X,

be a Kummer flat cover such that « dies in Hﬁﬂ (T,@Ill710g). By [12, Cor. 2.16], we may
assume that for some m, we have a factorization T'— X,,, — X,,, where T'— X,,,,, is a
classical flat cover. It follows that the class « on X, is trivialized by a classical flat cover
—that is, a is mapped to zero along the map Hﬁﬂ (an,@m,log) — Hg (an,ngﬂ*@mvlog).
Hence « lies in the image of the map Hfl1 (an,i‘:ﬁ*@rm]og) — H,iﬂ (Xmm@m]og). But

Hf-ll (anvgﬂ*@m,log) - H{-11 (an; (Gm,log/Gm)Xﬂ XKz Q)

= Hélt (an7 ((Grn,log;/(Gm)Xét Xz Q)
=0. (4.3)
This finishes the proof of HYy (X,Gm,10g) = 0.

Now we fix a positive integer ry and assume that Hj g (Y7@m,1og) =0forall 0 <r <rg
and all fs log schemes Y satisfying the conditions for X in the statement of the theorem.

Note that this assumption implies that R"eq,Gm,10s = 0 for 0 <r < ry. We are going to
prove

H (X B o) = 0.

in two steps.
In the first step, we prove that the canonical map

HG (X, Gumog) = HIGT (X0, Gm tog) (4.4)

is injective for any m > 0. Clearly X, satisfies the conditions for X in the state-
ment. For any 0 < j <79 and any 7 > 0, consider the ith Cech cohomology group

Hliﬂ (Xn/X,ﬂiﬂ (@m’log)) of the Kummer flat cover X, /X with coefficients in the
presheaf H: f;ﬁ (@m,log). Since
X Xx X x Xy = Xy Xspeez HY = (X Xspeez Hp) X x (X Xspecz HY)
—_——
k-+1 times

with n =n"-p' and (n/,p) =1, X, Xspecz Hllf,, satisfies the conditions for X in the
statement, and X Xgpecz Hﬁ/ is a constant group scheme over X, so we get

F(Xn Xx o XXx Xnaﬂ{;ﬂ (@m,log)) = Hlj(ﬂ(Xn Xx e ><X*Xvn;@m,log) =0.
— —

k-+1times k+1 times

It follows that H}iﬂ (Xn/X,ﬂiﬁ (@m@g)) =0 for any 0 < j <rg and any ¢ > 0. Then the

spectral sequence
Hﬁﬂ (Xn/X7ﬂiﬂ (@m’log)) = leir] (Xv@m,log)
implies that
Hlf?l+1 (Xv@m’log) = ngﬁ (X"/X’E£%+1 (@m,log)) :

It follows that the canonical map (4.4) is injective for any n > 0.
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In the second step, we finish the proof of H}3™" (X,Gm, 10g) = 0. Let 3 be any element
of Hﬁg“ (X,@,mlog) and let T"— X be a Kummer flat cover such that § dies in
Hf(g“ (T,@mlog). By [12, Cor. 2.16], we may assume that for some m, we have a
factorization T' — X,,, — X such that T"— X,, is a classical flat cover. It follows that
the class 8 on X, is trivialized by a classical flat cover — that is, it lies in the kernel of
the canonical map

HIS (X, G tog) = H (X, B e G og) -
Consider the spectral sequence
HY (X, R €0:Gumtog) = Hit? (X, Gunlog) -
The vanishing of R’ Eﬂ*@mﬁlog for 0 < j <rq gives rise to an exact sequence
0— Hyt (X, G tog) = HiG T (Xom, Gy tog) = HY (Xim, B0 e G 1og) -

Hence the class 8 on X,, comes from HE"H (Xm,eﬁ*@mlog), which is zero by the
same reasoning as in equation (4.3). Hence the class 8 on X, is zero. Thus 8 =0
in H}ZE‘H (X,Gmylog), by the injectivity of the map (4.4). This finishes the proof of

H (X, G log) = 0. 0

Theorem 4.3. Let X be an fs log scheme with its underlying scheme locally Noetherian.
Then we have the following:

(1) R easGm 10 =0 (resp., R eetsGm,10g =0) for r > 1.

(2) The canonical map R"eqsGm — R easGm 1og (TeSP., R €6txGm — R €444 Gm,log) 5
an isomorphism for r > 2.

Corollary 4.4. Let X be a locally Noetherian fs log scheme such that the stalks of
MSP/O% for the classical étale topology have rank at most 1. Let (két/X)wer (Tesp.,
(két/X)at) be the category of Kummer étale fs log schemes over X endowed with the
Kummer étale topology (resp., the classical étale topology), and let e : (két/X)kst —
(két/ X )st be the canonical forgetful map of sites. Then we have RQE*GmlOg =0.

5. Examples

5.1. Discrete valuation rings

Let R be a discrete valuation ring with fraction field K and residue field k. Let 7 be
a uniformizer of R, and endow X = Spec R with the log structure associated to the
homomorphism N — R,1 — 7. Let = be the closed point of X and i the closed immersion
x — X, and endow z with the induced log structure from X. Let n be the generic point
of X and j the open immersion n — X.

Now we consider the Leray spectral sequence

Hf (X, R'eqGp) = HiT'(X,Gp). (5.1)
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We have Hj(X,Gn) = H (X,Gy,) for s >0 by [5, Thm. 11.7]. We have
RlEH*Gm = h&%omx(Z/nZ(l),Gm) X7, (Gm,log/Gm)Xﬂ

= Q/Z®z Gun o8/ Cun)
by Theorem 3.14. Then on (st/X), we have (Gm,log/Gm) x, = i+Z. Therefore,
H§ (X,R'eq.Gy) = H{(X,Q/Z®7i.Z) = H§(z,Q/Z)
= H§ (2,Q/7Z) (5.2)

for s > 0. We also have

H§ (X,R?eq.Gy) = Hi(X,0) =0 (5.3)
for s > 0, by Corollary 3.22.
Theorem 5.1. Assume that k is a finite field. Then we have

Hin(X,Gm) = H (2,Q/Z) = Q/Z
and

Hg(X,Gm) = H (2,Q/Z) = Q/Z.
Proof. We have

Hi(X,Gy) = H(X,Gyp) =0

for s >0 by [11, Chap. II, Prop. 1.5 (a)]. Since k is a finite field, it has absolute Galois
group Z. Therefore we can identify the group Hj (z,Q/Z) with the Galois cohomology

H! (Z,Q/Z) — Hom (Z,Q/Z) ~Q/Z.

Then the results follow from the spectral sequence (5.1)) with the help of equations (5.2)
and (5.3).

5.2. Global Dedekind domains

Through this subsection, let K be a global field. When K is a number field, X denotes
the spectrum of the ring of integers in K, and when K is a function field, ¥ denotes the
field of constants of K and X denotes the unique connected smooth projective curve over
k having K as its function field. Let S be a finite set of closed points of X, U := X — S,
j:U—= X, and i, : x — X for each closed point z € X. We endow X with log structure
7O NOx — Ox. In the case of a number field, define Sy := S'U{infinite places of K},
and in the case of function field, just set Sy, :=S.

On (st/X), we have R'eq.Gn = @, ¢ gix,+Q/Z and R?eq,Gy, = 0. The Leray spectral
sequence

H§ (X, R'eq.Gy) = HiF (X,G)
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gives rise to a long exact sequence

0 — HYX,Gw) = HY(X,Gw) = HY (X, R'en.Gry)
— H3(X,Gy) = HZ(X,Gp) — HE (X, R'eq.Gry) (5.4)
— H3(X,Gp) — Hig(X,Gr).

The Leray spectral sequences for G, and Gy 10 together give rise to the following
commutative diagram with exact rows and columns:

0 0
Hé (Xma) — H{% (X7Gm,log)
Hl%ﬂ(XaGIII) EEE— H}lﬂ (X7Gm,log)

[e3

Hg(X,lefﬁ*(Gm) —_— Hg(X,leﬂ*Gm)log)

H{(X,(Gmlog/Gm) xn) —— H}(X,Gy) ————— HZ(X, G, log)-

We have R'eq, G, 10g = 0 by Kato’s logarithmic Hilbert 90 [12, Cor. 3.21]), and

H} (X, (Guntog/Gum) x, ) = Hi (X, @z‘mz> =P Hi(2)=0.

zeS €S
By diagram chasing, we find that the map « is surjective. We have
HY (X, R'e.G) = P HY(X.ir,.Q/Z) = @ HY(+,.Q/2) = P Q/Z
zeS €S €S
and
Hi (X, R'eq.Gn) = P Hi (X 10 .Q/Z) = P Hi (2,Q/Z).
zeS €S

We also have

H2(X,Gy,) = (z)2z)~t K h%s r > 0 real places,
otherwise,

and H3(X,G,,) 2 Q/Z by [11, Chap. II, Prop. 2.1]. Therefore the exact sequence (5.4)
splits into two exact sequences

0 — Hy(X,Gm) = Hyg(X,Gm) = HY (X,R'eaGp) — 0 (5.5)
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and

0— Hi(X,Gn) — Hig(X,G) = Hy (X,R'e.Gy) = Hi(X,Gp), (5.6)
which can be identified with
0— Hi(X,Gm) = Hig(X,Gn) = EPQ/Z—0 (5.7)
zeS

and

0= Hi(X,Gm) = Hiy(X,Gm) — P Hi (2,Q/Z) — Q/Z, (5.8)
€S

(Z/27)"~! if K has r > 0 real places,
0 otherwise.

Let Pic(X) (resp., Pic (X'°8)) denote the group H}(X,Gy,) (resp., Hi(X,Gy)). We
have a canonical degree map deg : Pic(X) — Z in both the number-field case and the
function-field case. By the short exact sequence (5.7), the degree map deg : Pic(X) — Z
extends uniquely to a map

with H2(X,Gy) =

deg : Pic (X'#) — Q, (5.9)
and the two degree maps fit into the following commutative diagram with exact rows:
0 — Pi¢(X) — Pic (X8) — P, . Q/Z ——0 (5.10)
J{deg ldeg Jsum
0 Z Q Q/z 0.

To summarize, we get the following proposition:

Proposition 5.2. Let the notation and assumptions be as in the beginning of this
subsection. Then we have the following:

(1) The group Pic (Xlog) = Hl4(X,Gy) admits a canonical degree map into Q which
extends the canonical degree map on Pic(X), and the two degree maps fit into the
following commutative diagram with exact rows:

0 —— Pic(X) — Pic (X'8) —— @, .sQ/Z —— 0

Jdeg ldeg lsum

0 Z Q Q/z 0.
(2) The group HZ (X,Gy) fits into an ezact sequence

0 — Hi(X,Gum) = Hi(X,Gw) — €D Hi(2,Q/Z) — Q/Z.
zeS

If K is a function field with its field of constants algebraically closed, then we have
HZ4(X,G) & H2(X,Gy,) = 0. If the residue fields at the points of S are finite, then
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the exact sequence becomes

0= HE(X,Gm) = H(X,Gn) - EPQ/Z — Q/Z,
zeSsS

with H3(X,Gy,) = (Z/2z)~ if K hC'lS r> 0 real places,
otherwise.

Proof. We are left with checking Hg(X ,Gm) =0 for X a smooth projective curve over
an algebraically closed field, and H}(2,Q/Z) = Q/Z for z a point with finite residue field.
The first follows from [15, Tag 03RM], and the second follows from

HY(2,Q/2) = H},(+,Q/2) = Hom (2,Q/2) = Q/Z. T

Remark 5.1. A homomorphism (Q/Z)" — Q/Z is either zero or surjective. It follows
that in the case where the residue fields at the points of S are finite, we have either a
short exact sequence

0= Hi(X,Gm) = He(X,Gm) - EPQ/Z— 0
T€eS

or an exact sequence

0 — Hi(X,Gm) = Hi(X,Gm) » EPQ/Z — Q/Z — 0.
zeS
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Appendix A. A representability lemma about Hom-Sheaves

Lemma A.1. Let S be a scheme, F be a finite flat commutative group scheme of
multiplicative type over S which is killed by some positive integer n, and G be a
commutative group scheme over S satisfying one of the following two conditions:

(1) G is smooth and affine over S or
(2) G[n]:=Ker (G = G) is finite flat over S.

Then the fppf sheaf H := Homg(F,G) is representable by an étale quasi-finite separated
group scheme over S.
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Proof. We first deal with case (1). By [14, Exposé XI, Cor. 4.2], the sheaf Homg(F,G)
is representable by a smooth separated group scheme over S. The fibers of the group
scheme Homg(F,G) over S are finite by the structure theorem [14, Exposé XVII, Thm.
7.2.1] of commutative group schemes and [14, Exposé XVII, Prop. 2.4]. It follows that
Homg(F,G) is a quasi-finite étale separated group scheme over S.

Now we deal with case (2). Clearly we have Homg(F,G) = Homg(F,G[n]). Let
0 — G[n] = G1 — G2 — 0 be the canonical smooth resolution of G with G1,G2 affine
smooth commutative group schemes over S (see [11, Thm. A.5]). Then we have an exact
sequence

0 — Homs(F,G) — Homs(F,G1) = Homs(F,Gy)

of fppf sheaves of abelian groups over S. By case (1), the sheaves Homg(F,G;) for i =
1,2 are representable by étale quasi-finite separated group schemes over S. Hence H =
Homg(F,G) as the kernel of « is representable. Furthermore, by [15, Tag 02GW], « is
étale. It is also separated. It follows that H is étale, separated, and quasi-finite. O
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