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This article deals with the symmetry breaking of azimuthal thermoacoustic modes
in annular combustors. Using a nominally symmetric annular combustor, we present
experimental evidence of a predicted spontaneous reflectional symmetry breaking, and
also an unexpected explicit rotational symmetry breaking in the neighbourhood of the
Hopf bifurcation which separates linearly stable azimuthal thermoacoustic modes from
self-oscillating modes. We derive and solve a multidimensional Fokker–Planck equation
to unravel a unified picture of the phase space topology. We demonstrate that symmetric
probability density functions of the thermoacoustic state vector are elusive, because the
effect of asymmetries, even imperceptible ones, is magnified close to the bifurcation.
This conclusion implies that the thermoacoustic oscillations of azimuthal modes in real
combustors will systematically exhibit a statistically dominant orientation of the mode in
the vicinity of the Hopf bifurcation.
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1. Introduction

Symmetry breaking in systems where waves propagate along closed loops or spheres
occur in a wide variety of physical problems. Examples range from Bose–Einstein
condensates in toroidal traps (e.g. Marti, Olf & Stamper-Kurn 2015), whispering gallery
modes in optomechanical resonators (e.g. Shen et al. 2016), counter-propagating modes
in optical ring cavities (e.g. Megyeri et al. 2018), non-reciprocal acoustic circulators
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(Fleury et al. 2014), intrinsic rotation in tokamak plasmas (Rice et al. 2011), to
sporadic reversal in direction of planetary dynamo waves (e.g. Pétrélis et al. 2009) and
non-radial stellar pulsations (Aerts 2021). Symmetry breaking is also ubiquitous in fluid
mechanics (Crawford & Knobloch 1991), for example in von-Kármán swirling flows with
counter-rotating toroidal vortices investigated by López-Caballero & Burguete (2013)
and Faranda et al. (2017). Recently, symmetry breaking was observed for azimuthal
thermoacoustic modes in annular combustors typically found in jet engines or power
generation gas turbines. First described by Rayleigh (1878), thermoacoustic instabilities
that arise from a constructive coupling between the acoustic field and the heat-release-rate
fluctuations of the flames lead to damaging vibrations (Lieuwen 2012; Poinsot 2017).

Azimuthal thermoacoustic modes have been investigated in real engines (e.g. Seume
et al. 1998; Krebs et al. 2002; Noiray & Schuermans 2013b), laboratory experiments (e.g.
Worth & Dawson 2013; Bourgouin et al. 2015a; Worth & Dawson 2017; Fang et al. 2021;
Singh et al. 2021) and numerical simulations (Wolf et al. 2012). Over the last decade,
the dynamic nature of these modes has received significant attention, as shown in the
review article from Bauerheim, Nicoud & Poinsot (2016), and the following classification
has been established: standing modes, whose nodal line direction remains constant or
slowly drifts around the annular chamber, spinning modes, whose nodal line spins at
the speed of sound, or a combination of both referred to as mixed modes can exist.
Slanted modes resulting from the synchronization of a pure longitudinal mode and an
azimuthal mode with very close eigenfrequencies have been discovered by Bourgouin
et al. (2015b), modelled by Moeck et al. (2019) and further scrutinized by Prieur et al.
(2017) and Aguilar et al. (2021). Very recently, Indlekofer et al. (2021) and Faure-Beaulieu
et al. (2021b) reported and modelled beating modes, whose spinning direction changes
periodically in synchrony with the direction of the standing wave component’s nodal
line.

Several experimental and theoretical studies focused on the effects of combustor
asymmetries and azimuthal mean flow upon the dynamics of azimuthal modes (Noiray,
Bothien & Schuermans 2011; Bauerheim et al. 2014; Berger et al. 2018; Mensah et al.
2019; Humbert et al. 2021; Kim et al. 2022). Reduced-order models were developed to
explain some of the experimental observations (Evesque, Polifke & Pankiewitz 2003;
Schuermans, Paschereit & Monkewitz 2006; Ghirardo, Juniper & Moeck 2016; Magri
et al. 2016; Orchini, Mensah & Moeck 2019; Yang, Laera & Morgans 2019a; Buschmann,
Mensah & Moeck 2020; Li et al. 2020b; Fournier et al. 2021), and to predict linear stability
for combustor design optimization and instability control (Morgans & Stow 2007; Yang
et al. 2019b; Li, Morgans & Yang 2020a; Laurent, Badhe & Nicoud 2021). Recently, a
quaternion-based ansatz for describing the acoustic field from Ghirardo & Bothien (2018)
was combined with the wave equation by Faure-Beaulieu & Noiray (2020) to describe an
ideal annular combustor, unifying previous modelling approaches. The latter theoretical
article first considers the effects of time delayed flame response, asymmetries and mean
azimuthal flow in a deterministic framework. Second, it investigates theoretically the effect
of additive stochastic forcing from the turbulent combustion noise that is inherent to
practical combustors. However, this reference does not present the Fokker–Planck equation
describing the probability density function of the thermoacoustic state, and does not
include experimental results.

The present paper deals with explicit and spontaneous breaking of rotational and
reflectional symmetries of the thermoacoustic dynamics. Let us now clarify the meaning
of these different types of symmetry breaking and the associated available experimental
and theoretical knowledge.
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Explicit rotational symmetry breaking – corresponds to situations where mixed or
standing thermoacoustic modes exhibit one or several preferential orientations, which
are consistently repeatable when the annular combustor is re-ignited and set to the
same operating condition. These preferred mode orientations originate from rotational
asymmetries of the annular configuration. When the turbulent combustion noise is
significant, such preferred orientation of the mode can be identified from sufficiently long
observation of the thermoacoustic dynamics at a stationary operating condition. Dawson
& Worth (2013) and Aguilar et al. (2021) investigated this type of symmetry breaking by
means of various rotationally asymmetric annular configurations, and Noiray et al. (2011)
showed that rotational resistive acoustic asymmetries cause this type of symmetry breaking
of the thermoacoustic dynamics.

Explicit reflectional symmetry breaking – corresponds to the preference of mixed
or spinning modes for the clockwise (CW) or the counterclockwise (CCW) spinning
direction. When the natural stochastic forcing from the turbulent combustion noise is
negligible, this preference can be found by performing a series of re-ignitions at the
considered operating condition and collect the statistics of CW vs CCW stable limit
cycles. When the noise is significant at a given stationary operating condition, the mixed
mode sporadically change its spinning direction and the preference for CW or CCW
spinning can be deduced from sufficiently long observations. This symmetry breaking
of the thermoacoustic dynamics originates from a reflectional asymmetry of the annular
configuration, e.g. in presence of a mean azimuthal flow (Worth & Dawson 2013;
Faure-Beaulieu & Noiray 2020; Ghirardo et al. 2021), or from rotational resistive and
reactive asymmetries with different orientations (Faure-Beaulieu et al. 2021b). This last
reference presents experiments performed with the same combustor as in the present work,
but at different operating conditions.

Spontaneous reflectional symmetry breaking – corresponds to situations for which,
although the annular configuration is symmetric, the quasi-steady increase of a system
parameter leads, beyond a certain threshold, to a loss of reflectional symmetry of the
thermoacoustic dynamics. This phenomenon has been investigated by Faure-Beaulieu
et al. (2021a): below a critical equivalence ratio, the thermoacoustic dynamics is
characterized by noise-driven equiprobable intermittent transitions between CW and
CCW mixed modes; when the equivalence ratio is slowly increased beyond this critical
equivalence ratio, the mode chooses one spinning direction and no further direction
reversal is observed; the inherent stochastic forcing from the turbulent combustion noise
is then too weak to induce any further erratic transitions across the potential barrier of the
underlying symmetric ‘sombrero’ potential. If several quasi-steady sweeps of equivalence
ratio are performed through the threshold, CW and CCW spinning are equiprobable as
final state, i.e. the state probability symmetry is recovered in the sense of ensemble
average.

Spontaneous rotational symmetry breaking – corresponds to situations where a
transition from a rotationally symmetric thermoacoustic dynamics (spinning mode or
mixed mode whose standing component exhibits a drifting nodal line orientation) to
symmetry-broken dynamics (mixed mode with standing component exhibiting a fixed
nodal line orientation) occurs when a system parameter is quasi-steadily varied across
a critical value, although the annular configuration is symmetric. So far, no experimental
evidence of this type of symmetry breaking has been reported.

Bearing all this in mind, let us turn now to the phenomenon investigated in
the present work: several studies based on nominally axisymmetric combustors have
reported observations of preferred orientation of azimuthal modes (Worth & Dawson
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2013; Bourgouin et al. 2015a; Faure-Beaulieu et al. 2021a; Kim et al. 2021). These
observations are manifestations of explicit rotational symmetry breaking in spite of the
fact that these combustors were designed to be rotationally symmetric, in contrast to
the studies of Dawson & Worth (2013) and Aguilar et al. (2021) where the symmetry
is deliberately broken by using baffles or different types of burners. In this work,
we will explain this hitherto unexplained phenomenon, elucidating why imperceptible
system asymmetries have a highly detectable effect on the thermoacoustic dynamics in
the vicinity of the Hopf bifurcation. To that end, the change of phase space topology
across the transition from linearly stable azimuthal thermoacoustic modes to limit cycles,
both forced by turbulence-induced broadband internal noise, will be unravelled and
modelled: we will show that the route to a self-sustained quasi-pure spinning mode
passes through stationary states that are characterized by mixed modes whose standing
component exhibits a statistically prevailing orientation and intermittent reversals of
the spinning component direction. For the first time, we derive and solve numerically
the Fokker–Planck equation corresponding to the model of Faure-Beaulieu & Noiray
(2020). We show that this one-dimensional model fully reproduces the modal dynamics
of the three-dimensional experimental annular combustor. Finally, we demonstrate that
symmetrically designed combustors will always display explicit rotational symmetry
breaking of the thermoacoustic modes at the bifurcation.

2. Experimental evidence of explicit and spontaneous symmetry breaking

Experiments were conducted using an annular combustor with 12 premixed flames
operated at atmospheric conditions (see figure 1) and fuelled with a mixture of 70 % H2
and 30 % CH4 by power. The thermal power was fixed to 72 kW and the equivalence
ratio was used as a bifurcation parameter. It was changed by adjusting the air mass flow,
while keeping the fuel mass flow constant. It was varied between 0.4875 and 0.575 in steps
of 1.25 × 10−2. The collected dataset which is used here to investigate the unexpected
explicit rotational symmetry breaking of the thermoacoustic dynamics, is the same as
the one used by Faure-Beaulieu et al. (2021a) to investigate the spontaneous reflectional
symmetry breaking. The hydrogen–methane–air mixture is fed into a cylindrical plenum
located at the bottom part of the combustor in figure 1(a). This plenum conditions and
divides the flow into 12 axisymmetric burners. The burners are composed of 150 mm
long tubes of 18.9 mm diameter, with central rods terminated by bluff bodies of 13 mm
diameter. Just downstream of these bluff bodies, hot products recirculate, which ensures
robust anchoring of the flames. In contrast to experiments by Worth & Dawson (2013),
the burner tubes are not equipped with a swirler, which is another typical element of
gas turbine burners used to further strengthen the flame anchoring (Chterev et al. 2014).
The burners are equally spaced around the circumference of the annular combustor, i.e.
with 30◦ between each injector, as shown in the top view of the combustion chamber
in figure 1(c). The inner and outer walls of the chamber were 120 and 300 mm long,
respectively, with diameters of 127 and 212 mm. They were water cooled, enabling long
run times and equilibrium wall temperatures.

Twelve Kulite (XCS-093-05D) pressure transducers were mounted at six azimuthal
and two longitudinal positions flush with the inner wall of the burner tubes and
recorded with a sampling rate of 51.2 kHz. The natural chemiluminescence of the flames
viewed from the exhaust is recorded with a high speed camera using the same optical
system as in the paper of Worth & Dawson (2013). Figure 2(a) shows the averaged
chemiluminescence, which can be considered as proportional to the heat-release rate in
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Figure 1. (a) Model gas turbine combustor. (b) Phase-averaged flame chemiluminescence. (c) Acoustic
pressure recorded with six transducers. During the selected interval, the thermoacoustic limit cycle is a
quasi-purely spinning eigenmode.
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Figure 2. (a) Averaged overhead heat-release rate for Φ = 0.5. (b) Heat release rate per burner normalized
by the average heat-release rate.

this perfectly premixed configuration, for a thermoacoustically stable operating point at
Φ = 0.5. Figure 2(b) depicts the time-averaged heat-release rate per burner for several
operating conditions, showing small discrepancies between the flames with a standard
deviation of approximately 5 %, although the burners are designed to be identical and the
cylindrical plenum to be axisymmetric. For each Φ, the combustor was ignited, run for
at least 60 s to reach thermal equilibrium before recording 100 s of acoustic data while
keeping the operating condition constant, and then turned off. The sound pressure level
(SPL) in the annular combustor is plotted in figure 3(a) for four Φ. When Φ = 0.5,
the thermoacoustic system is linearly stable. The strongest resonance corresponds to
an eigenmode whose azimuthal distribution exhibits one acoustic wavelength along the
annular chamber circumference, and whose frequency is approximately 1090 Hz. The
resonance oscillation of the different modes is sustained by the inherent broadband
acoustic forcing from the turbulent combustion process. For larger Φ, the acoustic energy
production resulting from the constructive thermoacoustic feedback exceeds the acoustic
energy dissipation, and the dominant eigenmode becomes linearly unstable. Under these
conditions, thermoacoustic limit cycles are reached at the aforementioned resonance
frequency (Noiray & Schuermans 2013a). Their dynamics is governed by the nonlinear
coherent response of the flame to the acoustic field and by the turbulent fluctuations of the
heat-release rate.

Figure 3(b) presents the acoustic pressure p at three azimuthal locations during two
short intervals (I) and (II) of the 100 s record for Φ = 0.55, for which the self-sustained
azimuthal thermoacoustic mode spins in the CCW and in the CW direction.
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Figure 3. (a) SPL for increasing Φ. (b) Selected intervals for Φ = 0.55, during which the azimuthal mode is
mixed, with CW and CCW spinning directions. The angles in the legend correspond to the locations of the
transducers.

Recently, Ghirardo & Bothien (2018) proposed a new ansatz for the acoustic pressure
field based on quaternions to describe azimuthal eigenmodes in annular combustors. A set
of four state variables A, θ, χ and ϕ, which vary slowly with respect to the fast acoustic
time scale 2π/ω, and which can be extracted from the acoustic pressure time series, allows
the following well-defined description of the state of an azimuthal thermoacoustic mode:

p̃(Θ, t) = A(t) ei(θ(t)−Θ) e−kχ(t) ej(ωt+ϕ(t)), (2.1)

where t and Θ are the time and the azimuthal coordinate, and i, j and k are the quaternion
units. The acoustic pressure is Re(p̃). It can be expanded as

p(Θ, t) = A cos(Θ − θ) cos(χ) cos(ωt + ϕ) + A sin(Θ − θ) sin(χ) sin(ωt + ϕ), (2.2)

and A is the real-valued positive slowly varying amplitude. The slowly varying angle θ

describes the position of the anti-nodal line and the eigenmode state is identical for θ

and θ + π. The slowly varying angle χ indicates whether the azimuthal eigenmode is a
standing wave (χ = 0), a pure CW or CCW spinning wave (χ = ∓π/4) or a mix of both
for 0 < |χ | < π/4. The angle ϕ stands for slow temporal phase drift. These variables fully
describe the acoustic fields p as a function of the time and azimuthal position.

Figure 4(a) shows the time traces of the extracted slow-flow variables together with
their probability density functions (PDFs) for the last 6 s of the record, an interval that is
representative of the stationary dynamics when Φ = 0.55. The joint PDF of the first three
state variables deduced from the 100 s record at Φ = 0.55 is also shown in figure 5(b),
where A, θ and 2χ are taken as spherical coordinates as shown in figure 5(a).

At the condition Φ = 0.55, the amplitude of the azimuthal mode has a relatively small
standard deviation compared with its mean value. The intermittent changes of sign of
the nature angle χ correspond to changes of spinning direction of the mixed mode, as
shown in figure 3(b). Although the difference is small, the most probable orientation of
the anti-nodal line of the mixed mode’s standing component is not the same whether the
mode spins CW or CCW, a phenomenon that had never been reported and that will be
explained at the end of the paper.

We now consider the evolution of the state variable PDFs in the vicinity of the Hopf
bifurcation. These stationary PDFs are shown in the left column of figure 6 for several
values of the bifurcation parameter Φ. Also, the time evolution of these state variables
during 6 s intervals at four of the stationary operating conditions are presented in figure 7.
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Figure 4. (a) Evolution of slow-flow variables that define the state of the azimuthal thermoacoustic mode,
during the last 6 s of the experimental record for Φ = 0.55, together with their PDFs. (b) PDFs and time
traces from the time-domain simulations of (6.5), which includes both resistive and reactive asymmetries
(ε = 0.0023, Θε = 0.66 rad, Γ/ω2 = 4.2 × 105 Pa2 s−1, ν = 17 s−1, c2β = 17 s−1, Θβ = 0.63 rad and
κ = 1.2 × 10−4 Pa−2 s−1).
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Figure 5. (a) Bloch sphere representation of the state of the azimuthal mode. (b,c) Experimental joint PDFs
for Φ = 0.525, 0.55.

The evolution of P(A), shown in figure 6(a), is typical of a supercritical Hopf bifurcation
in presence of additive random forcing (Juel, Darbyshire & Mullin 1997). The bifurcation
occurs around Φ = 0.5125. This point separates broadband-noise-driven resonances,
when the azimuthal thermoacoustic mode is linearly stable, from limit cycles, when
it is linearly unstable. The change of the mean amplitude is relatively smooth, which
allows us to exclude the possibility of a sub-critical Hopf bifurcation, such as the ones
investigated by Gopalakrishnan et al. (2016) or Noiray (2017). Next, one can consider
how P(ϕ) changes with Φ in figure 6(d). Overall, the slowly varying temporal phase ϕ

drifts sufficiently during these 100 s records to yield rather flat distribution between 0 and
2π. One can notice that some phases are statistically prevailing for the higher range of
investigated Φ, but these PDF maxima differ from case to case, and moreover, they wane
when longer time traces are considered for computing the statistics, in agreement with the
model which we propose in this article.

More interesting are the statistics of θ and χ , which are respectively associated with
an explicit rotational symmetry breaking and with a spontaneous reflectional symmetry
breaking of the thermoacoustic dynamics in this work. Let us begin with P(θ) in
figure 6(c): even though the combustor was designed as rotationally symmetric as possible
with a discrete rotational symmetry of order 12 (due to the 12 burners), the experimental
results show a clearly preferred and repeatable anti-nodal line position for the different Φ.
Given the long run times and the high-order discrete rotational symmetry of the chamber,
one would either expect a quasi-uniform distribution of θ or a new preferred nodal line
direction each time the combustor is ignited. The only explanation for the repeatable

944 A15-7

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

02
2.

46
8 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2022.468


T. Indlekofer, A. Faure-Beaulieu, J.R. Dawson and N. Noiray

(a)

(b)

(c)

(d )

Φ
0.50 0.55 0.50 0.55

Φ

ϕ

0

π

2π

θ 
m

o
d
 π

0

π

χ 0

A 
(P

a)

0

1000

Experiments Simulations

π /4

–π /4

π /2

(e)

( f )

(g)

(h)

Figure 6. Stationary PDFs of A, χ , θ and ϕ at several Φ in the vicinity of the supercritical Hopf bifurcation.
The PDFs are deduced from the slow-flow variable time traces, which are extracted from the acoustic pressure
time traces following the procedure in Ghirardo & Bothien (2018). For (a)–(d), the acoustic time traces were
obtained experimentally. For (e–h), the acoustic time traces were obtained by simulating 100 s of (3.1). Linear
dependencies with respect to Φ of the parameters (ν, c2β, κ , Γ ) were deduced from the data processing and
presented in figure 9. For the simulations, Θβ has simply been kept at a constant value of 0.63 rad, which
corresponds to the average value of θ observed in the experiments. The spontaneous reflectional symmetry
breaking of the thermoacoustic dynamics, i.e. a clearly preferred spinning direction, is seen in the PDF of χ

and occurs when Φ is increased from from 0.5625 to 0.575. The explicit rotational symmetry breaking of the
thermoacoustic dynamics, i.e. a clearly preferred nodal line orientation, manifests itself in the PDF of θ and is
visible for the entire range of Φ.

preferred orientation is the presence of an explicit rotational symmetry breaking in the
thermoacoustic system.

In addition to this explicit rotational symmetry breaking, the thermoacoustic dynamics
exhibits a spontaneous reflectional symmetry breaking, which has been investigated by
Faure-Beaulieu et al. (2021a) and which manifests itself in figure 6(b): When Φ < 0.55,
P(χ) is unimodal, with a maximum close to zero, indicating that the thermoacoustic mode
is mixed, with predominant standing wave component, which corroborates the theoretical
studies from Faure-Beaulieu & Noiray (2020) and Ghirardo & Gant (2021). Considering
figure 7, one can see that the underlying time traces exhibit erratic fluctuations of χ

around 0. For 0.55 ≤ Φ ≤ 0.5625, P(χ) is bimodal, which indicates that the spinning
wave component of the mixed mode is predominant. The intermittent changes of spinning
direction for Φ = 0.55, shown in figures 4(a) and 7, are less frequent and more pronounced
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Figure 7. Experimental time traces of the state variables under stationary operating condition for different
equivalence ratios. The duration of these time traces (6 s) is the same as the one presented in figure 2(c) of the
main document. The extraction of the instantaneous state variables A, χ , θ and ϕ from the acoustic pressure
signals is performed using the method proposed in Ghirardo & Bothien (2018).

than for Φ = 0.525. When the equivalence ratio is further increased to Φ = 0.575, one
can see in figure 6(b) that the sporadic reversals of spinning direction do not take place
anymore: the mixed mode spins in the CW direction and the symmetry of its state
PDF is spontaneously broken beyond this threshold. As explained by Faure-Beaulieu
et al. (2021a), this spontaneous reflectional symmetry breaking is due to the fact that
the intensity of the inherent stochastic forcing is too low to induce further crossing
of the potential barrier separating the CW and the CCW attractors. It is worth noting
that, when the combustor is ignited and ramped up to Φ = 0.575, the final stationary
thermoacoustic state can also be the CCW mixed mode, which is shown in figure 8, and
which demonstrates that both attractors coexist. The model presented in the remainder
of this article, reproduces both the reflectional spontaneous symmetry breaking and the
unexpected rotational explicit symmetry breaking.

3. Thermoacoustic wave equation

In the work of Faure-Beaulieu & Noiray (2020), the quaternion acoustic field was inserted
into the following wave equation with distributed heat-release rate fluctuations to model
the thermoacoustic dynamics of an idealized thin annular chamber:

∂2p
∂t2

+ α
∂p
∂t

− c2

R2
∂2p
∂Θ2 = (γ − 1)

∂Q̇
∂t

+ Ξ(Θ, t). (3.1)

In this equation, α is the acoustic damping at the annulus boundaries, R the annulus
radius, c the speed of sound, γ the heat capacity ratio, Q̇(Θ, t) the coherent component
of the heat-release-rate fluctuations and Ξ a spatially distributed white Gaussian noise
representing the effect of turbulent fluctuations of the heat-release rate (e.g. Clavin, Kim &
Williams 1994; Lieuwen 2003; Lieuwen & Banaszuk 2005; Noiray & Schuermans 2013a).
The coherent heat-release-rate fluctuations are then linked to the acoustic field using the
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Figure 8. Experimental time traces of the state variables at Φ = 0.575 a thermal power of 72 kW. Two
independent tests were performed. For each of them, the annular combustor is ignited and set to the same
operating condition Φ = 0.575. The twenty seconds time traces of χ show that the final steady state can either
be a CW mixed mode or a CCW one.

expression

(γ − 1)Q̇ = β[1 + c2 cos(2(Θ − Θβ)]p − κp3. (3.2)

The first term stands for the linear response of the fluctuating heat-release rate to
acoustic perturbations. If β > α and c2 = 0, the linear growth rate of the thermoacoustic
mode ν = (β − α)/2 is positive, i.e. the mode is linearly unstable, and small acoustic
perturbations are exponentially amplified. This pure exponential growth is not observed
in real combustors because of the inherent turbulence-induced stochastic forcing Ξ and
because of the nonlinearity of the flame response to the acoustic field beyond a certain
level. The first term also accounts for spatial non-uniformities along the annulus, through
the second component c2 cos(2(Θ − Θβ)) of the Fourier series of any distribution of
heat-release-rate source, which is the only component influencing the first azimuthal
eigenmode as shown by Noiray et al. (2011). Given that real nominally symmetric
combustors always exhibit some small asymmetries – this fact is exemplified by the
mean heat-release-rate distribution of the present experimental system shown in figure 2
– it is crucial to use this Fourier series in the model, because it will be shown that
even imperceptible non-uniformities of the thermoacoustic coupling have a significant
observable effect close to the bifurcation. The angle Θβ is the direction of maximum
root mean square acoustic pressure. In the theoretical studies of Noiray et al. (2011)
and Faure-Beaulieu & Noiray (2020), the assumption Θβ = 0 was made for simplicity,
and without loss of generality, because the origin of Θ can be chosen arbitrarily. In the
present work, we keep the same origin for all the operating points because the preferential
orientation of the mode can vary for different operating conditions. The second term
of (3.2), −κp3, defines the saturation of flame response, which leads to limit cycle
oscillations, and is sufficient to adequately capture the thermoacoustic dynamics in the
vicinity of supercritical Hopf bifurcations as in the works from Lieuwen (2003), Noiray
& Denisov (2017), Hummel et al. (2018) and Lee et al. (2021). Possible non-uniformities
of the nonlinear term are not accounted for in order to ease the parameter identification
process. The modelling assumptions are now discussed in more detail.
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Symmetry breaking of thermoacoustic modes in annular geometries

First, real annular combustors have an overall toroidal shape but they also include
complex three-dimensional (3-D) geometrical features. Consequently, their acoustic field
can only be predicted using the 3-D wave equation. However, in the present paper, we are
only interested by the azimuthal distribution of the acoustic modes at fixed radial and axial
positions. Therefore, we can describe the dynamics of this azimuthal component with a
one-dimensional (1-D) wave equation (e.g. Noiray & Schuermans 2013b; Faure-Beaulieu
& Noiray 2020; Faure-Beaulieu et al. 2021b).

Then, the saturation of the flame response to acoustic perturbations is simply modelled
as Q̇ = βp − κp3, or Q̇ = βp(1 + c2 cos(2(Θ − Θβ))) − κp3 in presence of second-order
asymmetry in the linear thermoacoustic coupling term. This low-order model, with
linear and cubic term only, is a valid description in the vicinity of a supercritical Hopf
bifurcation. Higher-order polynomials or sigmoid-type functions could be used to extend
its validity further away from the Hopf point (Noiray 2017; Bonciolini et al. 2021; Lee et al.
2021). However, using a more elaborate nonlinear flame response model complicates the
parameter identification. Considering that in this article, we focus on the neighbourhood
of the Hopf point, we use the simple cubic nonlinearity, which corresponds to the normal
form of the bifurcation.

Furthermore, considering that, in practice, coherent heat-release-rate oscillations
resulting from acoustic perturbations occur after a certain convective delay, it may seem
inappropriate to omit this phase lag in the model for Q̇. Indeed, acoustic pressure
fluctuations in the combustion chamber and in the plenum induce coherent velocity and
equivalence ratio perturbations in the burners which do not instantaneously propagate
to the flame, i.e. there is a phase lag between the acoustic field and the coherent
heat-release-rate response. A model with such phase lag was derived by Faure-Beaulieu &
Noiray (2020) but it is not used in this paper for the following reasons: firstly, accounting
for a convective delay in this model does not substantially change the phase space topology
when it is short compared with the inverse of the thermoacoustic growth rates, which is
usually true in practice. The interested reader can refer to the work by Bonciolini et al.
(2021) where the validity of this simplification for low-order modelling of thermoacoustic
instabilities is discussed in detail. Secondly, accounting for it would necessitate the
identification of an additional parameter (the time delay), which cannot be achieved in
a robust manner with the observables (acoustic pressure signals at six azimuthal locations
in the annular combustor) considered in the present work.

Next, it is worth mentioning that a nonlinear flame response model, which depends not
only on the acoustic pressure load across the burners but also on the azimuthal acoustic
velocity in the annular chamber, has also been proposed by Ghirardo & Juniper (2013). In
that paper, a deterministic analysis shows that, with such a flame response model, standing
modes can be attractors even in the absence of asymmetry. In that scenario, the nodal
line direction is solely defined by the initial condition. This means that, in practice, it
would stabilize at a random value after each ignition of the combustor. It would thus not
exhibit a statistically prevailing direction, which is indisputably an evidence of spatial
asymmetry in the configuration, and which we observe in the present work. The theoretical
work of Ghirardo & Juniper (2013) followed, and inspired experimental and theoretical
studies (e.g. O’Connor & Lieuwen 2011; Acharya et al. 2014; Saurabh & Paschereit 2017;
Smith et al. 2018; Li et al. 2019) where combinations of axial and transverse acoustic
forcing of compact swirled turbulent flames were considered. Besides, it can be noted
that, in the work of Berger et al. (2017) and of Hummel et al. (2017), the response of a
non-compact swirled flame to transverse acoustic excitation was investigated for the case
of high frequency thermoacoustic instabilities. However, since a simple model, which only
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involves the acoustic pressure load across the burners, allows us to satisfactorily reproduce
and explain the main experimental observations, we do not include the additional possible
effect of the azimuthal acoustic velocity in our flame response model.

Another relevant mechanism that is not considered in our model is the effect of the
mean azimuthal flow on the thermoacoustic coupling, which was recently investigated by
Bauerheim, Cazalens & Poinsot (2015) and Faure-Beaulieu & Noiray (2020). Indeed, it
is predicted in § IX of Faure-Beaulieu & Noiray (2020) that, for an idealized combustor
with heat-release rate occurring in a region with a net azimuthal flow, the spinning mode
rotating against the azimuthal mean flow direction attracts the dynamical system with
more strength than the co-rotating spinning mode. This mechanism could be a possible
explanation for very recent experimental observations by Ghirardo et al. (2021). In the
latter work, the authors used a combustor with the same architecture and main dimensions
as in the present paper. However, they had more burner tubes (18 instead of 12) and these
burners were equipped with axial swirlers. Consequently, the reactive flow field in the
combustor substantially differed from the one studied in this work. In particular, one can
see in figure 2 of Ghirardo et al. (2021), that the mean heat-release rate is concentrated
toward the inner radius of the annular combustion chamber, where the co-rotating swirling
flames, uniformly distributed along the annulus, impart a CW swirling motion to the flow.
On the other hand, towards the outer radius, there is a bulk swirling motion in the CCW
direction, as it was sketched with black arrows in figure 1(c) of Worth & Dawson (2014).
Assuming that the coherent fluctuating heat-release rate is more intense toward the inner
wall of the chamber, where the mean heat-release rate is larger and where the flow exhibits
a substantial bulk azimuthal velocity in the CW direction, the theory proposed in § IX of
Faure-Beaulieu & Noiray (2020) could be an explanation for the reported predominance of
the CCW spinning thermoacoustic mode with this particular combustor. One can also note
that these observations are in agreement with the forced experiments reported by Nygård
et al. (2019). Now, considering that in the present work, the burner tubes do not have
swirlers, it can be assumed that the hot product velocity in the annulus does not exhibit an
azimuthal component. Therefore, this feature of the model from Faure-Beaulieu & Noiray
(2020) is not included in this work.

The parameters of the model given by (3.1) and (3.2) can be identified from the
experimental data. To that end, we do not use the acoustic pressure time traces directly.
Instead, we consider the time evolution of the state variables A, θ , χ and ϕ, which can
be extracted from the acoustic pressure traces, in order to achieve a robust model-based
and data-driven parameter identification. In fact, this method necessitates a time-domain
model for the state variables, which is presented in § 4. Once identified, the parameters
will be used to perform time-domain simulations of (3.1) in § 5.

4. Langevin equation for the state variables

The coupled Langevin equations for A, θ , χ and ϕ, derived by Faure-Beaulieu & Noiray
(2020) by performing spatial and temporal averaging of (3.1), are very convenient to
perform parameter identification, because they allow us to separate the contribution of
the different parameters in distinct equations and therefore to reliably identify them. This
system of equation is written as

Ẏ = F (Y ) + B(Y )N, (4.1)

and governs the dynamics of the azimuthal mode state vector Y = (A, χ, θ, ϕ)T

via a deterministic contribution F (Y ) and a stochastic forcing term B(Y )N , where
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Symmetry breaking of thermoacoustic modes in annular geometries

N = (ζA, ζχ , ζθ , ζϕ)T is a vector of independent white Gaussian noises of intensity
Γ/2ω2. The latter intensity involves the constant Γ , which is the spatially averaged
stochastic forcing level originating from the turbulent fluctuations of the heat-release rate.
The expressions for F and B were derived by Faure-Beaulieu & Noiray (2020) and are
given below

FA(Y ) =
(

ν + c2β

4
cos(2(θ − Θβ)) cos(2χ)

)
A − 3κ

64
(5 + cos(4χ))A3 + 3Γ

4ω2A
,

(4.2)

Fχ(Y ) = 3κ

64
A2 sin(4χ) − c2β

4
cos(2(θ − Θβ)) sin(2χ) − Γ tan(2χ)

2ω2A2 , (4.3)

Fθ (Y ) = −c2β

4
sin(2(θ − Θβ))

cos(2χ)
, (4.4)

Fϕ(Y ) = c2β

4
sin(2(θ − Θβ)) tan(2χ), (4.5)

where we introduced ν = (β − α)/2, which is the linear growth rate of the amplitude A in
absence of asymmetries (c2 = 0), and where

B(Y ) =

⎛
⎜⎜⎝

1 0 0 0
0 A−1 0 0
0 0 (A cos(2χ))−1 0
0 0 − tan(2χ)/A A−1

⎞
⎟⎟⎠ . (4.6)

The analysis of the equilibrium points of Ẏ = F (Y ) was performed in Faure-Beaulieu
& Noiray (2020), where it was shown that, for an ideal axisymmetric geometry with
c2 = 0 and Γ /= 0, the attractor of the deterministic part of (4.1) is a mixed mode when
27κΓ/(256ν2ω2) < 1 or otherwise a standing mode. In both cases, the instantaneous
anti-nodal line θ drifts slowly according to a random walk. For annular chambers featuring
a certain degree of azimuthal asymmetry but without stochastic forcing (c2 /= 0 and
Γ = 0), the attractors are mixed modes if c2β/(2ν) < 1 and otherwise standing modes,
which was already found in Noiray et al. (2011).

This model cannot be used to predict the stability and slow-flow dynamics of a real
combustor from the knowledge of its geometry and operating condition. However, as
mentioned above, we show here that its handful of parameters [ν; c2β; κ;Γ ] can be
identified from the experimental data and then the model can reproduce the thermoacoustic
dynamics.

Several methods are available for disentangling deterministic and stochastic
contributions in stochastic trajectories (e.g. Brückner, Ronceray & Broedersz 2020;
Ferretti et al. 2020; Frishman & Ronceray 2020). Here, we use a method, which was
adapted from the work of Friedrich and co-workers (Siegert, Friedrich & Peinke 1998;
Friedrich et al. 2002; Böttcher et al. 2006; Friedrich et al. 2011) to the investigation
of nonlinear oscillators subject to random forcing (e.g. Noiray & Schuermans 2013a;
Bonciolini, Boujo & Noiray 2017; Boujo & Noiray 2017; Noiray & Denisov 2017; Boujo
et al. 2020), and which was applied to thermoacoustic and aeroacoustic instabilities.
More recently, this framework was further developed and used for the analysis of global
hydrodynamic instabilities in turbulent flows (e.g. Lee et al. 2019; Callaham et al. 2021;
Sieber, Paschereit & Oberleithner 2021).

First, for each Φ, the transition probabilities of the state variables are extracted. Then,
these probabilities are used to compute the first and second Kramers–Moyal coefficients
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Figure 9. Parameters identified with the model-based data-driven approach explained in the Appendix A.
The identified value for κ is 1.2 × 10−4 Pa−2 s−1. Continuous lines show the linear regressions of the model
parameters as a function of Φ.

that serve as basis for parameter identification with least square fitting. More details about
the robustness of the parameter identification are given in the Appendix A of this article.
The results of this model-based data-driven parameter identification are presented in
figure 9. It was found that simple linear regression for the dependencies of ν = (β − α)/2,
c2β, κ and Γ on Φ allows to unravel the complex topology of the phase space. Indeed, in
§ 5, these parameters are used to run time-domain simulations of the wave equation (3.1)
to generate 100 s acoustic time series for each Φ, from which the state variables and their
statistics are extracted and successfully compared with the ones of the experiments.

5. Time-domain simulations of the thermoacoustic dynamics

For each of the values of Φ considered in the experiments, a time-domain simulation of
the thermoacoustic problem given by (3.1) and (3.2) is performed with the identified linear
functions of Φ for the model parameters ν, c2β and Γ/ω2 that are shown in figure 9. The
numerical approach for these simulations is explained below.

The geometry is 2π-periodic and the acoustic pressure field can be projected on the
orthogonal basis formed by the eigenmodes of the homogeneous 1-D wave equation

p(t, Θ) =
∞∑

n=1

ηa,n(t) cos(nΘ) + ηb,n(t) sin(nΘ). (5.1)

In the present case, the thermoacoustic instability is governed by a single eigenmode,
whose azimuthal distribution corresponds to one acoustic wavelength. Therefore, only
the first term of this expansion is kept and we use the ansatz p(t, Θ) = ηa(t) cos(Θ) +
ηb(t) sin(Θ) in (3.1). As in Noiray & Schuermans (2013b), we project (3.1) on the
orthogonal natural eigenfunctions cos(Θ) and sin(Θ) in order to obtain coupled oscillator
equations for the standing components ηa and ηb

η̈a + ω2ηa =
(

2ν + c2β

2
cos(2Θβ) − κ

4
(9η2

a + 3η2
b)

)
η̇a

+ c2β

2
sin(2Θβ)η̇b − 3

2
κηbηaη̇b + ζa,

η̈b + ω2ηb =
(

2ν − c2β

2
cos(2Θβ) − κ

4
(9η2

b + 3η2
a)

)
η̇b

+ c2β

2
sin(2Θβ)η̇a − 3

2
κηaηbη̇a + ζb,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(5.2)
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Symmetry breaking of thermoacoustic modes in annular geometries

where ω = c/R is the eigenfrequency of the first azimuthal mode, and ζa and ζb are
independent Gaussian white noises of intensity Γ resulting from the projection of the
turbulence-induced stochastic forcing Ξ(Θ, t) onto cos(Θ) and sin(Θ).

It should be noted that, in this section, we are not using the ansatz (2.2), which was
considered for deriving the Langevin equations for the state variables. This is because,
here, we want to resolve the fast acoustic dynamics with the identified model parameters,
and the modal projection is just a convenient alternative to the direct simulation of the
partial differential equation (3.1), where the only simplifying assumption is the truncation
of the expansion to a single azimuthal mode.

Stochastic Runge–Kutta methods exist to solve stochastic differential equations with a
white noise term, but unlike classic Runge–Kutta methods, their implementation becomes
very complex when the discretization order is greater than 1. As the classical first-order
stochastic methods need an excessively small time discretization to solve the second-order
system (5.2), we adopt another method: ζa and ζb are first computed as independent
Ornstein–Uhlenbeck processes, whose correlation time τc is very small compared with
the acoustic period. The corresponding stochastic differential equation is τc dζ = −ζ dt +√

Γ dW, where dW is a Wiener process and Γ the noise intensity. It is readily solved
with a first-order Euler–Maruyama scheme. Then, ζa and ζb are used as external forcing
in (5.2), which are treated as ordinary differential equations that are integrated with a time
step Δt that is small compared with the autocorrelation times of the dynamic noises. We
set τc = 50 μs and Δt = 5 μs. The acoustic period is T � 0.92 ms, so τc/T ≈ 5 × 10−2,
and ζa and ζb have the same effect on the modal dynamics as white noises of intensity
Γ . It is important to stress that the additive stochastic forcing produced by the turbulent
component of the heat-release-rate fluctuations is not a white noise, but its broadband
nature usually allows us to safely approximate it as such (Bonciolini et al. 2017). The
intensity Γ should thus be interpreted as the forcing level in a narrow frequency range
around the thermoacoustic instability frequency of an effective white noise.

The model parameters, which have been identified by using the model-based data-driven
method presented in the Appendix A, and which are shown in figure 9, are now
used in (5.2) to perform time-domain simulations at each of the equivalence ratios
considered in this work. The time traces of ηa and ηb are then used to reconstruct
the spatio-temporal dynamics of the acoustic pressure in the annulus according to the
ansatz p(t, Θ) = ηa(t) cos(Θ) + ηb(t) sin(Θ). From these simulated acoustic pressure
data, the state variables are extracted and the results for four of the considered Φ

are presented in figure 10. The time traces of the state variables in this figure are
in close agreement with the ones extracted from the experimental data and shown
figure 7. Their PDFs are then computed from 100 s simulations in order to also compare
them with the experimental PDFs. The results are presented in figures 6(e)–6(h). The
excellent match between the experimental PDFs and the ones from the simulations
shows that, despite the simplifications invoked to derive the low-order model, it can
quantitatively reproduce the dynamics of the state variables. In particular, both the explicit
and the spontaneous symmetry breaking described in § 2 are reproduced by the model
simulations.

6. Phase space topology

Now that the thermoacoustic wave equation model given by (3.1) and (3.2) has been
validated against the present experimental observations, we use the corresponding
Langevin equation (4.1) for the state variables to draw general conclusions about the
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Figure 10. Time traces of the state variables A, χ , θ and ϕ, which were extracted from the simulated acoustic
pressure field. The extraction of these instantaneous state variables is performed using the method proposed in
Ghirardo & Bothien (2018).

thermoacoustic dynamics of azimuthal modes close to the Hopf bifurcation in real annular
combustors.

The two coupled equations for A and χ recently allowed us to identify the fundamental
mechanisms involved in the spontaneous symmetry breaking of the thermoacoustic mode
state (Faure-Beaulieu et al. 2021a). In fact, the symmetry of the phase space is not broken,
but beyond a certain linear growth rate, the symmetry of the state may be, if the mode
chooses either the CW or the CCW spinning state and the noise is not sufficiently large to
allow sporadic escape from and return to this attractor (Faure-Beaulieu et al. 2021a).

Here, we go significantly further by considering the stationary solutions of the
Fokker–Planck equation governing the joint PDF of the state vector in order to provide
a complete picture of the phase space topology. We will represent the PDF of the state
vector with a Bloch sphere representation, and therefore exclude from the analysis the state
variable ϕ, which is straightforward because it does not appear in the Langevin equations
of the other state variables. We thus consider the first three components of the (4.1), which
are written in compact form as

Ż = G(Z) + C(Z)M(t), (6.1)

where Z = (A, χ, θ)T , G = (FA, Fχ , Fθ )
T , M = (ζA, ζχ , ζθ , ζϕ)T and C is the submatrix

of B composed of its first three lines. The Fokker–Planck equation (FPE) describing the
time evolution of the PDF of the state vector Z is

∂P(Z)

∂t
= −∂Gi(Z)P(Z)

∂Zi
+ ∂2Dij(Z)P(Z)

∂Zi∂Zj
, (6.2)

where the diffusion matrix D = (Γ/4ω2)CCT is

D = Γ

4ω2

⎛
⎜⎝

1 0 0
0 A−2 0

0 0
1

(A cos(2χ))2

⎞
⎟⎠ . (6.3)
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Figure 11. Stationary PDF of the eigenmode state computed with the FPE for different levels of noise intensity
Γ and purely resistive asymmetry c2 (state probability: 20 % and 60 %). The reference case in the centre of the
bottom row corresponds to the parameters of the calibrated model for Φ = 0.55.

There are only terms on the diagonal, and DAA does not depend on A, Dχχ does not depend
on χ and Dθθ does not depend on θ . The FPE then becomes

∂P(Z)

∂t
= −∂Gi(Z)P(Z)

∂Zi
+ Dii(Z)

∂2P(Z)

∂2Zi
. (6.4)

The 3-D FPE (6.4) is solved in time, with an implicit time scheme, and symmetric 2-point
stencils for the first-order derivatives with respect to the state variables (and symmetric
3-point stencils for the second-order derivatives). The problem is initialized with 3-D
Gaussian distributions around the equilibrium values (A, χ, θ) = (A0, χ0, θ0) predicted
by the deterministic part of the model for the given set of parameters, which accelerates
the convergence of the simulation to the stationary PDF. Given that the angles θ and θ + π
represent the same state, the problem is accordingly initialized with a superposition of two
sets of Gaussian distributions. Absorbing boundary conditions are defined at A = 0.1A0
and A = 2A0, and at χ = ±0.9999π/4 – and not in ±π/4 because of the singularity of
tan(2χ). The probability leakage from these absorbing conditions is negligible because
of the steep slope of tan(2χ) around ±π/4, which pushes the PDF away from these
boundaries.

The case Φ = 0.55 is taken as reference. The corresponding identified parameters are
used in the 3-D FPE (6.4) to compute the stationary PDF, which is presented in the middle
of the bottom row of figure 11. From this reference state vector PDF, we arbitrarily change
the linear growth rate ν and the level of asymmetry c2 for fixed κ and Γ . The resulting
stationary solutions are presented around the reference PDF in figure 11.

Recalling that the eigenmode state is identical for θ and θ + π, we start the description
of this figure in the bottom right corner, where the state exhibits a unimodal PDF
corresponding to a statistically prevailing standing mode with fixed anti-nodal line
orientation. When the rotational asymmetry level is decreased, the PDF first becomes
bimodal, which corresponds to a predominant mixed mode with intermittent changes
of spinning direction. Ultimately, for c2 = 0, the nodal line cannot lock anymore on a
fixed orientation, it slowly drifts as a random walk and the PDF takes the form of two
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tori close to the poles. These results are in line with previous findings from Noiray &
Schuermans (2013b), which, however, only provided a simplified description of the phase
space topology.

Then, the effect of noise and of the linear growth rate can be analysed by moving
vertically in the diagram. For an ideal rotationally symmetric combustor (first column)
and for a fixed turbulent forcing level Γ and saturation constant κ , the effect of decreasing
the linear growth rate is seen by moving up: the two tori merge when the system is brought
close enough to the Hopf point (top row), which means that the system undergoes a
transition from predominantly spinning states to prevailing standing modes with single
torus PDF. However, a key consequence of the model, which had not been drawn so far,
is that this toroidal PDF will not be observed in real combustors, because the more the
source term gain β tends to α, and thus ν = (β − α)/2 → 0, the more c2β/(β − α) will
rise, which means that such decrease of β would be accompanied with a move towards
the right on the diagram. In other words, the effect of a resistive asymmetry, however
minute, will be magnified in the vicinity of the bifurcation, resulting in mixed modes with
repeatable preferred orientation.

Finally, we can add to the model tiny reactive asymmetries, which also exist in any
nominally symmetric real combustors due to inherent geometrical imperfections. They
can alternatively result from a non-uniform temperature distribution (Noiray et al. 2011),
or from a non-uniform reactive component of the flame and flow responses to acoustic
perturbations as recently shown by Faure-Beaulieu et al. (2021b). Here, we include
them in order to explain the small deviations between the model with purely resistive
asymmetry and some of the experimental observations. Indeed, when Φ = 0.55, there
are small changes of the anti-nodal line angle θ , which are correlated with the change
of spinning direction, and these changes are not retrieved from the model with purely
resistive asymmetries. As in the work of Faure-Beaulieu et al. (2021b) – modelling of
beating modes observed with the same combustor operated at significantly lower thermal
power (48 kW) – we introduce an azimuthal modulation of the term c2/R2 in the wave
equation (3.1), which becomes

∂2p
∂t2

+ α
∂p
∂t

− (1 + ε cos[2(Θ − Θε)])
c2

R2
∂2p
∂Θ2 = (γ − 1)

∂Q̇
∂t

+ Ξ(Θ, t), (6.5)

with the heat-release-rate response Q̇ given by (3.2). In this equation, ε is the amplitude
of the reactive asymmetry and Θε its orientation: they correspond to parameters m2 and
Θμ2 in the paper of Faure-Beaulieu et al. (2021b). After manual calibration of these
two additional parameters by using the experimental data at Φ = 0.55, which yields
ε = 0.0023, Θε = 0.03 + Θβ , we can reproduce the jumps of θ and the asymmetry of the
marginal PDF of χ . This is shown in figure 4(b), in which the slow-flow variables extracted
from time-domain simulations of (6.5) are presented. As explained by Faure-Beaulieu
et al. (2021b), the misalignment between the orientation Θβ of the resistive asymmetries
and the orientation Θε of the reactive asymmetries breaks the reflection symmetry of
the configuration which causes a preference for one of the two spinning directions. It
is worth emphasizing that this tiny reactive asymmetry (ε = 0.0023) induces both the
predominance of CW spinning modes and the small changes of θ synchronized with the
changes of χ previously reported in figure 4.

7. Conclusions

In this paper, the thermoacoustic dynamics of an azimuthal mode in an annular combustor
has been investigated experimentally and theoretically. Previous studies on this topic
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focused on isolated operating conditions, and one of the novelties of the present work
is that we reveal the complexity of the phase space for a range of conditions around the
bifurcation that separates linearly stable thermoacoustic states from limit cycles. We show
that our model closely reproduces the experimentally observed spontaneous and explicit
symmetry breaking of the azimuthal mode dynamics. Accounting for the presence of both
resistive and reactive asymmetries, this model allows us to explain the predominance of
a spinning direction, as well as the changes of preferred nodal line orientation, which are
synchronized with the intermittent changes of spinning direction.

The occurrence of the explicit rotational symmetry breaking, in the form of a statistically
dominant direction for the nodal line of the standing component of the eigenmode, was not
expected because the present combustor has been designed to be nominally symmetric.
We explain this surprising phenomenon with our model, by demonstrating that there is a
magnifying lens effect of tiny asymmetries at the bifurcation. This key finding results from
the fact that real annular chambers are always imperfect, and that these imperfections,
no matter how small, will be highly visible at the bifurcation and strongly influence the
stochastic modal dynamics. We can thus conclude that manufacturing annular combustors
free from explicit rotational symmetry breaking at the bifurcation is out of reach.
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Appendix A. Calibration of the model parameters

In this appendix, we explain how the parameters of the model, given by (3.1) and (3.2), are
identified from the experimental data. To that end, we make use of the Langevin equation
(4.1), which was obtained by applying spatio-temporal averaging to (3.1), as it was done
by Faure-Beaulieu & Noiray (2020). As in Faure-Beaulieu et al. (2021a), we decouple
equations for A and χ in the system (4.1), by using the mean values of A, |χ | and θ , which
gives

Ȧ =
(

ν + c2β

4
cos(2(θ0 − Θβ)) cos(2χ0)

)
A − 3κ

64
(5 + cos(4χ0))A3 + 3Γ

4ω2A
+ ζA,

(A1)

χ̇ = 3κ

64
A2

0 sin(4χ) − c2β

4
cos(2(θ0 − Θβ)) sin(2χ) − Γ tan(2χ)

2ω2A2
0

+ 1
A0

ζχ , (A2)

with A0, χ0 and θ0 the average values of A, |χ | and θ (mod π). By considering
such simplification of the model, the data post-processing is significantly eased without
compromising the accuracy of the identified parameters. Indeed, using the parameters
identified on the basis of these decoupled equations leads to model simulations that are
in close agreement with the experiments. This is because the relative fluctuations of A,
and of the terms involving χ and θ are small. Equation (4.5) implies that θ is attracted
towards Θβ , so that θ0 − Θβ is replaced by 0 in (A1) and (A2), and the parameter Θβ
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Figure 12. (a–c) Transition moments of A(t) and χ(t) for Φ = 0.55. For the extrapolation τ → 0, interpolated
exponential functions of τ for each amplitude and nature angle are used, and the associated surface is
superimposed in these figures on the raw transition moments. (d) Shows the extrapolation of the second
transition moment of A(t) for a non-filtered simulation, allowing a smaller time step than in the experiment.
It reveals that the surface flattens when τ → 0. Darker colour shades correspond to higher probabilities of A.
(a) Second transition moment of A(t), (b) first transition moment of A(t), (c) first transition moment of χ(t)
and (d) second transition moment of A(t) (simulation).

is associated with the peak value of P(θ). The decoupled equations can be written in the
following compact form:

Ȧ = FA(A) + √
DAAζ1, (A3)

χ̇ = Fχ(χ) + √
Dχχζ2, (A4)

where ζ1,2 are Gaussian white noises, i.e. 〈ζi(t)〉 = 0 and 〈ζi(t)ζi(t + τ)〉 = δ(τ ), and
where DAA = Γ/(2ω2) and Dχχ = Γ/(2ω2A2

0). Each of the Langevin equations (A3) and
(A4) has an equivalent FPE. They govern the time evolution of the PDF of A and χ ,
and their drift and diffusion coefficients are respectively FA and Fχ , and DAA and Dχχ .
Experimental data are used to identify the model parameters ν, c2β, κ and Γ , with a
method based on the extraction of these drift and diffusion coefficients the FPEs from
time traces (Friedrich et al. 2011).
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Figure 13. Fitting of DAA = Γ/(2ω2) using limτ→0 M(2)
AAτ weighted by P(A), the latter defining the colour of

the dots.

The drift and diffusion coefficients of FPEs are equal to the limit of the first two
transition moments. Therefore, FA and Fχ , which govern the deterministic part of the
stochastic processes A(t) and χ(t), are obtained by computing the first-order moments of
these time series

FA(A) = lim
τ→0

1
τ

∫
(Ǎ − A)P(Ǎ, t + τ |A, t) dǍ ≡ lim

τ→0
M(1)

Aτ , (A5)

Fχ(χ) = lim
τ→0

1
τ

∫
(χ̌ − χ)P(χ̌ , t + τ |χ, t) dχ̌ ≡ lim

τ→0
M(1)

χτ , (A6)

and the noise intensity in the equation for A(t) is obtained with the second-order moment

DAA = lim
τ→0

1
τ

∫
(Ǎ − A)2P(Ǎ, t + τ |A, t) dǍ ≡ lim

τ→0
M(2)

AAτ . (A7)

In these integrals, the conditional probability density P(y̌, t + τ |y, t) defines the
probability that the variable takes the value y̌ at a time t + τ , knowing that it was at y at
the time t. This identification method has been applied to thermoacoustic and aeroacoustic
problems, e.g. Noiray & Denisov (2017) and Boujo et al. (2020), and the latter reference
contains a detailed discussion about its applicability to the problem at hand.

Considering that the model describes the stochastic dynamics of a single thermoacoustic
eigenmode of the annular combustor, the parameter identification method is only
applicable if the frequency content associated with the eigenmode of interest is isolated.
This is achieved by band-pass filtering the time series around the thermoacoustic peak.
The width of the rectangular band-pass filter is Δf = 100 Hz. As explained in Boujo &
Noiray (2017), due to the filtering of the signal, only the statistics extracted for τ > 1/Δf
are meaningful. To obtain the limits for τ → 0 in (A5) and (A6), an extrapolation is then
performed with exponential functions a1 exp(a2τ) + a3 whose coefficients are obtained
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Figure 14. Fitting of FA(A) using limτ→0 M(1)
Aτ weighted by P(A), the latter defining the colour of the dots.

with least square fitting. The interested reader can also refer to the recent work of
Bonciolini et al. (2017) and Lehle & Peinke (2018) for the analysis of stochastic processes
driven by Ornstein–Uhlenbeck noise. An example of the extrapolations performed in the
present work is shown in figure 12 for Φ = 0.55. The next step is to fit the model to these
extrapolated time limits of the transition moments. The order in which the parameters are
identified for each Φ is the following.

First, the noise intensity Γ is obtained by taking the average of DAA weighted with the
PDF of A. This gives access to the value of Γ/ω2 and therefore to Γ since ω = 2πf is
directly obtained from the acoustic spectrum. This first step of the parameter identification
is shown in figure 13. As already observed in previous studies using the same model-based
parameter identification method for self-sustained oscillators (e.g. Noiray & Denisov
2017), the extrapolated values of DAA(A) exhibit a curved dependence with respect to A,
which seems contradictory with the expected amplitude-independent transition-moment
limit of the assumed model with additive white noise in (A1). Actually, this parabolic-like
shape results from difficulties in reliably extrapolating the finite-time second transition
moment of the amplitude to its limit at τ → 0, because it is computed from the amplitude
time traces of band-pass filtered, and thus smoothed, experimental acoustic data. Indeed,
using synthetic data generated by simulating (5.2), the finite-time transition moment M(2)

AAτ
can be more reliably obtained for smaller transition times τ than for the band-pass filtered
experimental data and one retrieves in figure 12(d) the expected flattening of M(2)

AAτ for
τ → 0.

Second, knowing ω and Γ , we identify the parameters C1 and C2 of the function

C1A + C2A3 + 3Γ

4ω2A
, (A8)

which provide the best fit with FA(A). This step is shown in figure 14, where a simple
least squares approach is used with a weighting of FA with P(A). Then, considering (A1),
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we know that C1 = ν + c2β/4 cos(2χ0) and C2 = −3κ(5 + cos(4χ0))/64. Therefore, we
obtain κ and the coefficient C1 = ν + c2β/4 cos(2χ0). It is found that the identified κ

does not significantly change when Φ is varied between 0.5 and 0.55, with a value around
1.2 × 10−4 Pa−2 s−1. To finally identify c2β and ν, we proceed to a last fit by considering
(A2) and its associated Fχ . The fitted function is

3κA2
0 sin(4χ) + C3 sin(2χ) − Γ tan(2χ)

2ω2A2
0

, (A9)

and the fitting outcome is shown in figure 15. The weighting used here is [P(χ)]2. Here,
the only coefficient to identify is C3, which is equal to −c2β/4 in the model. The method
does not permit separate identification of c2 and β, but only the value of the lumped
parameter c2β. With this, all the parameters are identified. Linear regressions of the model
parameters ν(Φ), {c2β}(Φ) and {Γ/ω2}(Φ) are presented in figure 9 and used in the
model.
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