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Abstract

A class of abelian topological groups was previously defined to be a variety of topological groups with
coproducts if it is closed under forming subgroups, quotients, products and coproducts in the category of
all abelian topological groups and continuous homomorphisms. This extended research on varieties of
topological groups initiated by the second author. The key to describing varieties of topological groups
generated by various classes was proving that all topological groups in the variety are a quotient of a
subgroup of a product of groups in the generating class. This paper analyses generating varieties of
topological groups with coproducts. It focuses on the interplay between forming products and coproducts.
Itis proved that the variety of topological groups with coproducts generated by all discrete groups contains
topological groups which cannot be expressed as a quotient of a subgroup of a product of a coproduct
of discrete groups. It is proved that the variety of topological groups with coproducts generated by any
infinite-dimensional Hilbert space contains all infinite-dimensional Hilbert spaces, answering an open
question. This contrasts with the result that a variety of topological groups generated by a topological
group does not contain any infinite-dimensional Hilbert space of greater cardinality.

2010 Mathematics subject classification: primary 22A05; secondary 18A30, 20E10, 20K25, 54G10,
S54H11.
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1. Introduction

In the 1930s, G.D. Birkhoff and B.H. Neumann defined varieties of groups as the
classes of groups satisfying certain laws or equivalently as classes of groups closed
under the operations of forming subgroups (S), quotient groups (Q) and arbitrary
cartesian products (C). Moreover, H. Neumann in [15] noted that if Q is any
nonempty class of groups and V(Q) is the smallest variety of groups containing €,
then V(Q) = QS C(Q). Denote by Ab the variety of all abelian groups. In the next
theorem we summarise relevant results on varieties of groups from [14] (where Z is
the additive group of integers).
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THeEOREM 1.1. Let Q be any nonempty class of abelian groups. Then:

@ V() =0SCQ);
(i) Ab = V(2), that is, the variety Ab is singly generated;
(iii) the number of distinct varieties of abelian groups is Ny.

The second named author [10, 12] defined a variety of topological groups to be
a nonempty class B of topological groups closed under the operations of forming
subgroups (S), (not necessarily Hausdorff) quotient topological groups (Q) and
arbitrary cartesian products (C) (with the Tychonoff product topology). For example,
the class of all abelian topological groups is a variety of topological groups and
will be denoted by TopAb. The varieties generated by the most important classes
of topological groups (for instance, by the class of locally compact abelian groups,
Banach spaces, groups having a subgroup topology and so on) were intensively studied
during the last 40 years (see [4, 5, 9—13]). We summarise a few important results for
our purposes in the next theorem.

We denote the topological group of all real numbers with the euclidean topology
by R, the multiplicative topological group of all complex numbers with modulus
one and compact topology induced from the euclidean plane by T, the class of all
discrete abelian topological groups by D, the class of all finite abelian topological
groups by ¥, the class of all topological groups underlying Banach spaces by 5, the
class of all abelian topological groups with a subgroup topology, that is, a basis of
open neighbourhoods of the identity being subgroups, by S and the topological group
underlying the Banach space ¢! by ¢'.

Dermnition 1.2. Let X be a completely regular Hausdorff space and FA(X) an abelian
topological group which contains X as a subspace such that X contains the identity
element of FA(X). The topological group FA(X) is said to be the Graev free abelian
topological group on X if for every continuous map ¢ of X into any abelian topological
group G such that the identity element of FA(X) maps onto the identity element of G,
there is a unique continuous homomorphism of FA(X) into G which extends the map ¢.

It is well known [10] that for every completely regular Hausdorff space X, FA(X)
exists and is unique up to topological group isomorphism. Denote by s the convergent

11 1
sequence 0, 5,3, + .53 ees

THEOREM 1.3. Let Q be any nonempty class of abelian topological groups. Then:

(@ B(Q)=0SCQ) [2];

(b) the variety TopAb is not generated by any set of abelian topological groups or
equivalently, is not singly generated [11];

(c) thereis a proper class of distinct varieties of abelian topological groups [11, 12];

(d) B(B)=TopAb [9, 13];

(e) B(F) & B(T) & BR) & B(FA(s)) & B(41) & TopAb [9];

) B2) & V(D) =S & TopAb [9];

(@ B(R)E B(R, D) < TopAb [9].
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For a nonempty family {G;};c; of groups, the direct sum of G; is denoted by
@ G;:= {(gi)iel € 1_[ G, : g; = ¢; for almost all i},
iel iel
and we denote by j; the natural embedding of Gy into @ie ; Gi; that is,
@) =) e @D G, wheregi=gifi=kand g =e;if i # k.
i€l
If {Gj}ier is a nonempty family of topological groups, the final group topology Ty on

@i ; Gi with respect to the family of canonical homomorphisms ji : Gy — P, Giis
the finest group topology on @ie ; Gi such that all ji are continuous.

i€l

Dernition 1.4. Let G = {(G;, 77)}ie; be a nonempty family of abelian (topological)
groups. The (topological) group (G, 7") is the coproduct of the family G in the category
of abelian (topological) groups and (continuous) homomorphisms if:

(i) foreachi € I, there is an embedding j; : G; — G;

(i) for any abelian (topological) group H and each family {p;};c; of (continuous)
homomorphisms p; : G; — H, there exists a unique (continuous) homomorphism
p:G — Hsuchthat p; = po j; foreveryiel.

The underlying group structure of the coproduct (G, 7") is the direct sum @ie ,Gi-
The coproduct topology T on G coincides with the final group topology 7 with
respect to the family of canonical homomorphisms j; : G; > G. Note that a
coproduct of a family of abelian topological groups is unique up to topological group
isomorphism.

Since the coproduct of a family of abelian groups in the category of all abelian
groups and homomorphisms is just a subgroup of the cartesian product of those groups,
abelian coproducts do not feature in the study of varieties of abelian groups. Noting
that the operation (K) of forming coproducts of topological groups in the category
of all abelian topological groups and continuous homomorphisms is natural from the
categorical point of view, we have the following definition.

Derinition 1.5 [8]. A nonempty class € of abelian topological groups is called a variety
of abelian topological groups with coproducts if it is closed under the operations of
forming subgroups ($), (not necessarily Hausdorft) quotient topological groups (Q),
arbitrary cartesian products (C) (with the Tychonoff product topology) and arbitrary
coproducts (K) in the category of all abelian topological groups and continuous
homomorphisms.

We denote by €(Q) the smallest variety of abelian topological groups with
coproducts generated by a class Q of abelian topological groups.

Following [8], a topological group G is called quasilinear if there is a basis of
open neighbourhoods at the identity, N(G) = {U,, : @ € A}, such that the subgroup (g)
generated by any g € U, is contained in U,, in other words,

Ue = JU: g € Ua).
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We denote by QL the class of all quasilinear abelian topological groups. It is clear that
R ¢ QLand T ¢ QL. Every discrete group is quasilinear and, more generally, S C QL.

THeEOREM 1.6 [8].

(@) IfQis a class of abelian topological groups, then

CQ) = U OS[CiK|.C2K; ... ChK,](€Q). (1.1)
neN
B CF) ST S ER) S CFA(s)) = €(¢)) = TopAb; in particular, TopAb is
singly generated.
) CZ)=CS) c QL) = QLS TopAb.

If Q is a class of abelian groups or abelian topological groups, it is significant that
each of the operations (Q), (S) and (C) needs to be used only once for the forming of
V(Q) and B(Q) by Theorems 1.1(i) and 1.3(a). For the variety €(Q) with coproducts,
we have only the equality (1.1), which is useful but not as much as we might hope.
The next question is posed in [8]: will a finite union suffice in (1.1)? Clearly, the
answer depends on the interplay between operations (C) and (K), which is considered
in Section 2.

2. Interplay between operations (C) and (K)

The minimal number of operations for €(Q2) (see (1.1)) depends on the interplay
between operations (C) and (K). In this section we consider the next two natural
questions.

QuesTion 2.1. Let Q be a class of abelian topological groups.

() Is KC(Q)C QSCK(Q)?
(i) Is CK(Q)C QSKC(Q)?

In Theorem 2.3 below, we show that there is a negative answer to Question 2.1(i),
in particular for the class O of all abelian discrete groups. However, Question 2.1(ii)
has a partial positive answer (see Proposition 2.6).

We need the following description of the coproduct topology 7 given in [3,
Proposition 5] (see also [16]).

ProposiTion 2.2 [3]. Let (G, T y) be the coproduct of a nonempty family {(G;, 7;)}ier of
abelian topological groups and let ji : Gy — G be the canonical isomorphisms. For
any countable sequence of open neighbourhoods (U, ,), of the identity in G;, we define

u=UJ U D i,

NeN (iy,...,in)eIN

.....

Then the family of all sets of the form Uy is a basis of open neighbourhoods at the
identity in (G, 7 ).

The next theorem is the main result in this section.
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THeOREM 2.3. Let {Gi, : i € I,n € N} be a family of nontrivial discrete groups, where
1 is an uncountable set of indices. Set

G = (@ [1677)

iel neN
Then G is a quasilinear group whose topology is not a subgroup topology and hence
S S QL. In particular, KC(D) ¢ QS CK(D) and
OSCK(D) =SS OSKC(D) € €&D).

Proor. Clearly, for each i € I and for every sequence {V;}senv Of neighbourhoods of
zero in [ [,en Gin, there exists a sequence k) < k), < ... such that U;; C V; 5, where

U = {0} x - x (0} x| | Gin. @2.1)
%v/_/ >k,'
K =k

So, any neighbourhood of zero in G contains an open neighbourhood U of zero of the
form (see Proposition 2.2)

u=J U D iaw. 2.2)

NEN (iy,....iy)elN

where U, ; satisfy (2.1). Clearly, the subgroup (Us) of G generated by Uy is
Up =P iy
i€l
So, to prove the theorem it is enough to show that each neighbourhood V of the
form (2.2) does not contain any subgroup of the form (U ).

Let V be defined by sequences 7 <, <...,i € I. Since I is uncountable, there are
m € N and indices ay, ..., a,, such that:
(1) t;l.‘ = :t?”l =t forevery 1 < j<m,and k{' =--- = k{" = ki;
(i) £ ==t =t, > k.
Set A :={ay,...,a,}. Denote by m4 the projection of G onto G,, X --- X G, , and let

m; denote the projection of G onto G,,. Clearly,

ma({Uy)) = @ JiUi).

€A
For every 1 << m, by (ii), take an element g; € U,,1\V,, » and set
h:= jal(gl) R ja,,,(gm)-

Taking into account that {V; ;}sen decreases, (2.2) implies that

nVp= D . 23)

(i15-simJEA™

https://doi.org/10.1017/5S0004972716000654 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000654

[6] On varieties of abelian topological groups with coproducts 59

Denote by S,, the set of all permutations of the set A. Since V;; are subgroups

by (2.1), (2.3) yields
Vo= | Do Vi
(i1 soenrim)ESm

This means that for each element g € (V) there is a; € A such that i,, = a; and the
a;-coordinate of g belongs to j,, (Vi m). As g1 € Ug,1\Va,m, this means that i ¢ w4 (V).
Thus, 14(Us)) ¢ ma(V ) and hence (Uy) ¢ V.

The last assertion of the theorem follows from the first one and the following
equalities:

OSCK(D)=0SCD)=BD)=S8. O

Theorem 2.3 suggests the following question.
QuesTion 2.4. Is QS KC(D) = €(D)?

RemMark 2.5. Theorem 2.3 shows that neither (C) nor (K) can be dropped in general
from the forming of varieties with coproducts. Indeed, for the variety €(D),

OSK(D)=0KS(D)=KQS(D)=KSQ(D)=SKQO(D)=SQOKD) =D & D)
and, by Theorems 1.3(a,f) and 2.3,
OSC(D)=BD) =S & CD).

A remark on notation: if Q is a class of abelian topological groups, then C. and K,
denote the classes of all abelian topological groups isomorphic to a countable product
or a countable coproduct respectively of members of Q. The operation (C,) is very
useful for varieties B(Q); see [5, Section 4].

The next proposition partially answers Question 2.1(ii) in the positive.

ProposiTiON 2.6. Let Q be a class of abelian topological groups. Then
CcKc(Q) € QKC(Q).

Proor. Throughout the proof of this proposition only, if {G;, i € I}, is a set of abelian
topological groups for some index set /, @ie ; Gi will denote the coproduct of those
topological groups in the category of all abelian topological groups and continuous
homomorphisms.

Let {G,, : a,b € N} be an arbitrary family in Q and let

G = ﬂ(@ Ga,,,).

aeN ~ beN

We have to show that G € QKC.(Q).
Let pap : Gap — EBbGN G, be the natural embedding for each a,b € N. Set
L :=NY and, for each function L € £, define:

L4 HL(a) = eabSL(a) Ga,b;
*  Puw  Hiw = @D, Gap is the natural embedding;
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*  Hp:=[luenwHuw):
i pL:Hp— G, pL((ha)aEN) = (pL(a)(ha))aeN‘

So, py, is also a natural embedding. Set

X =PH. X:= @(@ Ga,,,) and X = X, & X»

Lel aeN  beN
and define
p:X—>G, p:= @PL & (@(@ Pa,b))-
LeL aeN ~ beN

Clearly, p is a continuous surjective homomorphism. We claim that p is open. To this
end, it is enough to show that for any neighbourhood U of zero in X, there is m € N

such that the subgroup
Ty = [ [0 x [ [ED Gun

asm a>m beN
is contained in p(Uy).
We shall use proof by contradiction. Suppose that for every m € N there is an
element

tm = (Ols o ,Om, gz_'_lsgz_'_z, .. ') € Tm\p(Uf)3

where g7 € pgn(Hgn) fora>m + 1 and s)) € N. We can assume that the neighbourhood
Uy is defined by a decreasing sequence {V }sen of neighbourhoods of zero in H; for
each L € L (see Proposition 2.2). For every m € N, define L € L by L(1) = 1 and

L(a) := max{s}{,...,sZ"} fora > 1.

Then g7 € pr)(Hi) for every m € N and each a > m. So, t,, € pr(HL) for every
m € N. Choose g € N such that

$ =] [10a) x [ | Hitw € V-

asq a>q

Then t,, € p(S) C p(Uy) for every m > g, which contradicts the choice of elements #,,.
Thus, p is open. ]

CoroLLARY 2.7. Let Q be a class of abelian topological groups. Then, for every n € N,
QS [Cc,ch,l -CC,ZKC,2 v Cc,an,n](Q) c QS KCC(Q)
Proor. By Proposition 2.6 and [8, Proposition 2.5],

OS[C1Ke1.ConKen ... Con Ko n1(QQ) € OS (QK'C;,J)[CC,ZKC’Q e CenKen(Q)]
COSK'CH)[Kea .. ConKen(Q)]
COSK'(CL,K)Ce3Ke53 ... ConKen(Q)]
C OSK'(QK"C,)ICc3Ke5 ... ConKen(Q)]
COSOK'K")C,3Cc3K:3)[Cea ... ConKen(Q)] S QS KC(Q). o
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CoroLLARY 2.8. Let Q be a class of abelian topological groups. Then
(C.K)'(Q) C QKC(Q) forallneN.
Proor. We prove the corollary for n = 2. One has

(CcK)CK(Q) € QKCC oK () = QK(C K )(Q)
C QKQKC(Q) C QOKKC.(Q) = QKC(Q). o

3. Embedding of topological groups into direct sums

It is known that if a Banach space B embeds into the product of a family G of
topological groups, then B embeds also into the product of a finite subfamily of G
(see [5]). In this section we consider a similar question for coproducts.

Let (G, 1) be a topological group. The filter of all open neighbourhoods of the
identity e is denoted by N(G). The sets of the form

VL ={(x,y)eGxG:x'yeU} and Vi ={(x,y)eGxG:yx' €U},

where U € N(G), form respectively a base of the left U, and the right U, uniform
structures on G. A subset A of G is called left (respectively right) uniformly discrete
if there is a U € N(G) such that aU N bU = O (respectively Ua N Ub = B) for distinct
elements a,b € A. The left uniformly discrete number ud;(G) of a subset A of X is
defined as follows (see [1]):

ud;(A) = sup{|D| : D is a left uniformly discrete subset of A}.

The right uniformly discrete number ud,(G) is defined analogously. Clearly, ud;(A) =
ud,(A). So, we can define the uniformly discrete number of A by ud(A) := ud;(A).

Let {Gi}ie; be a nonempty family of groups. The natural projection of [[,; G; onto
Gy, is denoted by my, that is, mx((g,)icr) = gk~ If A is a subset of [];; G;, denote by
supp(A) the set of all indices k € I for which there exists a € A such that m(a) # e.

Let {(G}, T:)}ie; be a nonempty family of (Hausdorff) topological groups. For every
iel, fix U; € N(G;) and put

l_[ U;:= {(gj)ig[ S HG, 1 gi € U; forallie I}
i€l i€l
Then the sets of the form [];;; U;, where U; € N(G;) for every i € I, form a
neighbourhood basis at the unit of a (Hausdorft) group topology 73 on [];c; G; that
is called the box topology. Clearly, 7, < 7 on @ie ,Gi.
The next theorem is the main result in this section.

Trueorem 3.1. Let {(Gy, Ti)}ier, where I is a nonempty index set, be a family of Hausdor{f
topological groups and let T be an arbitrary group topology on G = GBZ.G ; Gi which is
finer than the box topology, that is, T;, < 1. Then every infinite subset A of G has a left
uniformly discrete subset of cardinality |supp(A)|.
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Proor. If [supp(A)| is finite, the theorem is trivial because A is infinite and 7 is
Hausdorft. So, we will assume that « := [supp(A)| is infinite.

Step 1. Letus show that there are a subset D = {d,},<, of A and a subset Iy = {i,}o<x C
supp(A) such that

ip €supp(dy)\ [U supp(df)] for every a < k. 3.1

é<a

Indeed, let J be the set of all ordinals @ such that their cardinals || are strictly less
than |supp(A)|. It is well known that J is well ordered and |J| = [supp(A)|.

For @ =0, let dy be an arbitrary nonzero element of A and choose arbitrarily
ip € supp(dp). Set Dy = {dp} and Jy = {ip}.

Fix a nonzero ordinal @ < « and assume that for every ordinal & < @ we built
D ={d;};<¢ C A and Jg = {iz};<¢ C supp(A) such that

i¢ € supp(de)\ [U supp(dg)]. 3.2)
<&

Since supp(dy) is finite for every & < «, (3.2) implies that

U supp(dg)‘ =lal < k.

{<a

Hence, there exist d, € A and i, € supp(d,) for which (3.1) is fulfilled. Set D, :=
{d¢}r<o and Jy = {iz}s<o- Finally, we set

D := UD(Y = {da/}a</< and Iy = {iOJ}(I<K‘
a<k

By construction, D and [ are as desired.

Step 2. For each ordinal @ < «, choose a symmetric U;, € N(G;,) such that 7; (d,) ¢
U,'” . U,'a. Set

if i = i, for some @ < k, and U; = G; otherwise.

i(l/

U=l_[U;, where U; = U

i€l

To prove the theorem, it is enough to show that d,U N dglU = 0 for every § < a.
By (3.1),

ﬂ'ia(da/U) = ﬂid(dar)Ui,, and ﬂiH(dﬂU) = ﬂin(dﬁ)Uia = U,‘H.
Hence, ;,(d,U) N 7;, (dgU) = 0 by the choice of U;,. Thus, d,U NdgU = () as well. O

CoroLLARY 3.2. Let p be a continuous homomorphism of a Hausdorff topological
group X into the direct sum (@ie[ G;, 1) of a family {(G;, T))}ics of Hausdorff
topological groups, where T, < 1. Then |supp(p(X))| < ud(X).
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Proor. We use proof by contradiction. Suppose that |supp(p(X))| > ud(X). By
Theorem 3.1, we can find a left U-uniformly discrete subset D of p(X) of cardinality
lsupp(p(X))|. For every d € D, choose an arbitrary element a; € p~!(d). Clearly, the
set A = {aq}qep has cardinality |supp(p(X))| and it is p~!(U)-left separated. But this
contradicts the definition of ud(X). Thus, [supp(p(X))| < ud(X). O

CoroLLARY 3.3. Let p be a continuous homomorphism of a separable infinite
Hausdorff topological group X into the direct sum (@ie] G;, 1) of a family {(G;, Ti)}ies
of Hausdorff topological groups, where T;, < 1. Then |supp(p(X))| < 8o. Moreover, if
X has the Baire property (in particular, if X is a Polish group), then there exists a finite

set of indices J C I such that
(o)

is a clopen subgroup of X.

Proor. Clearly, ud(X) = Ny and the assertion follows from Corollary 3.2. Assume
additionally that X has the Baire property. Let {i,},cy be an arbitrary enumeration of

supp(p(X)). Then
X = Up—l(@ Gik).

neN k=1

Since X is Baire, there exists n € N such that p‘l(@zzl G;,) is an open subgroup of
X. O

CorOLLARY 3.4. Let p be a continuous homomorphism of a separable Banach space X
into the direct sum (@i ., Gi, ) of Hausdorff topological groups (G;, 7;),i € I, where
Tp < 1. Then there exists a finite set of indices J C I such that p(X) C @iej G

Proor. Since X has the Baire property and is connected, the assertion immediately
follows from Corollary 3.3. O

We do not know whether the separability of X in this corollary can be omitted.

4. On varieties €(f,) for1 < p < o

The variety €(¢;) contains all abelian topological groups by [8, Corollary 3.2].
In particular, €(£;) contains Banach spaces of arbitrary dimension. Noting that £,
is a nonreflexive separable Banach space, it was asked in [8, Question 7]: can the
variety €(B) generated by a reflexive Banach space B contain Banach spaces of higher
dimension? We note that the answer to the similar question for the variety B(B) is
negative by [5, Theorem 4.1]. However, for varieties with coproducts the situation
changes, as the next theorem shows (recall that £,(I) is reflexive for every 1 < p < oo
and each set I).

Tueorem 4.1. For each 1 < p < oo and each set T, £,(I') € €(£),).
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Proor. For each x = (x,),er € £,(I'), set supp(x) :={y €I': x, # 0}. For each y =
(Yn)nen € TV, set L, = ¢, and define 7y, : L, — £,(T) by (X, = (Xp)nen € Ly)

X, ify=vy,,

7y (Xy) = (X))yer,  Where x, = {0 otherwise

Clearly, m, is an embedding of L, onto its image in £,(I). Set

G= (@ L,,frf) and 7G> (D) = Y mylxy).

yel'st yerst

Then 7 is a continuous epimorphism. For the sake of simplicity, we shall identify L,
with its image in G.

We show that 7 is open. Suppose for a contradiction that there is an open
neighbourhood Uy of zero in G such that 7n(Uy) is not a neighbourhood of zero 0
in £,(I). As {,(I') is metrisable, there is a sequence {xi} C £,(I') such that x; ¢
7(Uyp), k€N, and x; — 0. Set y := [ e supp(xx). Then y € <. So, there is an
open neighbourhood U, of zero in L, such that U,, C Uy. Clearly, x; € m,(U,) C 7(Uy)
for all sufficiently large k. This contradicts the choice of x;. Thus, 7 is open and
tp(D) € C(L)p). m]

Denote by H the class of all Hilbert spaces. It is well known that any Hilbert space
has the form ¢,(I") for some set I'. So, Theorem 4.1 implies the following result.

CoroLLARY 4.2. €(&,) = €(H) = €(H) for any infinite-dimensional Hilbert space H.

In the next proposition we show that, for the two generators FA(s) and £; of TopAb,
it is enough to use each of the operations (Q), (), (C) and (K) only once to generate
TopAb.

Prorosition 4.3. QS CK(FA(s)) = QS CK({;) = TopAb.

Proor. The first equality repeats the proof of [8, Theorem 3.1]: since any metrisable
abelian topological group X belongs to QK(FA(s)) by [6, Theorem 1.14] and [7,
Theorem 1.18],

TopAb = 0S C(B) = 0S C(QK(FA(5))) = QS CK(FA(5)).

To prove the second equality, let us recall that any Banach space is a quotient space of
£1(I') for some set I" (see [17, Proposition 11.4.6]). So, Theorem 4.1 implies that

TopAb = QS C(B) = QS C(QK(£1)) = QS CK(£)). mi
This proposition motivates the following question.

QuesTtion 4.4. Let Q be a class of abelian topological groups. Is QS (CK U KC)(Q) =
C(Q)? Is OSCKCK(Q) = €(Q)?
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