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1. Introduction

For a semigroup S let I(S) be the set of idempotents in S. A natural partial
order of 1(S) is defined by e < fif ef = fe = e. An element e in I(S) is called a
primitive idempotent if e is a minimal non-zero element of the partially ordered
set (I(S), £). It is easy to see that an idempotent e in S is primitive if and only
if, for any idempotent fin S, f = ef = fe implies f = e or fis the zero element of
S. One may also easily verify that an idempotent e is primitive if and only if the
only idempotents in eSe are e and the zero element. We let II(S) denote the set
of primitive idempotent in .S.

In what follows S is a compact semitopological semigroup (i.e. the multipli-
cation is separately continuous). Let P(S') denote the set of probability measures on
S. Then P(S) forms a compact semitopological semigroup under convolution and
the weak* topology (see, for example, [1] and [6]).

Primitive idempotent probability measures on compact semigroups have been
studied by several authors, for example, in [2], [3] and [8]. Some intrinsic charac-
terizations of primitive idempotent measures on various classes of compact semi-
groups may be found in [5]. In this paper, we shall give some characterizations of
primitive idempotent measures in P(S) and indicate how some results in compact
semigroups continue to hold in the semitopological case.

It is known that every compact semitopological semigroup S has a minimal
(two-sided) ideal K(S). For p e P(S) we write supp u for the support of u. Then
for pu,v in P(S), we have

supp puv = (supp p)(supp v);
where the bar denotes the closure see, for example, [6]and [10]. For u in I(P(S))

we denote the minimal/ideal of the compact semitopological semigroup supp u
by K,.

2. The minimal ideal of P(S)

In this section we shall describe the measures in K(P(S)). It turns out that
there is a close relation between II(P(S)) and K(P(S)) (see § 3). As the methods
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we use are familiar, we shall only sketch the proofs.

Let p be in I(P(S)) and let e be an idempotent in K, N K(S). Then E, =
I(K,e), F, = I(eK,), E = I(K(S)e), F = I1(eK(S)) are compact subsemigroups
and G, = eK,e, G = eK(S)e are compact groups. Pym [10] decompose u as

K = HglGHF,

where p; has support E,, p; is the (normalized) Haar measure of G,, and pf
has support F,.

LeMMA 1. Ler pe I(P(S)) and let supp p n K(S) # 9. Then
(1) there is an idempotent in K, N K(S).
(2) supp u = K(S).

ProoF. (1) Suppose supp p n K(S) # @. Then supp u n K(S) is an ideal
in supp p. Hence supp p n K(S) contains K, and so contains an idempotent e
(say) in K, (see [1] II 3.4). Therefore e € K, N K(S).
(2) Since K(S) > supp p n K(S) = K, and K, = supp u (see, for example,
[10} Lemma 2), we see
K(S) > K, = supp p.
Let
H= {p:pel(P(S)), supppun K(S) # 9
and ug is the Haar measure of G};

where we decompose ¢ with respect to an idempotent e € K, n K(S).
LEMMA 2. Let pe H, ve P(S). Then pvy = p.
Proor. We note first that supp uv = K(S) and that eK(S)e = eK(S)e. Now

pop = p(uv)p = pepc pe(RV)REHe Hr -

One may easily verify that supp(urpvu;) has support in G and so uppvug is an-
nihilated by pg. Therefore pvu = p.

LeMMA 3. H is an ideal in P(S).

PROOF. Let p be in H and let v be in P(S). Then uv, vu are idempotent
measures. We prove that uv is in H, the proof for the other is similar. Let T = uv.
Then supp T 0 K(S) # 0. Let e be an idempotent in K, n K(S) and decompose
T as TzTg Tr With respect to e. It is easy to see, by Lemma 2, that At = 1 for each
A1in P(S). Let mg be the Haar measure of G and let §, be the unit point mass at e.
Then,

T = 1(0,me0,)T = TpTgTF0. MO, TpTG -

But now 0, and 8,7 have supports in G and so is annihilated by m¢. Therefore

T = TgMgTFp,
completing the proof.

https://doi.org/10.1017/51446788700009198 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700009198

[3] Primitive idempotent measures 453

We can now describe the measures in the minimal ideal K(P(S)) of P(S).

THEOREM 1. Let u be in P(S). Then the following conditions are equivalent.
(1) ne K(P(S))

(2) pe H.

() uP(Shu = p

(4) p* = p and (supp p) x (supp 1) = supp u for each x in S.

We shall only prove (4) implies (2). It follows from the assumption
(supp p) x (supp p) = supp u for each x in S that supp u n K(S) # 0. Let
U = pgugpur be the Pym’s decomposition of u with respect to an idempotent
ec K, n K(S). Let v = ,mgd,; where mg is the Haar measure of G. Now, by
the assumption again, we see supp puvu < supp u. Hence, by ([10], Lemma 3),

u= plpvp)p = pvp
= HpHUrOcMG O tElGr = HEMG UF -
That is 4 € H, completing the proof.

3. Central idempotents and primitive idempotents in P(S)

THEOREM 2. Let u be a central idempotent in P(S). Then supp u is a compact
group normal in S.

Proor. It follows from the centrality of u and the separate continuity of
multiplication that x(supp ) = (supp p)x for each x in supp u. Hence x(supp )
is an ideal of supp p and so x(supp p) > K, . Therefore x(supp u) > K, = supp .

On the other hand, supp p = (supp p)(supp p) > x(supp p). We conclude that
supp u = x(supp p) = (supp p)x

for each x in supp p. That is, supp u is an algebraic group (this is implicit in the
proof of ([7] Theorem 9.16) and so is a compact group (see [1]II 2.1).

COROLLARY. P(S) has a zero element if and only if K(S) is a group.

We omit the proof of the corollary, all we need is to point out that K(S) is
a group if and only if K(S') is a compact group (see [1] IT 4.16) and that the Haar
measure m of K(S) is the zero element of P(S).

We now come to our description of the primitive idempotent measures. In
the case when the minimal ideal of S is not a group, one may easily verify, by
Theorem 1 and the above corollary, that II(P(S)) = K(P(S)). It thus remains
for us to discuss the case in which the minimal ideal of S is a group.

THEOREM 4. Let K(S); be a group and let y be a non-zero idempotent in P(S).
Then the following conditions are equivalent.
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(1) e I(P(S)).
(2) For each closed subsemigroup S’ containing supp p, the minimal ideal
K(S') of S’ satisfies either
(i) K(S') = K(S) or
(ii) supp p N K(S’) # @ and pg is the Haar measure of G, where we
regard p as an idempotent measure on S'.
(3) For each closed subsemigroup S’ containing supp u, the minimal ideal
K(S') of S’ satisfies either
(i) K(S’) = K(S) or
(ii) supp p n K(S') # @ and (supp p) x (supp u) = supp p for each x
in K(S").
(4) Let S’ be a closed subsemigroup such that S' = K(S') and that S’ =
S’ (supp p) = (supp p)S’. Then S’ = K(S) or S’ = supp p.

The first part of the proof follows closely the proof of this result for the
compact semigroup case ([2] Theorem 4.6).

ProoF. (1) implies (2). Let p € II(P(S)) and let S’ be a closed subsemigroup
containing supp u. Suppose first that K(S’) is a group. We denote by m’ the Haar
measure of the compact group K(S’) and regard it as a measure on S. Now by the
assumption that supp y = S’, we see m' = m'y = um’. Therefore m" =m (i.e.
the zero of P(S)) or m' = p. Hence K(S’) = K(S) or K(S') = supp p. If
K(S') = supp p, then since K(S’) is a group, we see that u is the Haar measure
of K(S')and u = pg.

Suppose next that K(S’) is not a group. Then the relation uP(S")u < uP(S)u
and the assumption that K(S’) is not a group combine to yield that the measure
u is primitive in P(S’). Hence, by the remarks before this theorem, y is in
K(P(S")) and so, by Theorem 1, p is in H. Thus (2) holds.

(2) implies (3). This follows from Theorem 1 immediately.

(3) implies (4). Suppose S is a closed subsemigroup such that S' = K(S’)
and that S’ = S’(supp pu) = (supp u#)S’. Let S; = S'U supp u. Then S, is a
closed subsemigroup containing supp p. Since S’ is an ideal of S,, we see
S’ > K(Sp). But now K(S')n K(S,) = K(S')K(S,) # ¢ implies that
K(S") n K(S,) is an ideal of K(S’) and so K(S') = K(S’) n K(Sy) < K(S,). It
follows that S’ = K(S’) = K(S,). By assumption (3), S’ = K(S,) = K(S) =
K(S) or supp un K(S,) # @ and (supp u) x (supp ) = supp u for each x in

K(S,). Suppose supp pn K(S,) # @ and (supp u) x (supp p) = supp u for each
x in K(S,). Then supp 4 = S’. Now, by a simple result of ([1] I 3.1), we see

supp 4 = (supp 1)K (So)(supp )
> S'(supp ) = S".
We conclude that $" = supp g and (3) implies (4).
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(4) implies (1). Suppose v is an idempotent in P(S') such that v = uv = vpu.
Then

supp v = (supp p)(supp v) = (supp v)(supp u).

But now since supp v = K, we see suppv = K(S) or suppv = supp . If suppv =
K(S), then v = m. If supp v = supp p then, by ([10] Lemma 3), p = pvu =vu = v,
completing the proof.
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