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NECESSARY AND SUFFICIENT CONDITIONS FOR
PRECOMPACT SETS TO BE METRISABLE

J.C. FERRANDO, J. KAKOL AND M. LOPEZ PELLICER

This self-contained paper characterises those locally convex spaces whose (weakly)
precompact (respectively, compact) subsets are metrisable. Applications and exam-
ples are provided. Our approach also applies to get Cascales-Orihuela’s, Valdivia’s
and Robertson’s metrisation theorems for (pre)compact sets.

1. INTRODUCTION AND PRELIMINARIES

One of the interesting problems both in topology and functional analysis deals with
the question of metrisability of (precompact) compact sets. In [11] Floret (motivated
by earlier results of Grothendieck, Fremlin, De Wilde and Pryce) proved an extended
version of the Eberlian-Smulian theorem with many applications, although his result said
nothing about metrisability of compact subsets. Cascales and Orihuela [5] (answering a
question of Floret [10]) showed that the weight of any precompact set in an (LM)-space is
countable. Pfister and Valdivia, respectively had shown earlier the same result for (DF)-
spaces and dual metric spaces, {15, 18]. In [13] Kakol and Saxon presented alternative
proofs for (LM)-spaces and dual metric spaces. In [6] Cascales and Orihuela introduced
a large class & of locally convex spaces including (LF)-spaces and (DF)-spaces and
presented a general result stating that:

(A) Every precompact set is metrisable in any locally convex space in class &.

Further progress in this direction has been achieved by Robertson [16] who used the
concept of trans-separability to obtain a version of Cascales-Orihuela’s result. He proved
that:

(B) If a locally convex space E is covered by a family {4, : a € NN} of precompact
sets which is ordered, that is A, C Ap for @ € §, then it is trans-separable.

It is worth noting that the converse to (B) fails in general. Indeed, since a locally
complete Mackey space FE is K-analytic if and only if E is covered by an ordered family
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of compact sets [4, Corollary 3.2] the space R® provides an elementary example of a sepa-
rable Baire locally convex space which is not covered by an ordered family of precompact
sets; otherwise R® would be K-analytic, hence metrisable by [18, 1.4.3 (21)].

Result (B) is nicely applied in [16] to show that if the topological dual E’ of a
locally convex space F endowed with the topology 7, of uniform convergence on the
precompact sets of E satisfies the assumption stated in (B), every precompact set in E is
metrisable. Nevertheless, the converse statement fails: If X is an uncountable completely
regular Hausdorff P-space, the space C,(X) of all real-valued continuous functions on X
equipped with the pointwise topology is barrelled 3] and its dual C,(X)’ with the weak*
topology cannot be covered by sets as stated in (B) (so the same property holds for
(Cp(X)',7p)). Indeed, otherwise Cp(X)' would be covered by a family {4, : @ € NN} of
equicontinuous sets, and [8, Corollary 2.8] would apply to show that X is countable.

Although we know from two separated sources that the statements (A) and (B) are
true, we shall show that they are in fact equivalent, in the sense that one can prove (A)
using (B) and, conversely, that one can prove (B) using (A). On the other hand, since
there exist locally convex spaces not belonging to class & for which compact sets are
metrisable (this holds in Cp(X) for compact spaces X whose Souslin number is countable
[1, 2] but Cp(X) € & if and only if X is countable [8, Corollary 2.8]), it seems to be
useful to provide necessary and sufficient conditions (which surprisingly, and very likely,
have not been noticed so far) for the (pre)compact sets of a locally convex space to be
metrisable.

Motivated by such situation we show first that a compact set in a completely regular
Hausdorff space X is metrisable if and only if C.(X) is trans-separable. This easily
applies to prove that for a locally convex space F (pre)compact sets are metrisable if
and only if E' endowed with the topology of uniform convergence on the (precompact)
compact sets is trans-separable (see Theorems 2 and 3 below and note that Theorem 2
also includes Valdivia’s result [18, 1.4.3 (27)]). Hence the strong dual (E’, B(E, E)) ofa
locally convex space E is trans-separable if and only if every bounded (= precompact) set
in (E,o(E, E')) is metrisable. This extends a well-known fact stating that the unit ball
in a Banach space F is weakly metrisable if and only if the strong dual E' is separable.
Our proofs are easy, elementary and self-contained.

Finally, recall that a locally convex space F belongs to class & if there is a family
{Aq : o € NN} of subsets of its topological dual E' (called its ®-representation) such
that:

(a) E'=U{As:aeN'},
(b) As C Ag when a £ S,
(c) in each A,, sequences are equicontinuous,

where N is endowed with the discrete and NN with the product topology, respectively, [6].
Condition (c) implies that every set A, is o(E', E)-relatively countably compact. The
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class & contains (among the others) (LM)-spaces (hence (LF)-spaces), the dual metric
spaces (hence (DF)-spaces), the space of distributions D'(Q2) and the space A(Q2) of the
real analytic functions for open Q C RN (see [8, 9]). By C.(X) we denote the space of
all real-valued continuous functions on a completely regular space X equipped with the
compact-open topology.

2. A CHARACTERISATION OF METRISABILITY OF (PRE)COMPACT SETS

Recall that a locally convex space E is trans-separable if for every absolutely con-
vex neighbourhood of zero U in E there exists a countable subset N of E such that
E = N + U, [12], see also [14, 15, 16], where this notion has been studied (also) in
uniform spaces. Every separable and every Lindel6f locally convex spaces are trans-
separable, and in the class of metrisable locally convex spaces the trans-separability and
separability are equivalent notions. A locally convex space E is trans-separable if and
only if E is isomorphic to a subspace of a product of separable Banach spaces. This
implies in particular that every gquasi-Souslin locally convex spaces E (in the sense of
Valdivia [18]), that is, for which there is a map ¢ from NN into the family of all subsets
of E such that:

(i) U{e(@):aeN'} =F, and
(u) if a sequence {ay} in NN converges to @ and z,, € ¢(a,) for all n € N, then
{z} has an adherent point in E contained in ¢(a)
is trans-separable and that for every locally convex space E the spaces (E,o(E, E')) and
(E',o(E' , E)) are always trans-separable. The class of trans-separable locally convex
spaces is stable by taking subspaces, products and completions, continuous images and
projective limits. Note also, [15], that:

(C) A locally convex space E is trans-separable if and only if for every neighbour-
hood of zero U in FE its polar U® is o(E’, F)-metrisable.

Since Cp(X) is a (dense) subspace of the product RX, Cp(X) is always trans-
separable. For spaces C.(X) one has the following simple but useful

LEMMA 1. The compact sets in a completely regular space X are metrisable if
and only if C.(X) is trans-separable.

Proor: If C.(X) is trans-separable and K is a compact subset of X, then C.(K)
is a separable Banach space (since the restriction map T : Cc(X) — C.(K), T(f) := flk
is continuous and onto). Hence K is metrisable. For the converse let {K; : i € I} be the
family of all compact subsets of X and assume that all K; are metrisable. Since the map

¢ : Ce(X) = [[ CelKs)
i€l
defined by
o(f) ={flx; :i €1},
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is an isomorphism onto its range and each C.(K;) is separable, the conclusion holds. 0

THEOREM 2. Compact subsets of a locally convex space E are metrisable if and
only if E' endowed with the topology 7. of uniform convergence on the compact sets of
E is trans-separable.

PROOF: Let F be the topological dual of (E, 7). If (E’, 7) is trans-separable, then
the 7.-equicontinuous subsets of F' are o(F, E')-metrisable by (C). Since for a compact
set K in E the bipolar K°° is 7,-equicontinuous, then K°° is metrisable under o(F, E').
Hence K C E is o(F, E')-metrisable, so o(E, E')-metrisable. Then K is metrisable in
E. Conversely, if all compact sets in E are metrisable, by Lemma 1 the space C.(E) is
trans-separable. As (E', ) is a topological subspace of C,(E), the conclusion holds. 1[I

Since every quasi-Souslin locally convex space is trans-separable, our previous theo-
rem includes Valdivia’s [18, 1.4.3 (27)]: If (E’, ) is quasi-Souslin, then all compact sets
in E are metrisable.

THEOREM 3. Precompact sets are metrisable in a locally convex space E if and
only if E' endowed with the topology T, of uniform convergence on the precompact sets
of E is trans-separable.

Proor: If (E', 7p) is trans-separable, by (C) all precompact sets in E are metrisable.
Conversely, assume that all precompact sets in E are metrisable. Let {P;: ¢ € I} be the
family of all precompact sets in F. For every i € I let K; be the closure of P, in the
completion of E. Since the map

T:(E', 1) [JC(K)
el
defined by
T(u) = {vlx, :i € I},

where v is the continuous linear extension of u to the completion of E, is an isomorphism
onto its range, the conclusion follows. 0

Since, according to (B), every locally convex space covered by an ordered family
of precompact sets is trans-separable, Theorem 3 includes Robertson’s [16, Corollary
2]. Likewise, Cascales-Orihuela’s metrisation theorem (A) follows immediately from the
previous theorem and the result (B), as the following corollary shows.

COROLLARY 4. If E is a locally convex space in class &, then (E', ,) is trans-
separable and every precompact subset of E is metrisable.

PROOF: Let {Aq, : @ € NN} be a ®-representation of E. Since every sequence in A,
is equicontinuous, then every A, is 7,-precompact. Hence (E’, ;) is trans-separable by
virtue of (B), so Theorem 3 gives the conclusion. 0
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COROLLARY 5. The strong dual (E', B(E', E)) of a locally convex space E is
trans-separable if and only if every bounded set in E is o(E, E')-metrisable. Conse-
quently, the strong dual of a (DF)-space E is separable if and only if every bounded set
in E is weakly metrisable.

Corollaries 4 and 5 also apply to get the following well-known result.
COROLLARY 6. (Dieudonné) Every Fréchet-Montel space E is separable.

PROOF: Since (E', B(E', E)) is a Montel (DF)-space, we apply Corollary 4 to show
that every o(E’, E)-bounded set is metrisable. Then the reflexivity of E and Corollary 5
show that E is separable. 1]

Note the following link between the arguments presented by Cascales-Orihuela and
Robertson, respectively.

PROPOSITION 7. The statements (A) and (B) are equivalent.

Proor: (B) = (A) follows from Corollary 4. (A) = (B): Let E be a locally convex
space covered by an ordered family {4, : @ € NN} of precompact sets. We may assume
that the sets A, are absolutely convex. Let 74 be a locally convex topology on E' whose
basis of neighbourhoods of zero is composed by sets

t(Aa)°, 0<t<1, a€eNN

Then F := (E',7¢) belongs to class ®. Indeed, for every @ = (n;) € NN set
Ko := n3(A2)°, where the last o is the polar in (F',o(F’, F)). Then {K, : o € NV} is
a ®-representation of F. To show that E is trans-separable we need only to prove that
the polar U° of every neighbourhood of zero U in E is o(E', E)-metrisable. This is clear
since
U(E’, E)'Uo = Tp]Uo = T0|U°

and U° is 7g-metrisable (by (A)). 0

Corollary 4 may suggest the following question: Is it true that a locally convez space
E for which E' is covered by an ordered family {A, : o € NN} of 7,-precompact sets
necessarily belongs to class 2 Example 8 answers this question in the negative.
ExXAMPLE 8. Let E be an infinite-dimensional separable reflexive Banach space. Since
(E',B(E',E)) is a K-analytic Banach space, E' is covered by an ordered family {K, :
a € NN} of B(E', E)-compact sets, [17). Clearly B(E', E) is the topology 7, of uniform
convergence on the o(E, E')-bounded sets. But E, := (E,o(E, E')) does not belong to
class ®. Otherwise, since E, is dense in the product R for some set I, the space R’
would also belong to class &, [6, Proposition 8]. But R! is a Baire space, so [7, Theorem
4.8) applies to show that R has countable tightness, that is, for every A C R’ and every
z € A there exists a countable set B C A such that z € B. Consequently, I is countable
and F is finite-dimensional, a contradiction.
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In [6, Corollary 1.15] Cascales and Orihuela showed that for a separable locally
convex space E in class & its dual (E’, 7;,) is even analytic (hence separable). This result
fails however if we drop the assumption on E to be in class &.

EXAMPLE 9. Let F be a one-codimensional dense linear subspace of ¢; which is a Baire
space [18, 1.1.3 (6)]. Note that F is not quasi-Souslin; otherwise F' would be complete by
(18, 1.4.3 (21)]. Put E := (co, o(co, F)). Since a(co, F) < o(cg, £1), then E is separable.
On the other hand, since F is barrelled and dense in ¢,, then

B(&1, co)lr = B(F, £co).

Hence
B(F, co) < B(F, L) = B(£1, co)lr < B(F o)

and
ﬂ(Fa CO) = ﬂ(zh cO)lF

Consequently, the topology 7, on F, that is (F,co), coincides with the norm topology
B(£1,co)|F of F. Therefore E is a separable locally convex space not belonging to class
& whose dual (F,7p) is not analytic.
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