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ABSTRACT

We prove that formal Fourier Jacobi expansions of degree two are Siegel modular forms.
As a corollary, we deduce modularity of the generating function of special cycles of
codimension two, which were defined by Kudla. A second application is the proof of
termination of an algorithm to compute Fourier expansions of arbitrary Siegel modular
forms of degree two. Combining both results enables us to determine relations of special
cycles in the second Chow group.

1. Introduction and statement of results

There is a close interplay between Siegel modular forms and Jacobi forms, which, for example, was
employed to prove the Saito-Kurokawa conjecture [And79, Maa79a, Maa79b, Maa79c, Zag81].
This connection is founded on the Fourier Jacobi expansion of Siegel modular forms, which can
be turned into a formal notion. Formal Fourier Jacobi expansions of degree two and weight k € Z,
in the simplest case, are formal series with respect to ¢’ of the form

Z ¢mq/m

0<m€EZ

such that:
(i) the ¢, are Jacobi forms of weight k& and index m (cf. [EZ85] and §4 for a definition);
(ii) the Fourier coefficients of ¢y, satisfy c(¢m;n,r) = c(dpp;m, 7).

A more precise definition will be given later.
Ibukiyama et al. studied such expansions in [IPY13], and at the end of the introduction they

asked the question whether every Fourier Jacobi expansion is convergent. Theorem 1.5 answers
this question in the affirmative.

THEOREM 1.1. Every degree-two formal Fourier Jacobi expansion converges and hence is the
Fourier Jacobi expansion of a Siegel modular form.

A more detailed statement is presented in Theorem 1.5.

The significance of formal Fourier Jacobi expansions stems from their relation to families of
certain algebraic cycles on Shimura varieties of orthogonal type. The study of cycles, that is,
subvarieties of varieties, is a prominent theme in algebraic geometry, pursued, e.g., in [Lec86,
Fab90, Zha97]. Codimension-r cycles on a variety X are classified up to rational equivalence

Received 9 September 2014, accepted in final form 26 February 2015, published online 6 August 2015.

2010 Mathematics Subject Classification 11G18 (primary), 11F46, 11F30, 11Y40 (secondary).

Keywords: special cycles of codimension two, formal Fourier Jacobi expansions, computing Siegel modular forms.
The author was supported by the ETH Ziirich Postdoctoral Fellowship Program and by the Marie Curie

Actions for People COFUND Program.

This journal is (© Foundation Compositio Mathematica 2015.

https://doi.org/10.1112/50010437X15007514 Published online by Cambridge University Press


http://www.compositio.nl/
http://www.ams.org/msc/
http://www.compositio.nl/
https://doi.org/10.1112/S0010437X15007514

M. WESTERHOLT-RAUM

by the rth Chow group CH"(X)c, first studied in [Cho56]. In most cases, little is known about
it. Using definite subspaces in indefinite quadratic spaces, Kudla produced cycles of arbitrary
codimension on Shimura varieties of orthogonal type, which he called ‘special cycles’ [Kud97]
— see also [Sch10]. Special cycles generalize interesting geometric configurations. For example,
CM points on modular curves and Hirzebruch’s and Zagier’s curves T on Hilbert modular
surfaces [HZ76] are included in this notion. As Kudla’s special cycles are related explicitly to
geometry of lattices, one hopes that they are easier to study than cycles that do not come with
this additional information. Kudla conjectured the following result.

CONJECTURE 1.2 (Kudla). The generating function of special cycles of codimension r is a Siegel
modular form of degree r.

THEOREM 1.3 (Borcherds [Bor99, Bor00]). Conjecture 1.2 is true for r = 1.
As our main application, we establish a further case.
THEOREM 1.4. Conjecture 1.2 is true for r = 2.

A more specific description of this modularity result is contained in Theorem 1.6.

Our affirmation of Kudla’s prediction in the case r = 2 yields rich geometric information.
It allows us to compute relations that were inaccessible before. Compare this with results
obtained in the 1980s by Kudla and Millson. They examined modularity of generating functions
of intersection numbers of special cycles, which, they found, arise from (additive) theta
lifts [KM86, KM87, KM90]. In this way, they discovered relations of such intersection numbers.

1.1 Siegel modular forms
We now discuss the theory of formal Fourier Jacobi series in greater detail. Afterward, we turn
our attention to implications for geometry.

In order to explain Theorem 1.5, which implies Theorem 1.6 and hence Theorem 1.4, we
need to make several definitions. For the time being, we restrict ourselves to the case of integral
weights. Fix k,l € Z, and let p be a finite-dimensional, unitary representation of the symplectic
group Spy(Z) C Maty(Z) with representation space V, and finite index kernel. Denote the
Ith symmetric power of the canonical representation of GL2(C) on C? by oy, and write V]
for its representation space. A (doubly vector valued) Siegel modular form is a holomorphic
function ® from the Siegel upper half space H® to V; ® V, that is invariant under the modular
transformations

(det* @ 07)(CZ 4+ D) p(7) ' ®((AZ + B)(CZ + D)™Y) (7_ <é g) € Sp2(2)>.

Every Siegel modular form ¢ admits an absolutely convergent Fourier Jacobi expansion

where ¢p, € Jp (01 ®p) is a (doubly vector valued) Jacobi form (cf. [EZ85, Sko08, IK11] and §4).
Jacobi forms have likewise Fourier expansions

(T, 2) = Z c(Pmin, ) q"¢".

0<neQ, reQ

By modularity of ®, their Fourier coefficients satisfy

(dmyn,r) = (detk ® 0;)(5’)71 p(lrot(S))*1 c(bn;m, ) (1.1)
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for all 0 < m,n € Q and all r € Q, where

S — (‘f é) € GLy(Z) and rot(S) = <S S) € Spy(Z).

Our main theorem can be considered as a converse.

THEOREM 1.5. Let

be a formal expansion in q' with coefficients in Jy, (07 ® p), where k € %Z and 0 <[ € Z. If the
Fourier coefficients of all ¢, satisfy (1.1) for all 0 < m,n € Q and all r € Q, then this series
converges absolutely and defines a Siegel modular form.

The proof of Theorem 1.5, which is an unrefined version of Theorem 5.16, relies on comparing
dimensions and on a regularity result for meromorphic functions in two variables. In the case of
even weight k, we bound the asymptotic dimension of spaces of formal Fourier Jacobi expansions
as k — o0. It equals, we find, the asymptotic dimension of corresponding spaces of Siegel modular
forms. Regularity implies that the graded module of expansions as in Theorem 1.5 is free over
the graded ring of classical Siegel modular forms. In conjunction with the dimension estimate,
we obtain the result for even k. For k € %Z, we obtain an even-weight Siegel modular form by
multiplication (or tensoring) with another suitable Siegel modular form. This allows us to reduce
the general case to the case of even weights.

The special case of [ = 0 and trivial p was considered in [[PY13]. Ibukiyama et al. showed
straightforwardly that dimensions of the space of formal Fourier Jacobi expansions and the space
of Siegel modular forms are equal. Their technique, however, relies on very detailed knowledge
of dimension formulas, which is not available in the more general setting.

1.2 Special cycles
Zhang proved that the generating functions of special cycles, as presented later, are formal Fourier
Jacobi expansions [Zha09]. He pulled back along embeddings of Shimura curves and employed
Borcherds’ previous result. For codimension-two cycles, Theorem 1.5 implies modularity. In this
manner, our approach shows that Kudla’s modularity conjecture can be examined by combining
a detailed analysis of the codimension-one case — already pursued by Borcherds — and rigidity
results for formal expansions of Siegel modular forms.

We give details of special cycles and their generating functions. Let £ be a lattice of signature
(n,2); write £# for its dual. We consider Shimura varieties X1 of orthogonal type associated to
subgroups I' of O(L£) that act trivially on disc £ = £# /L. By definition, we have

Xr=T\Gr (L @ R),

where Gr~ denotes the Grassmannian of maximal negative definite subspaces. Note that for our
choice of £, X carries the structure of a complex, quasi-projective variety.

Given a positive semi-definite, symmetric ‘moment matrix’ 0 < 7' € Sym,(Q) and p €
disc” £ = (disc £)", there is a special cycle {Z(T, u)} € CH®*(Xr)c whose codimension equals the
rank of T', denoted by rk(T). In § 6, we give a precise definition. Write w" for the anti-canonical
bundle on Xr, and denote the canonical basis elements of C[disc” £] by ¢, (1 € disc" £). We
prove the following result.
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THEOREM 1.6. Let I' C O(L) be a subgroup that fixes disc L elementwise. Then

Z {Z(T, 1)} - {w" 27T exp(2mi trace(T Z)) ey

pEdisc? £
0<TESym,(Q)

is a vector-valued Siegel modular form with coefficients in CH?(Xp)c ® C[disc® £], which has
weight 1 +n/2.

As explained in §1.1, there are two notions of vector-valued Siegel modular forms. In
Theorem 1.6, we refer to the one that comes from representations of Spy(Z) (or its double
cover). Note also that Xp is not compact. Its Chow ring can be viewed as the quotient
CH®*(Yr)c/CH®*(0Yr), where Yr denotes the toroidal compactification of Xp and 9Yr are the
boundary components.

As an outcome of Theorem 1.6, we are able to prove the following statement, which was
shown by Zhang using ad hoc methods [Zha09].

COROLLARY 1.7. The span of special cycles {Z(T, 1)} in CH*(Xt)c is finite dimensional.

1.3 Computing relations of special cycles

Let pz2 denote the type of the generating function in Theorem 1.6. Its representation space
is the group algebra C[disc? £]. Denote by P, (ne disc? £) the components of a vector-valued
Siegel modular form ® of type pr 2, and write c(®,;T) for its T'th Fourier coefficient.

COROLLARY 1.8. Suppose that b : Sym,(Q) x disc?> £ — C is a function with finite support such
that

> BT ) e(@,3T) =0
Tu

for every Siegel modular form of weight 1+ n/2 and type pz 2. Then we have

> BT, ) {Z(T, 1)} = 0 € CHY(Xr)e.
T,p

Explicit knowledge of Fourier coefficients of Siegel modular forms thus yields results on
relations in CH?(Xr)c. This observation motivates our considerations in Appendix A. However,
we warn the reader that relations computed in this way do not necessarily exhaust all relations
that hold for the {Z(T', 1)}, even though this is conceivable, if £ satisfies some mild hypotheses.
The computational investigation of relations for » = 1 was resolved by the author in [Raul2],
building on work of Bruinier. According to [Brul4], if r = 1 and L splits off a hyperbolic plane and
a unimodular hyperbolic plane, all relations that hold for the {Z(T, )} (0 < T € Q, p € disc £)
can be described by the analog of Corollary 1.8.

We prove correctness and termination of an algorithm to compute Fourier expansions of
Siegel modular forms of degree two. It is very much inspired, and in a sense that we make clear
in a moment, generalizes ideas conveyed in [Pooll, IPY13].

THEOREM 1.9. There is an explicit, terminating algorithm that computes Fourier expansions of
Siegel modular forms of arbitrary weight and type.

The proof of this finding is very similar to the proof of Theorem 1.5. However, in order to
give a precise criterion on which precision implies correctness of the algorithm, we need effective
versions of all involved statements.
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Combining the above and Corollary 1.8, we obtain the following result.

COROLLARY 1.10. There is an explicit, terminating algorithm that computes infinitely many
relations of special cycles {Z(T, )} € CH*(XT)c.

In [Pooll, IPY13], Ibukiyama et al. — following a suggestion by Armand Brumer — hinted
at an algorithm to compute paramodular forms, which is very similar to ours. But they were
not able to prove that theirs terminates, except in four cases. Since paramodular forms can
be considered as Siegel modular forms for congruence subgroups of Spy(Z), our algorithm also
applies to their problem after inducing the trivial representation of this subgroup to Spy(Z).
In this sense, we resolve the question raised at the end of the introduction of [IPY13], asking
whether ‘the growth condition is superfluous’. In practice, however, our algorithm will most
certainly be slower than Poor and Yuen’s, and proving that it terminates without employing
induction of representations would be useful. We remark that due to the Atkin—Lehner-like
involutions on paramodular forms our algorithm yields correctness and termination of Poor and
Yuen’s algorithm in the squarefree case.

1.4 Final remarks

In Theorem 1.5, we have also treated the case of vector-valued weight I # 0, which we have not
yet made use of. We have included it in our considerations, because of work by Bergstrom et al.
[FvdG04a, FvdG04b, BFvdGO08|. They described a method that computes quite efficiently Hecke
eigenvalues of Siegel modular forms for all k¥ and [ if p is trivial. These computations rely on
extensive precomputations, which would have to be redone if one wanted to study Siegel modular
forms for congruence subgroups other than those that they examined. Our method then provides
an alternative path to follow, which even yields further information.

The paper is organized as follows. In §2, we briefly fix notation. Sections 3 and 4 contain
general discussions of Siegel modular forms and Jacobi forms. Section 5 is the heart of this paper.
Formal Fourier Jacobi expansions are defined in §5.1. We show that they form a free module
in §5.2. Dimension estimates established in §5.3 lead to the proof of Theorem 1.5, which is
contained in §5.4. Our main application is then discussed in §6. We consider computations of
Fourier expansions in Appendix A.

2. Notation

We write I,, for the n x n identity matrix. The zero matrix of size n x m is denoted by 0™
If m = 1, we suppress the corresponding superscript. The module of n x n matrices with entries
in a ring R is denoted by Mat, (R). We write - T for transposition of matrices. The space of
symmetric matrices of size n is denoted by Sym,, (R).

The group of affine transformations on C" is denoted by Aff,,(C) = GL,(C) x C". It can be

embedded into GL,1(C) via
S
(v, 1) — (O(L”) 1) . (2.1)

Restrictions of representations of GLy(C) to Aff1(C) that appear in this paper are taken with
respect to this embedding. When referring to representations, we always mean finite-dimensional
representations. The scalar representation of GL,,(C) that lets g act as det(g)* is denoted by det”.
The Ith symmetric power of the canonical representation of GL,(C) (n > 2) on C™ is denoted
by oy.
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Both GL,(C) and Aff,,(C) have connected double covers GL,(C) and Xffn(C) We think of

elements in GL,(C) as pairs (A, det(A)'/2), where the second component is one choice of root.

The one-dimensional representation of GL,(C) which lets (A, det(A)'/2) act as det'/?(A) is
denoted by det'/2. We have Xﬁ‘n(C) = éin(C) x C", and we will use this isomorphism without
further mentioning it. The above embedding of Aff,,(C) into GL,,+1(C) extends to an embedding
of Aff,,(C) into GLy11(C).

3. Siegel modular forms

3.1 Preliminaries on Siegel modular forms

(9:9) _—
Let J,; = (O e O(g{Z )>. The full Siegel modular group of degree g is

Ig
Sp,(Z) = {y € Matay(Z) : v" Jgy = Jg}

with typical elements v = (é B) for A, B,C, D € Maty(Z). One kind of elements, that we use
frequently, is

rot(U) = <U (U_l)T>

for U € GL4(Z). The metaplectic double cover §f)g(Z) of Sp,(Z) is the nontrivial central extension
of Sp,(Z) by the cyclic group of order two.

The full Siegel modular group acts on the Siegel upper half space of degree g
HY = {Z = X +iY € Mat,(C) : Y > 0}
via
vZ = (AZ + B)(CZ + D)L,

We obtain an action of %Q(Z) on H) by composing with the projection §f)g(Z) — Sp,(Z).
In this paper, we will focus on the case g < 2, and so we fix special notation in both cases.
We usually write 7 for elements of H(Y), and Z = (T Z) for elements of H(?). Further, we set
q=-exp(2miT), ( = exp(27mi z) and ¢’ = exp(27wi7’).

We can use the upper half space to find a concrete description of elements in Sp,(Z). Elements

of S\I/)g(Z) can and will be thought of as pairs
(7, ((CZ + D),det(CZ + D)'/?)).

The first component is an element of Sp, (Z), and the second component is a holomorphic map
H) — GL,(C), which we typically denote by w.
Let o be a representation of GL4(C), the double cover of GL4(C), with representation

space V5. Let p be a representation of é{)g(Z) with representation space V,. The Siegel slash
action of weight o and type p is defined as

(Plop (v,0))(2) = 0(w(2)) " p(7) " @(v2)
for all ® : H®) — V, @V, and all (v,w) € Sp,(Z).

DEFINITION 3.1. Let o be a representation of GNLg((C) with representation space V,, and let p
be a representation of Spg(Z) with representation space V,. A function @ : HY - V, ® V, is
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called a Siegel modular form of weight o and type p if
Pl,, (v, w) =P forall (v,w) € S?)Q(Z)

and, in addition, if g = 1, ® has Fourier expansion

o(r)= > (®in)g", (in) €V, @V,
0<neQ

If ® is meromorphic and satisfies ®|,, (7,w) = @ for all (y,w) € §I/)g(Z), we call it a
meromorphic Siegel modular form.

We write M) (q, p) for the space of Siegel modular forms of weight o and type p.

Irreducible representations of GL4(C) either factor through GL4(C), or they are of the from
det'/? @ o', where ¢’ factors through GL4(C). The meaning of det? with & € %Z thus becomes
clear. The space of Siegel modular forms of degree one (i.e., elliptic modular forms) of weight det”,
k € %Z and type p is denoted by M,(gl)(p). The space of degree-two Siegel modular forms of
weight det* ® oy, k € %Z, 0 <! € Z and type p is denoted by Mgl)

and, if p is trivial, we abbreviate M,gl)(p) = Mg) and M,(fl) (p) = M,(fl) .

(p). If I = 0, we suppress it

Remark 3.2. Suppose that o and p are irreducible. If o factors through GL4(C), one can show
that for those p which do not factor through Sp,(Z) we have M) (g, p) = {0}. On the other

hand, we have M) (g, p) = {0} if p factors through Spy(Z) and o does not.
More concretely, this means that M,(cgl) (p) = {0} if:

(i) k € Z and p does not factor through Sp,(Z); or
(ii) k € 3Z\Z and p factors through Spy(Z).

3.2 Structure theorems and dimension formulas
Let p be any (finite-dimensional) representation of Sp;(Z). By results of Mason and
Marks [MM10], @7 M](Cl)(p) is a free module over @, M,(Cl) of rank dim p. Hence, there
is a polynomial pg(p;t) with pg(p;1) = dim p such that

> dmM ) = L (31)

LEMMA 3.3. Fix 0 <! € Z and a representation p of Spy(Z) with finite index kernel. Then we
have

M) (p) = dim oy - dim p - dim M{? + O, (k?)

)

as k — oo, k € 27.

Proof. Fix a sufficiently small principal congruence subgroup I' C Spy(Z) such that p is trivial
on I'. Write My, ;(I") for the space of Siegel modular forms with respect to I'. We have

1
A M0) = S, @)
B dim p

~ #(T\Spy(2))
= dim p - dim My ; + O(k?) = dim p - dim o; - dim My, + O(k?).

dim My (p,T') + O(k?)

-dim My ;(T) + O(k?)
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We have used that p restricted to I' is trivial in the second step. The last step is due to
Tsushima [Tsu83]. The first and the third steps follow along the lines of [Tsu82, §1]. We give
details for the first equality; the third one follows in an analogous way. We express elements of
My 1(p,T') as sections of a vector bundle Vj; , = det* ® o; ® p on the toroidal compactification Xt
of the Siegel modular threefold attached to I'. Since det corresponds to the determinant of the
Hodge bundle (see [BvdGHZ08, p. 203]), higher cohomology of Vj; , vanishes for sufficiently
large k by the Kawamata—Viehweg vanishing theorem [Kaw82, Vie82|. By virtue of [Tsu82,
Theorems 1.1 and 1.2], we have

. _ ; im i
dim My, (p) = #(T\Spy(Z)) <d Meilo,T) + 1¢7:1%S:p2(2)(7)>’

where 7() was defined by Tsushima [Tsu82, p. 845]. It suffices to bound the growth of 7(v) in
k by k2. However, this is immediate, since it is the evaluation of essentially the Chern character
of Vi1, restricted to fix,(Xr), the fixed point set of . Since v acts nontrivially on X, it has
dimension at most two. O

4. Jacobi forms
Let
H =HY x C

be the Jacobi upper half space. The extended Jacobi group

I =SLy(Z) x Z2 X Z
has group law

(v, ) 6) - (s (N 1) /) = (v, )y + (Vo i), 6+ K+ Al = pX).

It can be viewed as a subgroup of Spy(Z) via the embedding

a 0 b 0 10 0 w

a b 01 00 Al pu kK
<<c d>’()"“)”{>'_) c0dofl0o0 1 —x
0 0 01 0 0 0 1

We denote the double cover of TV by 7. Its elements are pairs (v?,w) with 47 € TV and w :

HO — é\il(C) a holomorphic square root of et + d.
The action of I'Y (and thus I') on H’ is given by

P (r.2) = (7, (Ao ja), 1) (7, 2) = (fw,

For m € Q and z € C, we set e™(z) = exp(2mim z). Given k € 3Z, m € Q and a representation
p of Aff1(C) x T'? with representation space V,, there is a slash action

— A 2
(¢‘i,m,p (7J7 w))(7,2) = w(er + d)_% e ( C(Z;_' +Td+ 2

X p((w(r), ez + p) = dA), (77, w) Tl (7, 2))

on functions ¢ : H) — V,. We will often use representations of IV and Aff 1(C), which we then

ZH AT+ p
ct+d )’

—1—2)\24—)\274—%)

consider as representations of Aff;(C) x r’ by tensoring with the trivial representations of r’

and Aff;(C), respectively. Note that |k:,m = |ktk/,m,p for any k' € %Z.

det?’ ®p
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DEFINITION 4.1. Let p be a representation of Xf/fl(C) x I with representation space V,. A

holomorphic function ¢ : H? — V), is called a Jacobi form of weight k, index m and type p if:
(i) Ol m, (v w) = ¢ for all (v/,w) € T;

(ii) for all a, 5 € Q, ¢(7, a1 + B) is bounded (with respect to any norm on V) as y — oo.

We denote the space of Jacobi forms of weight &, index m and type p by Ji m(p). If p is trivial,

we suppress it. Note that J ,,, = {0} if m € Q\Z. Except for Proposition 4.5, in this section,

we restrict our attention to k € Z. Note that we do not need to assume that p has finite index

kernel.

The last component Z of I' is central. Hence, for irreducible representations p, it acts by
scalars. We have the following connection between m and p.

PROPOSITION 4.2. Let k € Z and m € Q. If p : Aff;(C) ® IV — GL(V,) is irreducible and
p(I2,(0,0),1) # exp(2mim), then Jy ,(p) = {0}.

Proof. This follows when inspecting the definition of ]im o O

Jacobi forms have a Fourier expansion

o(r,2) = Y cldin,r) "¢
0<neQ
reQ

By Condition (i), ¢(¢;n,r) depends only on 4mn — 72 and 7 (mod (2mZ)). From Condition (ii),
one infers that c(¢;n,r) = 0 if 4mn — 72 < 0. This is actually equivalent to Condition (ii). The
vanishing order of ¢ € Ji;(p) is defined as

ord¢ = inf{n € Q: c(¢;n,r) # 0}.

The spaces of Jacobi forms with vanishing order at least 0 < d € Q play a central role in §5.
Define

Jem(p)d] = {0 € Jim(p) s ord ¢ > d}. (4.1)

The definitions of the maps D, that were given on [EZ85, p. 29] carry over to our setting if p
is trivial on Aff1(C). Given a Jacobi form ¢ of even weight k, index m and type p : IV — GL(V,),

set
— (DR @ (k+2v—p—2)! (0. \2 "2/ 9, \"
D2y () .—0;,;” w! (2v — 2u)! (k + v — 2)! <2m'> (27”) ¢

and

Davs1(d) = )

O<usy

(—1)* 2v + D! (k+ 20 — p —1)! ( o, >2V+12u< 0. >,u¢.

W Qu+1—2u) (k+v—1) \2ni 27i

Note that either Dy, (¢) or Day41(¢) is zero depending on k and p. Combining the above maps,
we define D(k, p) for irreducible p.

D(k‘ ) . DO D Dg b---P DQ\_mJ if (—1)kp(—12) is trivial,
DD @ Dy|ym)—1 otherwise.
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If p = €, ps for irreducible p;, then we set

For irreducible p, it is not hard to see that the image of D(k, p) restricted to Jy ., (p)[d] is
. . 1
contained in @ My10,(p)[d] or B Myy41(0)[d]-
The next theorem is mostly due to Eichler and Zagier [EZ85]. We simply adapt it to the case
of vector-valued Jacobi forms.

THEOREM 4.3. Let k € Z and m € Q, and suppose that p : Aff1(C) ® T — GL(V,) is trivial
on Aff1(C). Then the map D(k, p) is injective.

Proof. We may restrict to the case of irreducible p. Further, we only treat the case of trivial
(—1)*p(—1I3). The proof in the other case works completely analogously.

Choose 0 < N € Z such that p is trivial on (NZ)? x NZ C I'Y. In particular, we have Nm € Z.
Given any Jacobi form ¢ of weight k and type p: ') — V,, odd Taylor coefficients of ¢ vanish
by assumption on (—1)¥p(—1I3). This follows directly from the Jacobi transformation law applied
to —Iy € SLQ(Z).

Observe that D(k, p) injectively maps the set of all 2vth Taylor coefficients (0 < v < |m]) to
@}Zé Mpyo,(p). E D(k, p)(¢) = 0, we find that the first 2|m|+1 > 2m Taylor coeflicients of fo¢
vanish for any linear functional f on V,. On the other hand, z — f o ¢(7, Nz) is a holomorphic
elliptic function of index N?m € Z. By assumption, it has at least N?(2|m| + 2) zeros in the
range z = o+ 7, o, f € [0,1). Consequently, fo¢ = 0 and, since f was any functional on V,,
we have ¢ = 0. O

Consider the restriction of o; to Aff;(C) C GL2(C) (see (2.1)) and denote it by o; as well.
For m € Z, it was shown in [IK11] that

ka Ul @Jlﬁ—zm

This isomorphism is induced by differential operators with constant coefficients as stated
on [IK11, p. 786]. Hence, it generalizes to arbitrary m € Q and to any representation p : IV —
GL(V,). We have

ka Ul®p @Jk-i-zm

Combining this with the statement of Theorem 4.3, we obtain the following result.

COROLLARY 4.4. Letk € Z andm € Q, and p:T7 — V), be an irreducible unitary representation.
Then there is an injective map

z @Mk+z+2u )[d] if (=1)"'p(=Iy) is trivial,
Jk,m(Jl ® p @

i=0
@ My iivou+1(p)[d] otherwise.
v=0
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We finish this section with a statement on the connection of Siegel modular forms and Jacobi
forms.

PROPOSITION 4.5. Let ® € M,(fl)(p), k € %Z, 0 <l € Z be a Siegel modular form, where p is a
representation of ,S‘E)Q(Z). Then, for all m € Q, the function
¢m(7-7 Z) = Z C((I)a n,r, m) anT
n,reQ

is a Jacobi form of weight k, index m and type o; ® p.
In particular, we have a Fourier Jacobi expansion

®(Z)= Y bm(r,2)d™
Proof. This is a straightforward verification. O

5. Formal Fourier Jacobi expansions
5.1 Definition and basic properties
Given a Siegel modular form ¢ € M,(fl) (p), there is a Fourier Jacobi expansion as discussed at
the end of the previous section. The notion of formal Fourier Jacobi expansions mimics this.

DEeFINITION 5.1. Fix k € %Z, 0 <! € Z and a representation p of §f>2 (Z) with finite index kernel.
Let

®(Z)= Y dm(r2)d™e [ Inmloi@p)
0<meQ 0<meQ
be a formal series of Jacobi forms. We call ® a formal Fourier Jacobi expansion of weight (k,1)
and type p if
c(pm; n,7) = (det® @ 0;)7H(S) p~L(xot(S)) c(pn; m, 7)

for all n,r € Q, where S = ((1) (1)) Denote the space of such expansions by FM,(fl) (p).

From Proposition 4.5, we infer that there is an injective map

2 2
M) (p) = FME (o).

)

Further, @, F Mgl) (p) carries a module structure over MP = DBrecoz M,(f), as is deduced
immediately from the next statement.

ProOPOSITION 5.2. The graded module of formal Fourier Jacobi expansions
2 2
FMY) (p) = @D FM) (p)
ke2Z
carries a module structure over FM£2) by means of multiplication of formal series. Given
Yo Om(T,2) ™ € FM,(fl) and Y., VPm(1,2)¢™ € FM,&?Z(p), the multiplication is defined by

(; Gm(T, 2) Q’m) : <; U (T, 2) q’m) = Z( Z b (7, 2) - oy (7, z)) 7M.

m mi1,mo€Z
mi1+mo=m
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Proof. Provided that the right-hand side of the above definition of multiplication is an element
of 1?1\/[,(31)4_,€2 1(p), it is clear that FM) (p) satisfies the axioms of a module. We therefore only

ol
have to verify that the right-hand side is a formal Fourier Jacobi expansion.
From the definition of Jacobi forms, we see that for ¢, € Ji, m, and VY, € Jiy m, (01 ® p),
we have ¢pm,Vms € Jkthymi+me(01 ® p). That is, the right-hand side is an element of
HogmeQ Jkr+ke.m(o1 ® p)¢'™, as required. To check the symmetry condition of Definition 5.1,

note that we have

Z c(¢m1¢m2; n, T)

m1,m2€Q
mi1+meo=m

= Z Z C(qul;nlarl)c(d}MQ;nQarQ)
m1,m2€Q ni,n2,m,r2€Q
mit+me=m nit+n2=n
r1+re=r

= det ™™ (S)e(@ny s, 1) (det* @ 01) 71 (S)p ™ (ot (S))e(thnys ma, 72)
mi,ma€Q
mi1+mao=m
ni,n2,r1,r2€Q
ni+no=n
r14+ro=r

= 3 (deth 2 @ o) ()07 (10t (S)) ey i . ). 0

n1,n2€Q
ni+n2=n

PROPOSITION 5.3. Fix k, k' € 27, 0 < | € Z and a representation p of Spy(Z) with finite index
kernel. Let U € FM,(j) and ¢ € FM,?l)(p) IfU® =0, then ¥ =0 or & =0.

Proof. Suppose that ¥ # 0 and ® # 0. We can choose minimal m,m’ € Q such that ¢,, # 0
and ¢ # 0. Clearly, 1, ¢m # 0, since both ),y and ¢, are holomorphic functions on H’. By
definition of multiplication, we have (¥®)(Z) = Yy (T, 2)dm (T, 2)g’ ™™ +O(¢' ™7 +€) for some
€ > 0. This proves the statement. O

PROPOSITION 5.4. Given p with finite index kernel, there is 0 < p, € Z such that for every
d(Z) e FM,(CQZ) (p), we have ¢, (7,2) =0 if m & (1/p,)7Z.

Proof. Using the symmetry condition, we have to show that there is p € Z such that

c(pm;n,r) =0
if n ¢ (1/p)Z. Since p has finite index kernel, the matrix
1 010

01 0
PlHo o 1
00 0

— O O

has pth roots of unity as eigenvalues for some 0 < p € Z. Because ¢, is a Jacobi form of type p,
its Fourier expansion is supported on (n,r) with n € (1/u)Z, as desired. O

In analogy with Siegel modular forms, we define a vanishing order for formal Fourier Jacobi
expansions:

ord ® = inf{m € Q : ¢, (7, 2) # 0}. (5.1)
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Note that ord® € (1/p,)Z U {—oo} if & € FM](CQZ)(p) The space of formal Fourier Jacobi

expansions of vanishing order at least m is denoted by FM,(fl) (p)[m].

LEMMA 5.5. Suppose that ® and ¥ are formal Fourier Jacobi expansions of the same weight
and type. If ¢, = 1y, for 0 < m < m/ for some 0 < m' € Q, then ¢,y — Yy € Jj (07 @ p)[].

Proof. For any 0 < n <m’ and any r € Z, we have

c(pmr — s, 1) = c(Pmrin, ) — (s, )
= (det® @ o7)71(S) p  (rot(S)) (c(pn; M/, ) — c(thn;m/, 7)) = 0. o

PROPOSITION 5.6. There is a (noncanonical) map

1
)~ ] ImﬁﬁwanFMgkan—};> I Sl o)l
0<me(1/pp)Z Fod ocmé(i/up)z

Proof. The first map is associated to the decreasing filtration by vanishing orders. Its kernel
equals (), FM,(fl) (p)[m] = {0}. The maps

FM%wmwmﬁmﬂm;y»%m@®mmL

Z¢m/(T, 2)exp(2mim/7T") —> dn (T, 2)

ml

are well defined by Lemma 5.5. They are injective by Proposition 5.4. O

5.2 Formal Fourier Jacobi expansions as a free module

The goal of this section is to establish the next theorem.

THEOREM 5.7. Let 0 < | € Z and fix a representation of Sp,(Z) whose kernel has finite index.
Then the module FM?Z) (p) is free over M.

PropPOSITION 5.8. We keep the assumptions of Theorem 5.7 on | and p. Further, suppose that
k and k' are even integers. Let

®(Z)= . ¢(r.2)¢™ €FMZ(p) and W(Z)= > w(r,2)¢™ €My
OsmeQ 0<meQ
Suppose that Vo € M,(jzk, l(p). Then Zogme@ é(1,2) g™ is convergent and ® € M,(fl) (p).

Proof of Theorem 5.7. In light of Proposition 5.3, it suffices to show that the module
FMEQZ) (p)/ MEQl) (p) is torsion free. This is an immediate consequence of Proposition 5.8. O

The proof of Proposition 5.8 uses the partial toroidal compactification. Let I' C Spy(Z) be a
sufficiently small congruence subgroup such that p is trivial on I and such that the partial toroidal

compactification Xl(}) of F\H(z) by two-dimensional strata is defined as a complex variety. A
detailed explanation can be found in [BvdGHZO08, ch. 3.11], in particular, p. 206. Note that

van der Geer writes Agl) for Xlgl). Note also that Xl(}) is canonical and does not depend on the

choice of a cone decomposition. Further, all vector bundles of type det” ® o; extend to Xl(}). This
is, for example, stated in [BvdGHZ08, ch. 3.11].

2199

https://doi.org/10.1112/50010437X15007514 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007514

M. WESTERHOLT-RAUM

PROPOSITION 5.9. Every divisor on Spy(Z)\H?) meets the two-dimensional boundary of Xlgl).
Proof. Fix a toroidal compactification Spy(Z)\H®) as in [Hul00]. By taking its closure, every
divisor on Spy(Z)\H? extends to Spy(Z)\H(?). Referring to [Mums3], Hulek states that the free

part of the Picard group of Sp,(Z)\H(®) is generated by the boundary class, say A, and the class
corresponding to weight-one Siegel modular forms.

Fix a divisor D as in the assumption. By passing to a suitable multiple and adding multiples
of A, we can assume that D is the divisor of some Siegel modular form ®. We can further assume
that the weight & of ® is a multiple of 10, and that ® is not a power of Igusa’s x19 (whose divisor
meets the boundary of SpQ(Z)\H@)L Then division of ® by the (ord ®)th power of x1¢ yields a
meromorphic Siegel modular forms & with

lim ®(Z) = go(r,2) # 0. (5.2)
T —>100
By construction, ¢g is a meromorphic Jacobi form of index 0. It has positive weight. Indeed, if
kE < 100ord @, then ® is a power of x19 (see, for example, [Man92]). We conclude that ¢y does
not vanish identically and has zeros on H’, which proves the statement. O

Proof of Proposition 5.8. Let

& = (vo)/v,
which is a meromorphic Siegel modular form, since ¥® is a holomorphic Siegel modular form by
the assumptions. We have to show that ® is holomorphic. Indeed, then there is a Fourier Jacobi
expansion

B(Z) =D bm(r2) ™

attached to it. Since we know that TP = UP, we can use Proposition 5.3 to conclude that
Om = ¢, for all m.

In order to show that ® is holomorphic, we employ the partial toroidal compactification. For
a linear functional f € V(p)Y on V(p), set

(Ud); = foUd and &;=fod.
Since p is trivial on I', (¥®) is a Siegel modular form for I" and therefore yields a section in

the vector bundle V(detk+k/® o]) over Xlgl). Similarly, we can view ¥ and o ¢ as a holomorphic

section of V(det*) and a meromorphic section of V(det® ® o;), respectively. The polar divisor

of ®; is contained in the zero divisor of W. By Proposition 5.9, it suffices to show that ® is

holomorphic at every boundary point = € Xl(}) at infinity.

To study the regularity of ® ¢ locally, we use Hironaka’s theory [Hir64a, Hir64b] in a way that
is similar to [Bru04]. Given a divisor D on XI(}), we obtain a smooth blow up 7 : )A(I(}) — Xl(})
such that 771(D) is normal crossing and such that we have local holomorphic coordinates. For

D, we take the union of the boundary divisor of Xl(}) and the zero divisor of W. To show that

(1)

P is holomorphic at the boundary of Xy, we fix an arbitrary point x € )?1(}) that maps to the

boundary component of Xl(}) at infinity. Let U be a neighborhood of x, which we will shrink in
the next steps if necessary. N
We pull back ¥, (¥®) and ® and restrict to U. To ease notation, we set

Uy = (Tom)y, (T0))|y=((¥®);om)y and (Pf)ly = (®som)|y.
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Hironaka’s theory yields local coordinates 7, z and ¢/, where the preimage of the boundary at
infinity of Xﬁl) is given by ¢’ = 0. In order to reduce technical complications, we shrink U if
necessary and assume that U is a product set U’ x U q,, where U? is a neighborhood of ¢ = 0
in the ¢’ plane. We are in the following situation:

Tly, (B0)4)|y € OU), (Py)lv € OUN)[{].

We further have W[y - (:I;f)|U = ((Y®)s)|r. We have to show that (&))f|U is convergent and
holomorphic.

This will be a consequence of Proposition 5.10. Fix an arbitrary one-dimensional
submanifold U’ of U’ and set U’ = U?’ x U?. Tt suffices to consider the restriction (®);|r»

of (&)) #lu to U’. In the assumptions of Proposition 5.10, we let f equal (®)|¢. Local coordinates
in U’ correspond to the variable 2 and ¢’ corresponds to y. Since (&)) flur is a power series
in ¢/, the first assumption of Proposition 5.10 holds. The second one holds, since we have
resolved the zero divisor of ¥, which contains the polar divisor of (®);. The third assumption
of Proposition 5.10 holds by construction of ((f)) #|o7. This establishes holomorphicity of ® ¢ and

thus completes the proof. O

The remainder of this section is of purely function theoretic nature. The proof of
Proposition 5.10 builds up on Lemmas 5.12 and 5.13, which summarize slightly involved
computations with polynomials whose coefficients are meromorphic functions.

In the proofs of the next theorem and lemmas, we will repeatedly use the Pochhammer
symbol

(a)n = [(a—1), (5.3)

which is defined for ¢ € C and 0 < n € Z.
PROPOSITION 5.10. Let f(x,y) be a function that is meromorphic in a neighborhood U of
r =y =0 in C2. Assume the following:

(i) {(z,y) € U :y =0} is not a polar divisor of f;

(ii) no irreducible polar divisor of f has a branching point at x =y = 0;

(iii) for all 0 < n € Z, the function 9y|y—o f(z,y) admits a holomorphic continuation to a
neighborhood of x = 0.

Then f is holomorphic in x =y = 0.
Proof. By the assumptions on f and the theory of meromorphic functions presented, for example,

in [NisO1] (following work of Oka), we can express f in a sufficiently small neighborhood of
x =1y =0 as follows:

) = Fla E:Zﬁof%(x)yi
T = ey + Qo)

We have 0 < ng,dp,mj € Z (1 < j < ng). Functions that appear on the right-hand side are
holomorphic in some neighborhood of z = y = 0 or z = 0, respectively. They satisfy f (0,0) # 0,
Py, (0) #0, P;(0) =0 (0 <i<dp), Q;1(0) # 0 and Q;0(0) = 0. We can assume that for j # j/,
Qj0/Qj1 # Qj0/Qj 1 as functions in a neighborhood of = 0. By dividing both sides by f, we

(5.4)
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can and will assume without loss of generality that f(x,y) = 1. Write P(z, y) = >, Pi(x)y for the
numerator of (5.4). We may assume that the numerator and denominator in (5.4) are coprime,
which amounts to the assertion that for all 1 < j < ng, we have P(z, —Qjo(x)/Qj1(x)) # 0 as
functions in a neighborhood of x = 0.

We will show by contradiction that ng = 0, that is, f(z,y) = P(z,y) is holomorphic in
rz=9y=0.

For convenience, we suppress the dependence on z. Furthermore, we use exponents 0 < e; € Z
(1 <j<ng). Away from z = 0, we have

dP nQ
=0 fCy)=> (?)ilpi =0 (H(Qa‘vl Y+ ijo)lmj)
i=0 e
_ . nQ
_Z< )“P Z.Z: » (61;6:...l,€nQ> E(_l)ej(mj +€5)e; Q71Qj0 o

(Mo m)sr X ("0 ") e

1=0 Z ej=n—iJj=1
Assuming ng # 0, apply Lemmas 5.12 and 5.13 to obtain a contradiction. O

LEMMA 5.11. Let H;j(z) (1 < j < ny) be pairwise distinct meromorphic functions in a
neighborhood of x = 0. Then, for all 0 < n € Z and nonnegative exponents e; € Z, we have

I, Hy

nyg
14
Z HH;J Z J HnH/ ”_i (]H/—H‘”)'

ng . i=1 J J
Hoe.=nl
2= J #m’#]”

Proof. Given j' # j”, we have

(Hy —Hj») Y HY =Hy »_ HHeJ Hjn > ﬁH;j.

Z] L ej=n > ej=nj=1 2jej=ni=l

ejn= =0 e]-/=0

Now, for fixed j', we have

( 11 <ij—ij/)> > HH“’J my [ H+ o).

1<5"<npy Y0 ej=n =1 5 #
3" #5!
Since the remainder term O(H ) does not depend on n, this proves the theorem. O
J

LEMMA 5.12. Let Hj(xz) (1 < j < ny) be pairwise distinct, nonzero meromorphic functions
in a neighborhood of 0. Fix a holomorphic function P(x,y) = Z?jo P;(z)y*, and suppose that
P(x, Hj(z)™') # 0 as functions of z for all 1 < j < ny. Given nonnegative integers m;, we have

d
ipi 3 <m3+e’> ZHR (Hy,...,Hpn,im)
=0

Z:H1 ej=n—i

with rational functions R;j. Moreover, the Rj(Hi(x),...,Hp,(x);n) (1 < j < nyg) are nonzero
polynomials in n with coefficients that are meromorphic functions in x.
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Proof. Write 0; for the formal derivative with respect to H;. Using Lemma 5.11, we find that

mj + €j e; i 8?; = ej+m;
> o (M -(I15) (X )
’ P, =i =1

E;Lfl e;j=n—i Jj=1
ny )
ng j ng Hj’:l' HJ'
= (H Hj) i 3'#j
m;! J TH H, — Hn
j=1"" j=1 HJ:,J’f;/l ‘//( J i)
J'#533"#7

We insert this into the left-hand side of the formula in the statement. Note that the sum over 4
and the formal derivatives commute, since P;, as a variable, is independent of H;. We obtain

P(H YT, Hj

ngy 8mj ngy J ]:’=1‘ J
<H Hj ) H" J'#j
m' J ﬂH4 H‘/—H‘//
j=1"" j=1 HJ‘;J/lell A”( J i)
J'#3,5'#9

This proves the first assertion of the lemma. The second assertion follows straightforwardly, when
carrying out differentiation. O

LEMMA 5.13. Let Hj(x)(1 < j < npy) be pairwise distinct, nonzero meromorphic functions in a
neighborhood of © = 0 whose pole order at = = 0 is at least one. Further, let Rj(z,n)(1 < j < ng)
be polynomials in n whose coefficients are meromorphic in x.

If, for all 0 < n € Z,
ng
ZH?Rj(:c,n)
j=1

is regular at x = 0, then R; =0 for all 1 < j < ngpy.

Proof. Set J ={1 < j <ny:R;#0}. The statement is equivalent to J = . We assume that J
is not empty.

Let oy = —minjes(ord,—o Hj) be the maximal pole order at x = 0 of the H;, and Jy =
{j € J: —ordy—o Hj = o} be the set of indices for which this maximum is attained. Further,
let dp = maxjcy, (deg, R;) be the maximal degree of the R; as a polynomial in n, and let
Jr ={j € Ju : deg, R; = dr}. By construction, J # ¢ implies Jy # @, which implies Jr # @.
Write R, 4, for the drth coefficient of R;.

Choose some 0 < or € Z such that the coefficients of x°ZR;(x,n) are holomorphic in z =0
for all 1 < j < n. We rewrite the regularity assumption:

ny nH
Z H}'Rj(z,n) = ndR g =noH —OR Z(onHj)”(n_deoRRj (z,m))
j=1 j=1

must be regular at x = 0. In other words, for all 0 < < npy, we have

> (@ H)! (2% Hy)" (277 Ry gy, (x) + O((n+1)71))) = 0 (mod 2" F0R).
j=1
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The Vandermonde matrix ((x°% H;)');,; is invertible as a matrix of meromorphic functions. The
Oth coefficient of (z°# H;)" is nonzero for j € Jy O Jg. By choosing n large enough, we therefore
see that

2R R; 4, (z) = O(n™ 1) (mod ")
with 7(n) — oo as n — oo. This shows that R; 4, = 0 for all j € Jy. This contradicts the choice

of dr and hence proves the lemma. O

5.3 Dimension estimates

In this section, we compare the dimensions of M( )( ) and FM,(fl) (p) as k — oo. The idea of the
proof of the next theorem is very much 1nsp1red by [IPY13], and was initially brought up by
Aoki [Aok00].

THEOREM 5.14. Fix 0 < | € Z and a representation p of Spy(Z) with finite index kernel. We
have

dim FM{) (p) < dim M) (p) + O(k?)
as k — oo, k € 2Z. The implied constants of the remainder term depend on [ and p.

Proof of Theorem 5.14. Proposition 5.6 gives us an inclusion
2
MO (o) = [ Jemlor @ p)lml.
0<me(1/pp)Z

We are hence reduced to estimating the dimension of the right-hand side. Corollary 4.4 says that
there is a map

ka(UZ®p (_> @JkJrzm

Insert this into the previous equation. Then Lemma 3.3 shows that it suffices to treat the case
l=0.
By Proposition 4.2, we need to consider

B D Jemlolme)m,

0<mop<1 0O<SmemMo+2

where p = €P,,, p(mo) and p(mo)(I2, (0,0),1) = exp(2mimo).
We consider the generating function of this series, and adapt the calculations presented
in [IPY13, §4]. The change of order of summation is justified because all coefficients are positive.

D> D> dimMyya(p(mo))lmo + mt"

2|k€Z 0<mo<1l m=0 v=0

Z Z Z( Z dim Mg 2, 12m (p(mo)) [mo] tk+2V—12m> (12m—2v

0<mo<1 m=0rv=0 2|keZ

Zo<m0<1pg 12m—2
< (1—t4 1—t6 Zzt e

m=0v=0

_ -1 —pf‘l p,l s Z Ztmm 2

mOz/O
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Here, ‘<’ means that every coefficient with respect to ¢t on the left-hand side is less than or equal
to the corresponding coefficient on the right-hand side. The double sum equals

(e e] o0 oo
SOY g 1 Sz 1 ‘
= 2 (1= 00 (1 — 12

v=0m=v

This proves the statement, since the generators of @2| & Mgf) have weights 4,6, 10 and 12. O

5.4 Rigidity
We combine the results of §§ 5.1 and 5.2 to establish rigidity of formal Fourier Jacobi expansions.
The next lemma will help us to cover weights that are not even integers.

LEMMA 5.15. There is a vector-valued Siegel modular form of:

(i) odd weight;
(ii) half-integral weight k & 7,

whose components have no common zero.

Proof. Assuming that we have proved the second statement, let f be a Siegel modular form of
half-integral weight whose components have no common zero. Then f ® f has odd weight and
its components do not have common zeros, either.

The second part can be established by means of theta nulls. They define a map I'(4,8)\
Hy — PY for a suitable subgroup I'(4,8) C /S-\£)2(Z) (see, for example, [Igu64]). Let 6 be the
vector whose components consist of all theta nulls. Then 6,57, where v runs through a

system of representatives of I'(4, 8)\Spy(Z), yields a vector-valued modular form with the desired
properties. O

THEOREM b5.16. For every k € %Z, 0 <[ € Z and every representation p of §132(Z) with finite
index kernel, we have FM1(<:2Z) (p) = Mgfl) (p).

Proof. We first prove the case of k € 2Z. By the remark after Definition 3.1, we can assume that
p factors through Spy(Z). By Theorem 5.7, FM(Q)(p) is free over M. Suppose that FM(2Z) (p) #

o] [ R
MEQZ) (p). Then its rank over M£2) exceeds dim o; - dim p. Therefore, we would have

FMP) (p) > (1 + dimo; - dim p) dim M) + O(k?),

ol

contradicting Theorem 5.14.

Now suppose that k € %Z. Choose a Siegel modular form ¥ as in Lemma 5.15 such that QW
has even weight. By the above, it is a Siegel modular form. Write ¥, for the components of W.
The meromorphic Siegel modular form (®W;)/¥; is independent of 7, since (PW;) ¥, = (PW;/)¥;
for all 4,7’. By our choice, the components of ¥ have no common zero. Therefore, (®V;)/ ¥,
is holomorphic and possesses a Fourier Jacobi expansion. This expansion equals @ in light of
Proposition 5.3. O

6. Generating functions for special cycles on Shimura varieties

Let £ be an integral lattice of signature (n,2) with attached quadratic form g,. We adopt the
notation used in the introduction. That is, we denote the dual of £ by £#, and write disc” £ =
(L7 /L) for powers of the attached discriminant form. Fix a subgroup I' of the orthogonal group
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O(L) that fixes the discriminant form disc £ pointwise. Write Gr™ (£ ® C) for the Grassmannian
of two-dimensional negative subspaces of £ ® C. There are rational quadratic cycles on the
Shimura variety Xt = I'\Gr™ (£ ® R). Given a tuple of vectors v = (vy,...,v,) in L® Q, let

Z(v)={W € Gr (L®R) : span(v) L W}.

This cycle is nontrivial if span(v) C £ ® Q is positive.

Kudla defined so-called special cycles on Xt [Kud97]. Associate to each v a moment matrix
qc(v) = 2((vi, v;) £)1<ij<r, Where (v, w)z = qe(v + w) — qe(v) — ge(w). Given a semi-positive-
definite matrix 0 < T € Sym,.(Q) and A € disc” L, set

AT p) ={ven+ LT =qe(v)}

Define

Z(T,p)= Y. Z(v).

vel\Q(T,u)

The symmetries I act on Q(T), i), and there are finitely many orbits. Therefore, Z(T, i) descends
to a cycle on X, which we also denote by Z(T', ). Writing rk(T") for the rank of 7', we find that
Z(T, i) is a rk(T)-cycle, whose class in CH™T) (X1)¢ is denoted by {Z(T, )}

Let w" be the anti-canonical bundle on X, and write {w"} for its class in CH!(Xt)c. Fix
a linear functional on CH"(XT1)c. Define the formal Fourier expansion

orsZ)= Y f{Z(@ )} {0} ™M) exp(2mitrace(TZ))e,. (6.1)
pedisc” L
0<TeSym,.(Q)
Here, ¢, is a canonical basis vector of the representation space C|disc” L] of the Weil
representation of the double cover Sp,.(Z) of Sp,(Z).

We now restrict to the case r = 2. In his thesis, Zhang [Zha09] proved that Or ¢(Z) is a
formal Fourier Jacobi expansion of weight 1 + n/2. This is essentially [Zha09, Proposition 2.6,
p. 22]. Note that he does not make use of Condition 1 of his Theorem 2.5 while proving this
proposition.

Remark 6.1. The type of Or ; stated in [Zha09] is slightly incorrect. On page 20, Zhang affirms
that, in his notation,

F(T,)) = det(A)" " /det(A)" " F(AT°T A, \A).

He argues that this holds if n’ is even. But, actually, F/(T, ) is basis independent. Consequently,
the required invariance does not hold if 4/n/, while n’ = 2 in our application. This can be fixed
easily, by considering the subrepresentation of the Weil representation py, , (in Zhang’s notation),
which comes with the matching sign.

COROLLARY 6.2. For any subgroup I' C O(L) as above and every linear functional f on the Chow
group CH?(Xr)c, the function Or, is a vector-valued Siegel modular form of weight 1 4 n/2.

Proof. This follows when combining Zhang’s results and Theorem 5.16. O

Using this statement, we can reprove [Zha(09, Theorem 3.1].
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COROLLARY 6.3. The space
span({Z(T, 1)} : 0 < T € Sym,(Q), pu € disc” £) € CH?(Xp)c
is finite dimensional.

Proof. This follows from dim M,(f) (p) < 0o, which holds for all k € %Z and any representation p
of S?)ﬂZ) with finite index kernel. O
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Appendix A. Computing Siegel modular forms

In this section, we assume that the base field for all modular forms is Q. All statements concerning
dimensions and Fourier expansions that we will make use of hold for any sufficiently large field
Q C K CC. If readers wish, they can adjust Algorithm A.5 accordingly. For all representations
in this section, we assume that the kernel is a congruence subgroup.

We deal with truncated Fourier expansions of Jacobi forms, Siegel modular forms and formal
Fourier Jacobi expansions. We start by defining appropriate index sets. Given 0 < B € Z, set

I®(B) ={(n,r,m) € Q*: 0 < m,n < B,4nm — % > 0},
I'm;B)={(n,r) € Q?:0< n < B,4nm —r? > 0}.

By abuse of notation, we denote the Fourier expansion map always by the same symbol F&p.
Given any representation p of Spy(Z) or I'Y with representation space V,, define

Fep MV (p
Fép: M,(jl)(p
FEp : Jpm(or®@p
Fép : FMl(jl)(p

— V;)B, b — (c(P;n))o<n<B,

= Vo, @ V)T E) @ s (e(@51,7, 1)) (),

= (Vo, @ V)" s (e 51,7)) )

- Vo, @ Vo) '8 ()i —> (el 7)) ) Jo<im< -

o<m<B

—_ — — —

There are truncation maps from VI mB) o yI'(mB) if pf > B. When comparing Fourier
expansions that have different ‘precision’, we will freely apply them.

PROPOSITION A.1. Given0 < k € %Z and a representation p ofggl(Z), the map F&p : Mg)(p) —
VP is injective for B > k/12 4 1.

Proof. Suppose that there is a modular form ¢ € M,gl)(p) whose first [ := [k/12] + 1 Fourier
coefficients vanish. Then A~!¢, where A is the discriminant form, is a nonzero, holomorphic
modular form of negative weight, which cannot be. O

PROPOSITION A.2. Given0 < k € %Z, 0 < m € Q and a representation p of T'? with representation
space V,, the map FEp : J yn(01®p) — (V01®Vp)1‘](m?3) is injective for B > (k + 1 4 2|m])/12+1.

2207

https://doi.org/10.1112/50010437X15007514 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X15007514

M. WESTERHOLT-RAUM

Proof. The bijection

ka01®p @Jk-‘rzm

is induced by differential operators with constant coefficients. Hence, it is compatible with taking
Fourier expansions. It is thus sufficient to treat the case [ = 0.
We have
[m]
@H;B W) if (—1)kp(—1Iy) is trivial,

FEB(Jkm
B 0m(p) = 17

@ FEB( k+2u+1( )) otherwise.

Elements of M](fllz( ), 0 < i < 2[m], are uniquely determined by their first (k+2|m])/12 + 1

Fourier coefficients. This proves the proposition. O

PROPOSITION A.3. Let k € %Z, l € Z and 0 < m € Q. Further, let p be a representation of r’
with representation space V,. Given 0 < B € Z, fix families

(ém)o<m<s; (bm)o<m<s € €D Tkm(o1® p).
o<m<B

Suppose that they satisty FE 1) /104+1(Pm) = FE+1)/1041(¥m) for all 0 < m < (k +1)/10 and
c(bmsin,r) = (det® @ 07)71(S) p~" (rot(S))e(dns m, 1),
c(Pmin, 1) = (det* @ 07)71(S) p~L(rot(S))e(thn; m, 1)

for all 0 <n,m < B and all r € Z. Then we have ¢, = V., for all 0 < m < B.

Proof. By Proposition A.2, ¢, and 1y, are determined by ¢(¢m;n, ) and c¢(m;n,r) with n <
(k+1+2|m])/12. For m < (k+1)/10, we have (k+1+2m)/12 < (k+1)/10 + 1 and hence
Om = Ym.

The rest of the proof is analogous to the proof of Lemma 5.5. It suffices to show that ¢,,,
m > (k +1)/10, is uniquely determined by all ¢,,/, m’" < m. Employing Proposition A.2, this
follows from the inequality (k + 1+ 2m)/12 < m, which holds exactly if m > (k +1)/10. O

Given k € %Z, l € Z, a representation p of %Q(Z) with finite index kernel and 0 < B € Z,
define

FMI(cQZ)(p)B = {(¢m)0<m<8 € @ }_EB(Jk,m(O'l ®p)) :

’ 0<m<B
(Gmin,r) = (det” @ o) 71 (S) p~ ! (xot(S)) e(dn; m, 1)

for all m,n < B and all r € Z}.
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PROPOSITION A.4. Given k € 3 € Z, | € Z, a representation p of §1:/)2(Z) with finite index kernel
and (k+1)/10 < B < B’ € Z, the following inclusion holds:
2 2
FM{) () € FM{) (0) 5
where we implicitly truncate elements of the space on the right-hand side.

Proof. This follows from Proposition A.3: given the first (k + [)/10 Fourier Jacobi coefficients of

any element in FM,(jl) (p)p or FM( )( p) B, all others are uniquely defined. O

ALGORITHM A.5. Let 0 < k € 3Z, 0 < | € Z and let p be a representation of %Q(Z) with
finite index kernel. Given (k+1)/10 < B € Z, the following algorithm computes the space
FEn (M) (0)).

(1) Compute FER(Jpm (07 ® p)) for all 0 < m < B.

(2) Compute FM( )( )B-

(3) If dim FM,(M) (p)p = dim Ml(jl) (p), then we are done. Otherwise, increase B and go back
to Step (1).

After processing these steps, there is a one-to-one correspondence of elements ® € FE B(M,(fl) ()
and elements (¢n,) € FM,(CQZ) (p)B via c¢(®;n,7m,m) = c(pm;n, ).

Remarks A.6. All steps except for the last one can be implemented based on the current state
of knowledge.

(1) Step (1) requires use of results in [[PY13] and [Raul2]. In the former paper an explicit
bijection of Jy, (07 ® p) and @220 Jitim(p) was given. In order to compute FEp(Jj m(p)) using
the latter work, note that Jy ,,,(p) = Ml(clzl/Q
for the lattice (2m) — see [Raul2]) via theta decomposition.

(Pm @ p) (P is the dual of the Weil representation

(2) Step (2) can be done by means of basic linear algebra.

(3) Step (3) requires computations of dim M,(fl) (p). If pistrivialand k >4 (I =0) or k > 5
(I > 0), this has been done by Tsushima [Tsu83]. To the author’s knowledge, the case of nontrivial
p has not yet been treated.

Proof. The algorithm terminates, because we have

FM{) (p) = () FMY
0<BeZ

and dim F Mgfl) (p)p is monotonically decreasing for sufficiently large B by Proposition A 4.
Correctness of Algorithm A.5 follows, because we have

FERM (p) € FMZ) (0
for all 0 < B € Z. If the dimension check in Step (3) succeeds, then equality holds. O
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