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Abstract

Birth—death processes form a natural class where ideas and results on large deviations
can be tested. We derive a large-deviation principle under an assumption that the rate
of jump down (death) grows asymptotically linearly with the population size, while the
rate of jump up (birth) grows sublinearly. We establish a large-deviation principle under
various forms of scaling of the underlying process and the corresponding normalization
of the logarithm of the large-deviation probabilities. The results show interesting features
of dependence of the rate functional upon the parameters of the process and the forms
of scaling and normalization.
Keywords: Large-deviation principle; local large-deviation principle; birth—death pro-
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1. Introduction and definitions

A birth—death process is a continuous-time Markov process with states x € Z™' :=
{0, 1,2, ...} (representing the population size) and with transitions occurring between neigh-
boring states. The class of birth—death processes exhibits a remarkable balance between
simplicity, allowing for analytical solutions, and complexity, showcasing a diverse range of
interesting phenomena. Its versatility is accentuated by the possibility of exploring various
jump rates, drawing attention from multiple research areas. Furthermore, birth—death processes
find applications across diverse fields, such as information theory (involving encoding and
storage of information [26, 28]), population biology, genetics, ecology (reviewed in [19, 24]),
chemistry (modeling growth and extinction in systems with multiple components [11, 15, 27]),
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economics (modeling competitive production and pricing [17, 34]) and queueing system theory
(explored, for example, in [22]).

In particular, birth—death processes are instrumental in exploring various aspects of large-
deviation theory, which is the focus of this paper. Apart from that, we also mention connections
between birth—death processes and orthogonal polynomials, as detailed in [29, 30].

In this paper we work under the assumption that the rate A(x) of jump x — x + 1 and the rate
u(x) of jump x — x — 1 obey the condition (1.2): u(x) grows with x asymptotically linearly,
while A(x) grows asymptotically sublinearly. This assumption ensures positive recurrence of
the process (cf. [9]). Such processes find an application in population dynamics [10, 12];
they are also relevant in models of market interaction between ask—bid sides of a limit order
book [17], energy-efficient schemes for cloud resources [23], and scenarios with an increasing
number of available servers in stations [22].

Let us provide formal definitions. We consider a continuous-time Markov process &(t),
t >0, on the state space Z™, starting at point 0. The process dynamics is as follows. We are
given two functions, A: Z* — (0, co) giving the rate of upward jumps, and p: Z* — [0, 00)
giving the rate of downward jumps, with ©£(0) =0 and p(x) >0 forx>1. Weset n =1 +
for the combined jump rate. Given that £(f) = x for some >0 and x € 7%, the value of the
process remains unchanged for an exponentially distributed random time t, of rate n(x). At
time ¢ 4 7, the process jumps to either x 4 1 or x — 1 with the probabilities

]P’(E(t~|—tx)=x+1)=@, IP’(S(t—er):x—l):w.
n(x) 1)
For the case where x = 0, the only feasible transition is to site 1. The key assumption is that
there exist constants P, Q > 0 and [ € [0, 1) such that
lim A =P, lim 2% =0. (1.2)

X—>00 X X—>00 X

(1.1)

We focus on the large-deviation principle (LDP) for the family of processes

gn=""0  o<i=1, (13)
o(T)
for subexponential (1.4), exponential (1.5), or superexponential (1.6) growth of the value ¢(7).
Here, T > 0 is a time-scaling parameter, and ¢: (0, co) — (0, 00) is a Lebesgue-measurable
function referred to as a scaling function. We assume that limr_, o ¢(T) = co.

The space where we will establish the large-deviation principle is L =1L[0, 1], with
the standard metric p(f, g) = fol lf (1) —g®|dt, f, g € L. Let B =2 ,) denote the Borel
o-algebra in (L, p); for a set B € *B, cl(B) and int(B) stand for the closure and the interior
of B, respectively.

Recall the notions and definitions we need (see, for more details, [5-7, 25, 31, 32]). In
Definitions 1.1 and 1.2 we attempt to cover a variety of situations occurring in the context of
the current paper. In these definitions we use a Lebesgue-measurable function v : (0, co) —
(0, 0o) satisfying lim7_, oo ¥ (T) = 00, and a B-measurable functional /: G — [0, o] where
G C L and G 5. Given A C G such that A € B, we set I(A) = infycp I(y), with I(&) = co.
Furthermore, v is referred to as a normalizing function and / as a large-deviation (LD) rate
functional.

Definition 1.1. Let GCIL and G €‘B. Let a family of random processes &7(-), T >0,
be defined as in (1.3) for some scaling function ¢. We say that this family satisfies a
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(G, L, p)-local large-deviation principle ((G, L, p)-LLDP) with an LD functional I: G —
[0, oo] and the normalizing function v if, for all f € G,

lim lim sup ; InPEr(-) e Ug(f)) = lirrb liTm inf ! InPEr(-) € Ug(f)) = —I(f),

>0 Tooo W(T) o Y(T)
where U (f) ={g e L: po(f, g) <e¢}.

Definition 1.2. Let &7(-), T > 0, be family of random processes defined as in (1.3) for some
scaling function ¢. We say that this family satisfies an (L, p)-LDP with a normalizing function
Y and an LD functional 7: . — (0, oo] if, whenever set B C L. and B € B,

1

ligsgp i InP(¢7(-) € B) < —1(cl(B)),
lim inf 1//(1T) InP(¢7(-) € B) > —I(int(B)).

Definition 1.3. Let &7(-), T > 0, be family of random processes defined as in (1.3) for some
scaling function ¢. We say that this family is exponentially tight (ET) on (L, p) with a
normalizing function ¢ if, for any C > 0, there exists a compact set K¢ € LL such that

lim sup
T—o0 1/[ (T)

If a family &7(-), T > 0, and a functional [/ satisfy Definitions 1.2 and 1.3 (in particular, if
family &7(-), T > 0, is ET) then, for all ¢ > 0, the set {f € L: I(f) < c} is compact in (L, p). In
this case, we say that / is a ‘good rate functional’ (cf. [5, Section 1.2], [7, Section 2.2]). In this
paper the ET property is established in Lemma A.6. It is known (see, for example, [20]) that
if the trajectories of random processes £7(-) belong to a Polish space then the ET property is a
necessary condition for the goodness of functional /. Note that this holds true in our setting.

[33] established an LLDP for a family of processes (1.3) with the scaling function ¢(T) =T,
while [13] did so for the case of subexponential asymptotics of ¢(7") when

In (T
fim 22D _
T—o00 T

InP(ér() ¢ Ke) < —C.

(1.4)

In this latter case, the family (1.3) is not ET (we discuss this in Section 4). Consequently, the
LDP is not available in the whole of (L, p).
In the present paper we consider two complementary conditions:

Inp(T)

there exists a constant k € (0, co) such that Tlim k; (1.5)

— 0

In o(T)
m =00
T—00 T

(1.6)

The form of the LD functional depends on which condition is assumed, (1.5) or (1.6), cf.
Section 2, Theorems 2.1 and 2.2. An emerging question is why the scalings (1.5) or (1.6) lead
to the large-deviation principle, while the scaling (1.4) does not. We explain this in Section 4.

Let us discuss what is currently known outside condition (1.2); cf. [13]. Suppose that A(x) ~
Px! and ju(x) ~ Qx™, where 0 <[ < m. If m € (0, 1) then three cases emerge, depending on a
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condition upon scaling function ¢, and the form of the rate functional is different in each of
these cases. If we assume that m > 1 then only an LLDP will take place, so the three cases
will be reduced to one. Also, from [13] it follows that an LLDP holds true when rates A(x) and
u(x) are regularly varying functions. Separately, notice the case where A(x) = P and u(x) = Q
where P and Q are positive constants. Here, process &(¢) is compound Poisson, for which the
LD asymptotics are well known [3, 14, 16].

This paper contains four sections. In Section 2 we state our main result, Theorem 2.2, and
a trio of auxiliary assertions (Lemmas 2.1-2.3). Section 3 is dedicated to the derivation of
Theorem 2.2 from Lemmas 2.1-2.3 and the proofs of these lemmas. Section 4 contains a
discussion of the results obtained. Finally, in the Appendix we prove some additional technical
assertions (Lemmas A.1-A.6) used in the proof or interpretation of the obtained results.

A commemorative note It is with great sadness and sorrow that the rest of the authors report
of the loss of our remarkable collaborator and friend Nikita Vvedenskaya (1930-2022). Until
her last days she actively worked on this project, and her contribution was essential and
irreplaceable. We will miss her dearly.

2. Notation, and the main result

We denote by V = V[0, 1] the set of non-negative measurable functions f: [0, 1] +— [0, oo)
of a finite variation. Given f € V, let Var f be the total variation of f.

Next, C = CJ[0, 1] is the space of continuous functions on [0, 1]. From now on we let G be
the set of functions f € C such that f(0) = 0 and f(¢) > 0 for z > 0.

The following result follows from [13].

Theorem 2.1. Assume conditions (1.2) and (1.4). Then the family &r(-), T > 0, defined as in
(1.3) satisfies a (G, L, p)-LLDP with the normalizing function (T)=Te(T) and the LD

Jfunctional I(f) = Q [} f(r)d.

Given f € V, we use the following decomposition into monotone increasing and decreasing
components:

fO=fr0—f @, fH0)=f0), f(0)=0; Varf=Varf" + Varf . (2.1

Such a decomposition is unique (cf. [21, Chapter 1, §4]).

Denote by D =1DIO0, 1] the space of cadlag functions on [0,1) with left limits at r=1.
Observe that for every f € V there exists a function fp € D such that p(f, fp) =0.

We now introduce the main result of this paper.

Theorem 2.2. Assume condition (1.2).

(i) Under condition (1.5) the family &r(-), T > 0, defined as in (1.3) satisfies an (L, p)-
LDP with the normalizing function ¥ (T) = ¢(T)In ¢(T) and the good LD functional
I: L — [0, oo] where

1
2 [rosra-ngan rev.
o, rev.

1(f)=
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(ii) Under condition (1.6) the family &r(-), T > 0, defined as in (1.3) satisfies an (IL, p)-
LDP with the normalizing function y(T) = ¢(T)In ¢(T) and the good LD functional
I: L. — [0, oo] where

(1—=Dff 1), feV,
00, feV.

I(f) =

Before we pass to the proof, let us make some comments. Note that the LDP in the space of
right-continuous functions with the Skorokhod metric is not obtained since the set of functions
with total variation bounded by a constant is non-compact in this space. On the other hand, it
seems that the results of this paper will hold for the space of functions without second-kind
discontinuities equipped with the Borovkov metric (cf. [1, 2, 4]). It is also worth mentioning
that, in contrast with the classical results, in our case the LD functional /(f) does not contain
the integral of the convex function of the derivative of the absolutely continuous component of
the function f.

The proof of Theorem 2.2 uses the auxiliary assertions on Lemmas 2.1-2.3. Let us intro-
duce some additional notions. Given T > 0, denote by X7 the set of right-continuous functions
u: [0, T]— Z™T, with u(0) = 0, having a finite number of jumps 7 (), where every jump has
size 1. This gives the set of trajectories for the birth—death process £(¢), ¢ € [0, T]. We speak
below of measures on (X7, X7), where X7 is a standard Borel o -algebra in X7.

Next, consider a continuous-time Markov process ¢ (), t € [0, T], on the state space Z, with
the full jump rate 1, jump size 1, and probabilities of jumps 1/2. There is a positive proba-
bility that this process lives in X7. In Lemma 2.1 and later we refer to the two processes as &
and ¢.

Lemma 2.1. (cf. [17, 33].) The distribution of the random process & on X is absolutely con-
tinuous with respect to that of a process ¢. The corresponding Radon—Nikodym density p = pr
on Xt has the form

n(u)
@ on(u) < 1_[ e—(ﬂ(u(fi—l))—l)fiv(u(ti_l)’ ”(h))) e_(n(”(tn(u))_1))(T_tn(u))’ n(u) > 1,
plu) = .
i=1
e~ O-DT n(u) =0,

where n(x) = (x) + u(x), x€ Z*; cf. (1.1). Here we suppose that the function u € Xr has
Jumps at time points 0 <t; <--- <ty <T and set v; =t; — t;_1, with to =0. Further, the
value v(u(ti—1), u(t;)) is given by

Muti-—1), u)—uti—1) =1,

pu(ti-1)),  u(t) — u(ti—1) =—1.

v(u(ti-1), u(t;)) =
Let Nr(¢) be the number of jumps in process ¢(¢) on the interval [0,7]. The claim of

Lemma 2.1 is equivalent to the fact that, for any measurable set H C X7,

P(¢ € H) =e"E[e 7 exp{Br(¢) + Nr(¢) In2}1(¢ e H)]. (2.2)
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Here,
Nr(¢)
' i i p—
Ar(r):= fo N () dr = i:Z]'7<€<n—1))r,+n(¢(rNT<c>))(T o), Nr@©)= 1,
nor Nr(§)=0;
(2.3)
Nr(¢)
Br(¢):= ; In (& (tim1), £@))), Nr(©) =1,

0, Nr(¢)=0.

The symbols 1(-) and 1] - ] represent indicators of events in the o-algebra 5.

The representation in (2.2) is used in the analysis of the value In P(§7(-) € Ug(f)). We set
er() := ¢(tT)/o(T), t € [0, 1]. In what follows, we write &7, {7 instead of &7(-), ¢r(-), and AT,
Br, Nt instead of A7(¢), Br(¢), N7(¢).

The proof of Theorem 2.2 is based on the analysis of py. This is a common method in
LD theory, particularly, in the specification of an LD functional. Namely, we analyze the
Radon-Nikodym density p; on the event {¢7 € U.(f)} and prove a (V, L, p)-LLDP by using
the independence of increments in process {7, together with the Stirling formula and properties
of the functional space (L, p); see also Lemmas 2.2 and 2.3 and their proofs in the Appendix.
Next, we prove that the family &7 is ET (cf. Lemma A.6). Then, by using a standard impli-
cation LLDP plus ET = LDP (cf. [5, Lemma 4.1.23], [20]), we obtain an (IL, p)-LDP for
processes 7.

Lemma 2.2. Assume condition (1.2) and one of conditions (1.5) or (1.6). Then, for all f € V
with p(f, 0) > 0,

L In E[exp{Br + N7 In2}1(¢r € Ug(f))
lim lim sup
e=0 T 00 @(T) In o(T)

Lemma 2.3. Assume condition (1.2) and one of conditions (1.5) or (1.6). Then, for all f € V
with p(f, 0) > 0,

= DfF ().

... . InE[exp{Br + Ny In2}1(¢r € Uc(f))] +
Jim lim inf o(T) In o(T) =1 =Dip (D).

3. Proofs of Theorem 2.2 and Lemmas 2.2 and 2.3
Proof of Theorem 2.2. First, consider the case where p(f, 0) = 0. Obviously,

1

It is easy to see that

1 1
lim lim inf ————— InP(&7 € Ug(f) >11m11m1 ———— InP| sup &7 (1)=0
£=0 T—oo @(T)In(T) ( ) e=>0 T—>o0 ¢(T)In <ﬂ(T) re[og]
1
= lim lim inf ———— Ine 07T =,

e—>0 T—oo @(T)In¢e(T)
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Now, suppose that p(f, 0) > 0. We start by evaluating Ar. As follows from (2.3),

T 1
Api= /0 EW)di=T /0 HT)Er(s)) ds. (3.1)

Condition (1.2) implies that, for any given ¢, y € (0, 1), for T large enough,

n(@(T)(Er(s) V €)
1_
A=V = D v e

=0 +y). (3.2

Here and below, a vV b = max (a, b). Furthermore, the values ¢ and y will tend to zero.
Let us upper-bound the integral in (3.1). Suppose ¢7 € U (f). Then the right bound in (3.2)
implies that, for any ¢, y € (0, 1), if T is large enough, we have the inequalities

/0 l n(@(T)sr(s)) ds < /0 l n(@(T)(&r(s) Vv &)) ds
=M1 +y)Q /01 (r(s) Vv e)ds
<o +7)Q /01 (15r(s) = f)| +£(s) + &) ds
<M1+ )0 /Olf(S) ds + 2¢(T)(1 + y)Qe. (3.3)

Next, consider a lower bound for the integral in (3.1). Due to the asymptotic character of
condition (1.2), we need some caution when dealing with the regions where the scaled process
approaches level zero. We set

H:={te[0,11: f()>0),  H.:= [1€[0,1]: f(1) > & + /&), (3.4)

Ge:= {te[0,1]: ¢r(n) <&, f(t) = & + e} 3.5)

If ¢ € U (f), the left-hand bound in (3.2) implies that, once more, for any given small ¢ and y
within the interval (0,1), and with a sufficiently large value of T, we have

1
/0 n(e(M¢r(s) ds = o(T)(1 — y)0 {r(s)ds

H:\G:
Z ()1 — V)Q/H . f(s)ds —o(T)(1 - J/)Q/H . |7 (s) = f(s)| ds
= ()1 — )/)Q/H . f(s)ds — p(T)(1 — y)Qe. (3.6)

If ¢7 € U (f), the Lebesgue measure of the set G, defined by (3.5) has the following upper
bound. Since f(s) — ¢r(s) > /¢ for all s € G, we have

B Yers) —f@1 . pr.f)
L(Gg)_/g dsf/o NG ds = NG < .e. 3.7
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By virtue of (2.2), (3.1), (3.3), and (3.6), we obtain that, for T large enough,

exp {T —To(T)(1 - V)QfH G J($)ds 4+ To(T)(1 — V)QS}]E[CXP{BT + Nr In2}1(¢r € Ue(f))]
= PEr() € Ue(H)

1
> exp {T —Te(T)(1 + J/)Q/0 f()ds = 2Tp(T)(1 + V)Qe}E[eXP{BT + Nr In2}1(¢r € U ()]
(3.8)

The bounds in (3.8) conclude an initial part of the proof of Theorem 2.2. Subsequent parts
establish assertions (i) and (ii) based on (3.8), while assuming conditions (1.5) and (1.6),
respectively.

First, assume condition (1.5). According to the upper bound in (3.8), for any ¢, y € (0, 1),

. 1
ll;n_)s;pm InPEr() € Ue(f))

__Q(l—)/) f(s)derQ(l—)/)é2
k H:\Ge k

. 1
+ l]TI‘]l)Sollp m ln E[exp{BT + NT ]n 2}1(§T S Ug(f))] (39)

Because of (3.7), lim,—,o L(G,;) =0, and, by the definition of H and H; (see (3.4)), H. CH
and lim,_.o L(H \ H;) =0,

1
/ fls)ds = f Fls)ds + / fls)ds = f F(s) ds.
0 H [0,1\H H

From this and (3.9), for any y € (0, 1),

lim i InPEr() € Ue(f))
im lim sup
e=0 7500  @(T)Ing(T)
< 0 -y) /f(s) ds + lim Tim sup In E[exp{Br + Nr In2}1(¢7 € Us(f))]
k H £=>0 Too0 @(T)In (T)
_ 1
__oa )/)/ £(s)ds -+ lim Tim sup InEl[exp{Br + Nr ln2}1(§T€Ue(f))].
k 0 e=0 7o o(T) Inp(T)

Passing to the limit y — 0 and using Lemma 2.2, we get, for f € V,

lim i InP(E7(-) € Us() Q
im lim sup <——
£=>0 7500 @(T) Ing(T) k

1
/0 f(s)ds — (1 = D (D).

Because of the lower bound in (3.8), and using an argument similar to the one above, together
with Lemma 2.3, we obtain, for f € V,

lim lim InP(E7(-) € Ue(f)) 0
im lim inf > —=
e—0 T—00 o(T)In o(T) k

1
/0 f)ds — (1 = Dft (D).

This completes the proof of (V, L, p)-LLDP in assertion (i).
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Now, assume condition (1.6). Then the bound in (3.8), along with Lemmas 2.2 and 2.3,
implies that
InPE7r() €U InP¢7r() €U
lim lim sup eGP E VP _ pyn g MEETO VD vy

e—0 T_o0 o(T)In o(T) e—0 T—o00 o(T)Ino(T)

This completes the proof of (V, IL, p)-LLDP in assertion (ii).

Furthermore, Lemma A.6 implies the ET property for the family &7(-), T > 0, and the fact
that I(f) = oo for f € L \ V under any of the conditions in (1.5) or (1.6). As a result, we get an
LDP under each of conditions (1.5) and (1.6). O

The proofs of Lemmas 2.2 and 2.3 are based on upper and lower bounds for the expected
value E := E(exp{Br + Nr(¢) In 2}1[¢1 € U (H)]).

Proof of Lemma 2.2. Given a € (0, 00), let V,, be the set of functions f € V with 0 < f(0) <a
and Var f < a. Next, given C € (0, 00), define the set K¢ := V) with a(C) := 3C/(1 — ).
According to Lemma A.1, K¢ is compact in (L, p). We write E < E| + E», where

Ep := E(exp{Br + Nr(¢) In 2}1[¢r € Ue(f) N Kc]),
E, = E(exp{BT +Nr(¢)In 2}1[§T 1S KCC]),
and K. represents the complement of set Kc.

Let us upper-bound the term E;. Obviously, process ¢(f) can be represented as {(f) =
() — ¢ (¢), where ¢t and ¢~ are independent Poisson processes of rate %, with E(z (1) =
E(¢™(r)) =1t/2. Note that if ¢7 € K¢ then, by virtue of (1.2), for any y € (0, 1) and T large
enough, we can upper-bound Br as follows:

Nr(8)
Br=Y_ In(v(¢(ti1), ¢(t))
i=1
< (M) In(Qe(Da(C)(1 + y)) + ¢ H(T) In(Pe!(T)a(C)(1 + y)) =: By +Bf. (3.10)
Recall that the processes ¢~ and ¢ are independent and non-decreasing. Also note that

N7(¢) <a(C)p(T). Because of this, and due to representation in (3.10), Lemmas A.4 and A.5
imply that

Er = e @0 2g (1o (1) 2 f7 (1) = 86) [1 6 () 2 /5 (1) = 860) ]

< e ONDINE (T 1[a(0) = & (1) 2 £ (D) = 80 )E(H71 & () = £ (1) = 56e) ).
(3.11)
Here, lim,_, o 8(¢) =0, and ;;’(t) = YT/ (D), e )= ¢/ o(T).
Observe that, as p(f, 0) > 0, for ¢ > 0 small enough,fg(l) — &(¢) > 0. By utilizing the def-

inition of B in (3.10) and once more taking advantage of the boundedness of the total number
of jumps N7(¢) < a(C)e(T), we can deduce, for sufficiently large values of 7', that

E(ef71[a(C) = 7 () 2 f5. (D) - 5(2)))

Le(Ta(C)] =T/2(T 12k
= Y eplkin@oa +ym 2
k=0
Le(Ta(C)) —~T/2 k
<exp{le(Na(O)] In (Qa(O) (1 +y)} Y ¢ ‘“W)#, (3.12)

k=0
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where |b] denotes the integer part of b. To streamline the upcoming calculations, we write
g1(1) := [p(Na(C)] In (Qa(C)(1 + y)).

According to Lemma A.7, the terms in the last sum in (3.12) constitute an increasing
sequence for T large enough (specifically, when T > 2a(C)), and their maximum value is
attained in the final term:

-T2 k ~T/2 Lp(T)a(C)]
kingn € (T2 e N(T/2)
e = expilea(C)] Ino(D)) Lo (Da(C)]!

m
0<k<lg(T)a(C)] k

Therefore, continuing from (3.12), for a sufficiently large 7 we obtain

E(eP1[a(C) 2 7 (D 2 f5. () - 86e)])

- exp{le(1)a(C)] In (T) + g1(T) + g2(T)}

= (le(Ma(O)] +1) Lo(T)a(C)]]
where g2(T):= |@(T)a(C)] In(T/2) — T/2. Finally, the fact that g((T)+ g(T)=
o(p(T)In o(T)), together with the Stirling approximation, guarantee that the right-hand
side of (3.13) is

, (3.13)

exp{le(M)a(C)] In o(T) + g1(T) + g2(T)} — 0@ Ing(T))

T)a(C 1
(Lle(Ma(C)] + 1) Lo()a(C)]]

(3.14)

as T — oo. .
By the definition of BJTr in (3.10), the expected value ]E(eBT 1[{}’(1) zfﬁ(l) — 8(8)]) in
(3.11) is bounded in the following manner. For T large enough,
E(eM 1[0 = (1) = 56)])

e—T/Z(T/Z)k
k!

32

=<

exp {kln (P(pI(T)a(C)(l + )/))}
k=] o (fF )-b(e) |

< Z exp {kIn (Pe(T)a(C)(1 + y)) —kInk +kIn (eT/2)}
k=] o (fF )-b(e)) |

< Z exp{lkln o(T) — kInk + 2k In (eT/2)}
k=| o) (H—se)) |

< > exp {IkIn (T) — kIn ([o(T)(f (1) = 8(£)) ) + 2k In (eT/2)}
k=] o) (H—se)) |

< > exp{—(1 — Dk In o(T) + 3k In (eT/2)}
k=| o) (£ (H—se)) |

= > exp{—k((1 = ) In (T) — 3 In (eT/2))}
k=] o) (fF (H-52)) |

_exp {= LoD (fiF (1) = 8(£))J(1 = DIn(T) — 31In (eT/2))}

B 1 —exp{—(1 —=DIne(T)+31n(eT/2)} '

(3.15)
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From the bounds in (3.11), (3.14), and (3.15) we get that, for T large enough,

Ey <exp {—(1 = D(f;f (1) — 8())@(T) In o(T) + o(p(T) In (T))}. (3.16)

Further, Lemma A.6 implies that, for 7" large enough,

Ep <exp{—Co(T) In p(T) + o(p(T) In p(T))}. (3.17)
Choosing C > (1 — I)(f (1) — 8(¢)) and using the inequalities E < Ej + E», (3.16), and (3.17),
we obtain
. InE
lim lim sup

=0 7500 @(T)In@(T)

< lim [i In 2 exp{—(1 — D(f (1) — 8(£))o(T) In p(T) + 0(p(T) In o(T))})
< lim lim sup
e=0 7500 @(T) In o(T)

<~ lim (1= D(fF () = 8(e)) = ~(1 = DT (D). o

Proof of Lemma 2.3. Here the goal is to establish a lower bound for E. As usual, obtaining
lower bounds is a more difficult task. Let us outline the idea of the proof. The main step is to
extract from the event {¢7 € U.(f)} a smaller event:

A
{cTeUs(f)}DUO 1S7() —ge(1) dt < /4, sup IcT(t)—§s(t)|<e/8}-

te[A,1]
Here, A is a constant that depends on &, and g, is a continuous function such that:

e g isclose to f in the p metric (in the proof, p(f, g:) < 3¢/4);
o the variation Var g, is close to the variation of f;

e g. is equal to a small constant § on the interval [0, A] (in the proof, § =¢/4) and g is
greater than § on [A, 1].

Then the expected value E will be lower-bounded by a product E4E_ (see (3.24)), where
E (respectively, E_) controls the variations of ¢t and g (respectively, ¢~ and g; ). Finally,
the quantity E will give us the bound (3.27) claimed in the lemma.

Let us proceed with the formal proof. First, consider the case where Varfp > 0. We start
by proving the existence of the function g.. We construct g, by using an auxiliary func-
tion g (see below). From the point of view of future arguments, it is convenient to set
2A := sup{t: Varfp <e/2}. Observe that since Var fp > 0, we have 2A < 1 for & > 0 small
enough and, as fjp is right-continuous at 0, we also have that 2A > 0.

Define

EVF0), tel0,2A),

1) .=
8 )+ % te2A 1],

Recall that a vV b =max (a, b). It is easy to see that p(f, g) <e&/2. Note that function g is
convenient because it does not vanish on [0, 1].
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Let us decompose gp into an increasing and a decreasing component:
gp(1) = g (1) — gp (1), Var gp = Var g + Var g,
gh (= Z vV £(0) for 1 € [0, 2A),
gp® =0, fort € [0, 2A).

From the definition of the constant 2A it follows that

0 < Varf — Var gf) < (3.18)

| ™

The functions gﬁ and g are monotone and continuous on [0, 2A) and left-continuous at the
end point 1. Also,

N ™

. - € . -
o B0 —gp0) =7 VO, inf (50 —gp(0) 2

Hence, there exist monotone continuous functions g and g; such that
=gt =S V0)., TN =g;(=0 ifrel0, A
8: ) =gp)=7Vf0). g )=gp(®=0 ifrel0,Al,
B2y, T =gp) ifre (A, D),

gr=gh(), g () =gp(), and p(gF. g5) + (85 . gp) <&/4. Let 3o := gF — g, . Then
0(Ze, g) < &/4 and

inf Z.(= inf (FF0-F ()= inf (f()—gp®)=> =

Jnf Be()= inf (FHOEFNG): z inf (gp () —gp®) = 1

Using the decomposition ¢ (¢) = ¢ T(f) — ¢ ~(¢), we have, for T large enough,
E:= E(exp{Br + N7(¢) In 2}1[¢7 € U ()])

Z]E<GBT1[ sup &7() <ge(A), sup |§T(t)_§s(t)|<§:|)

te[0,A) te[A,1]

zE(erl[c(AT)=0,¢+<AT)=ch(T)’gs(A)J, sup1]|¢T(r>—’§s<r)|<§D. (3.19)

te[A

W, = { sup |¢7 (D=2, (0] < 1%}’
te[A,1]
S1:= {¢7(AT) =0},
w2:={ sup |67 (0 — ¢ (A) = (BF (0 -2 () <i}’
te[A,1] 16
Sp:= {tH(AT) = |p(T)g(A)]}.
From the bound in (3.19) it follows that

E>E[’"1(W; nW, NS NSy)). (3.20)
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Let us first estimate By from below. According to the definition of v in Lemma 2.1, the sum
Br can always be separated into two sums: the one over negative jumps, Z(_), and the one
over positive jumps, } )

Nr(¢)
Br=)_ In(((i-1), {(1)
i=1
Nr(¢) Nr(¢)
=Y @), LU @) > L@+ Y In @), CENEE1) < £(1)]

::IZX:—FZ.

=) &

i=1

The lower bound for Z(f) is constructed in the following way. Note that, according to Sy,
there are no negative jumps of the process ¢ during the time interval [0, TA] and, according to
Wi N W, the process belongs to an €/8 neighborhood (in the uniform metric) of the function
€. Then, due to (1.2), for any y € (0, 1) and T sufficiently large we obtain

Yoz ln<w> (3.21)
=

Let us bound sum Z( + from below. Note that, for each r > 1, any trajectory from the event
S1 NS, "W, has ¢7(T) — |@(T)g:(A)/r] positive jumps, when the trajectory is not lower
than ¢/8r. Thus, on these jumps, for any y € (0, 1) and T sufficiently large, v(Z(¢i—1), £(%)) >
ePY!(T)(1 — y)/8r.

On the remaining [@(T)Z(A)/r] positive jumps, v(¢(fi-1). £(t)) = Amin: here, Amin 1=
min,ez+ A(x). Finally,

~ l _ ~
) (§+(T) _ {MJ) 1“<W) + {MJ i, (3.22)
(+)

The new parameter » introduced will further tend to infinity, r — oo.
Thus, on the event Wi "W, N S| NSy, due to (3.21) and (3.22), we obtain that, for any
y €(0,1),r> 1, and T large enough,

Nr(¢)
Br= ) 1), ¢(t:))

i=1

e m(SQw(T;(l ) ) N V(T)%(A) J .
~ 1
) (ﬁ(T) B V(T)&(A)J) m(st ()1 — y))
r 8r
> £~ (1) In Ug(T)) + LMJ 1N Do + <;+<T> - {MJ) In (Jg!(T)),
(3.23)
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where J := min (¢P(1 — y)/8r, eQ(1 — y)/8). From (3.20), (3.23), and the independence of
processes ¢+ and ¢, we get

E> E(exp{ (<;+<T> - {MJ) In (Jo!(T)) + LMJ In Amin}l(Sz m\%))
x E(exp{¢ ™~ (T) In (Jp(TH}L(S; NW1)) =: ELE_. (3.24)

Let us lower-bound the value E.. Consider a partition A =#y <t] <--- <t, = | such that
m (§j(t,-) — gj(t,-_l)) <e¢&/32 and minj=;, (§j(ri) —§j(ti_1)) > 0. By virtue of
the independence of increments in process ¢, for T large enough,

E > E(exp{ <;+(T) - me In (J(T)) + {MJ In (Amm}

X T (AT) = |p(T)Ze(A)]]

=1,...,

< [Tt @ — ¢+ (@) = | (3F ) — ’§:(r,-1))¢(T)J])

i=1
> E(exp{ Le(T)Z (D] In (J!(T)) — 2{

x [T (AT) = |p(T)g:(A)]]

< [Tle* @ — e () = (@ @) — §:<n_1))¢<T)J])
i=1

T)g.(A
pe:(2) )‘f( )Jln(fgo’(T))}

T)g:(A
= exp{ Lp(T)EH (1)) In (Jp!(T)) -2 L%J In (Jgo’(T))}
x P(¢H(AT) = [p(T)Z:(A)))
< [TP(ct @) — ¥ (Tt = | (3F @) — ZH i) p(D) ). (3.25)

i=1

With the help of the Stirling formula, we get, for T large enough,

P(eH(AT) = Lp(T)Z(M)) [ [ P(¢ T (Tt) — ¢ (Tt = [ (5 (1) — 3 (i) o(T) ])
i=1

e TA2(T A J2)B(De(D] e—T(l,’—t,'_l)/Z(T(ti_ti_l)/z)L(E:(Ii)—gz—(li—l))W(T)J
B AONTICO T | (& @) =& i) (D ]!

a T@ —ti- ~ ~ ~ ~
> ] Jexp {——(t zt D (@) — 7 ) In (3 ) — g:(m))w(T»}
i=1

TA
X exp {—7 —8e(A)e(T) In @s(A)w(T))}
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" Tt —ti— - ~ i~
=[Texp {—% — (@) =3 t-n)e(DIn (gj<1)<p<T>)}
i=1

TA
X €xp {—7 — g5 (M)p(M)In (8] (1)¢(T))}
>exp {~T — &, (Dp(T) In (g (He(D) }. (3.26)

From the bounds in (3.25) and (3.26), it follows that, for T large enough,

Ey> exp{—é‘:(l)wm(l —DIng(T)

T)3.(A
T oM D) )] — {MJ (

In (Jo!(1)) } (3.27)

Next, let us lower-bound the quantity E_. If g7 (1) =0 then
E_>P( (T)=0)=¢"1/2. (3.28)

If 2,(1)>0 then we consider the partition A=<t <---<t, =1 such that
max;=1,...m (& () — §¢ (ti—1)) < &/32 and min;=y,__m (g () — &, (ti—1)) > 0. By using the
independence of increments in process { ~ and the Stirling formula, for T large enough,

E_> E<e{(T)1H(J¢(T))1(C—(AT) =0)

< [Ta[e~ (T — ¢~ (T = [ Gr () — ’gg(r,-l))w(T)J])

i=1
> exp{p(T)g, (1) In (Jo(T)) — mIn (Jo(T)}P(;~(AT) =0)

X l_[ P(¢~(Tty) — ¢~ (Tti—1) = L@; (1) — 8z tie))e(T) |)

> exp {@(T)g. (1) In Jo(T)) — m1n (Jo(T))}
x exp {—T — g, (De(T) In (2, (De(D))}
=exp {-T -2, (D7) Ing; (1) +%; (De(T) InJ —mIn (Jo(T))}. (3.29)

From (3.20) and (3.27)—(3.29) we obtain that, for any 7 > 1 and ¢ > 0 small enough,

InE ~ 30g.(A
liminf ——F > gy —p— 28 A
T%oo o(TM)Inp(T) — r
Passing to the limit » — oo yields
L InE ~t
liminf ———— > —g " (I)(1 = ).

T—o0 @(T)Ing(T) ~

By definition, gF (1) =g (1) Also, by virtue of (3.18), |g (D fD (1)| < &/2. This gives

lim li 'fln—E —(1 = Dfy (D).
so0 100 oM Ing(T) =+ fo
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Therefore, Lemma 2.3 has been proven when Var f > 0.
In the case where Var fp = 0, we have fip(r) = f(0) > 0, 7 € [0, 1]. It is easy to see that {{7 €
U:(f)} 2 O, where

0:= {¢t LT): 0p(T)], ¢H(T) - +(LT>=0, ~(ry=0}.
{; (zf(o) OwDI, ¢ =" ( 375 ¢=(n=0}

The rest of the proof is reduced to a lower bound for By on event O, which essentially repeats
the above argument. For brevity, we omit it here. O

4. Discussion

It is instructive to discuss Theorems 2.1 and 2.2 in connection with the question mentioned
in Section 1: why under condition (1.4) do we get only an LLDP whereas (1.5) or (1.6) lead
to an LDP? Consider an example where A(x) = P, u(x) = Qx. In this case we can write down a
probability distribution for process £ at the time point T explicitly [8]:

xeZ",

P(E(T) =x) = (“(%xe—“m,

where a(T) = (P/Q)(1 — e~2T). Following on from this, if f(1) > 0 then

1
lim lim —————InPEr(1) e [f(1) — &, f(1 =—f
A oI ™ Er() el[f(D) —e&, f(D)+e)=—f(1)
under any of conditions (1.4)—(1.6).
Consequently, under condition (1.4) the normalizing function ¥ (T) = ¢(T) In ¢(T) in the
LDP on the state space Z* is different from the function ¥ (T) = Te(T) figuring in the LLDP
on the functional space L. In other words, for any cadlag function f # 0 we have

e 1 P(r € Uy(f) B
im lim In =—
e=>0T—o0 (T Inp(T)  PEr(1) €[f(1) — e, f(1) +e])

This is why under condition (1.4) the family of processes &7(-), T > 0, lacks the ET property
in any reasonable functional space.

However, under condition (1.5) or (1.6) the normalizing functions coincide, and we manage
to get an LDP in the functional space (L, p) as stated in Theorem 2.2.

Also, note that Theorem 2.2 allows us to get a rough asymptotic for the probability that a
trajectory of &7 crosses a level a > 0. Indeed, with the help of (2.2) and an argument similar to
the one used in the proof of (3.15) we have that, under any of conditions (1.5) and (1.6),

1
limsup ——— In IP’( sup &r(t) > a)
T—oc @(T)Ine(T) 1€[0,1]

: 1 T ( o—Ar(©) >>>
< ll;n_)s;p o) In (D) In (e E(e exp{Br(¢) + Nr(¢)In2}1 teS[L(l)Pl] tr()>a

=< liZ{ILSOl;P m In E(exp{Br(¢) + Nr(§) In2)1(¢/ (1) = @) < —(1 = Da.
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Since process & is cadlag, and the set {f € L: ess sup,(q 11./() > a} is open, Theorem 2.2
implies that, under (1.5) or (1.6),

1 1
liminf ———— InP( su > a) > 11m1 _ IP’< su ) > a)
R S n o) <,e[oﬂ] o 2 mmem "R,

1
=liminf ————1InP{ess sup &r(?) > a)
T—><><> @(T) In (T) ( t€[0,1]
> — inf I
T fress supepo ) f(>a ")
=— inf (I=Dff(H=—(1 = Da.

f:ess supyepo 1) f()>a
Thus,

1
lim ——— InP( su (t)za) =—1 —=Da.
750 o(T) In 9(T) <,e[o?u g

Appendix A. Auxiliary results
In this section we establish some auxiliary assertions.
Lemma A.1. For any fixed C > 0 the set V¢ is compact in (L, p).

Proof. The Helly theorem [18] implies that from every sequence f;, € V¢ we can extract a
subsequence f;, convergent as k — oo almost surely to some f € V¢. Applying the Lebesgue
dominated convergence theorem yields

1 1
lim /0 o (1) = f(0)] do = /0 lim (£, () — f(o)] dr =0. -

Let M = M0, 1] denote the set of non-decreasing functions on [0, 1].

Lemma A.2. Suppose that the function f €V is represented as f(t) = gi(t) — g2(t), where
81,82 € M. Then, forany 0 <11 <1 < 1, g1(12) — g1(11) = (1) — f+(11).

Proof. Assume the opposite; then there exist 0 <t} <#, <1 such that gi(r) — g1(t@1) <
fT(t2) — fT(t1). Observe that we will then also have g»(t2) — g2(t1) <f~(t2) —f~(t1).

Let Vary;, ;,) stand for the variation on [¢1, #2]. Since the variation of a sum does not exceed
the sum of the variations, we obtain

Vary, 1,181 + Vary, 1182 = g1(t2) — g1(t1) + g2(12) — g2(11) = Vary, p,)f
On the other hand,
g1(12) — g1(t1) + g2(12) — g2(11) < fF(02) —f (1)) + [ (82) — f (1) = Vary, )f-
The contradiction completes the proof. U

Let K be a compact set in (L, p). Consider a family of functions ur(¢), t € [0, 1], T > 0,
such that ur(7) := u?(t) — up (t), where u}’, ur e MNK forall 7. Given f € M, set

By := {geL: gta) — g(t1) = f(1) — f(r) forall 0< 1y <12 < 1},
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The following lemma then holds.

Lemma A.3. Suppose that, forf €'V,

1
lim / lur(t) —f(£)| dt=0. (A.1)
T—o00 Jgo
Then, for the functions f+ € M figuring in decomposition (2.1),
1 1
lim inf f |u$(l) —g(n|dr=0, lim inf / lur (1) — g(H)] dt =0.
T—00geB+ Jo T—00geB,— Jo

Proof. Let us prove that lim7_, o infyep o+ fol Iu;(t) — g()|dt=0. Suppose the oppo-
site; then there exists y >0 such that, for any M > 0, there exists 7 > M such that
infoep - fol |u$(t) — g(n)] dr > y. Since the functions u}' lie in a compact interval, this inequal-
ity implies that there exists a subsequence Ty and a function g such that

1 1
Jm [0 -gora=0. i [Cgo - swlar=y.
+
Ty
Therefore, it follows from (A.1) that limy;_, fol |u}M(t) — (g(t) — f(®))| dt = 0. Then, since
uy € M, from this it follows that gp(f) := gp(?) — fp(¢) also belongs to M. Hence, fp(r) =
gn(t) — gn(?), where gp ¢ Bp+ and gp € M, which contradicts Lemma A.2.

and gp € M because the functions u7. , M =1, 2, ..., are monotone in ¢.

In a similar fashion we can prove that limz_, » infeep - fol lup (1) — g()| dt =0. U
The following result is a direct corollary of Lemma A.3.

Lemma A.4. Let K be a compact set in (L, p). There exists 5(¢) > 0 such that liII(l) 8(e)=0
e—

and for every u € KNU.(f) and u™t, u™ from the decomposition u=u* —u~ (cf. (2.1)) the
distances between u* and B+ sartisfy

p(u™, Br+) <8(e), pu,Br-) <8(e).

Lemma A.5. Suppose the function u €V is increasing on [0, 1]. Let B, := {g e M: p(g, u) <
€}. Then there exists §(¢) > 0 such that infeep, g(1) > up(1) — 8(¢) and limg_, 6(¢) = 0.

Proof. Since up is increasing and left-continuous at ¢ = 1, there exists a function y(A) > 0
such that lima_¢ y(A) =0 and SUP;c[1—y(A),1] (up(1) — up(t)) < A. Let us choose A(e) so
that A(e)y(A(e)) > ¢ and lim, ¢ A(e) =0. Put §(¢) := 3A(¢). Suppose that infeep, g(1) <
up(1) — 8(¢). Then the condition infyep, 0(g, u) < € implies that there exists a function g € B,

such that
1 1
e > / () — up(®)| dr = / (I1g() = un(D)| = Jup(1) — up(H]) dt
I—y(A(e)) I—y(A(e))
1
> f lg(®) — up(1)| dt — A(e)y (A(e))
1=y (A(e)
1
> f (1) — un(D)] di — Ay (A(e))
1=y(e)
> 2y (A(e)A(e) — A(e)y(A(e)) > e.
This contradiction completes the proof of the lemma. O
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Lemma A.6. (The ET property) Let condition (1.5) or (1.6) be satisfied. Then, for any C > 0,
there exists a set K¢ C 1L, compact in (1L, p), such that

1
lim sup
o0 ¥(T)

where K. =1L\ K¢ and y(T) = o(T) In (T).

InP(¢r() eK§) < —C,

Proof. Take K¢ := V), where a(C) := 3C/(1 — ). Then
PEr e Kp) < e'E (exp{BT + NrIn2}1 [{T e K¢, i[1(1)f1] or(t) > 0])
tel0,

<R (exp{BT +Nrin2)1 [NT > a(Opp(D). inf cr() > OD
o0
_ T .
=e E ]E(exp{BT + N7 1n 2}1[NT =r, lel{r(l)ﬂ} cr(t) > 0])

r=La(C)e(T)]
o

<e’ > E(exp{BT +Nrln 2}1[NT=r, ) > %D (A.2)
r=1a(C)p(T)]
where the first inequality comes from (2.2), removing the Ar; the second inequality comes
from the observation that the process should have at least a(C)¢(T) jumps during time interval
[0, T] to belong to the set K. The last inequality means that if the number of jumps in the time
interval [0, 1] is r, then to guarantee the inequality inf;c[o, 17 {7(f) > O the number of positive
jumps should be at least r/2.
Let us upper-bound By on the event {w: Ny =r, ¢ T(T) > r/2} with r > |a(C)¢(T)|. From
condition (1.2) it follows that, for any y > 0 and T large enough,

Br= Z In (& @i1), £@)) = ¢ (T) max In (u(®) + ¢ max In (A(0))

i=1
<¢ (M In((1+ )0 + ¢ (D) In (1 + y)Prh)
= (MInr+ T (T)Inr+rinM
=r—1 =0t (M) Inr+rinM

< §(1+1)1nr+r1nM. (A3)
Here, M := (1 +y)>(QV )PV 1).
By using (A.2), (A.3), and the Stirling formula, we obtain that, for » > |a(C)@(T)| and T
large enough,
E(exp{BT + N7 In 2}1[NT =r, ¢N(T)> §i|> < exp{ %(1 +DInr+rin (2M)}]P’(NT =r)
<e T exp %(1 +DInr—rlnr+rin (2TMe)}

—e T exp —%(1 —DInr+rln (ZTMe)}

<eTexp —%(1 s lnr}, (A4)
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where the last inequality is a consequence of the fact that under any of the conditions (1.5) or
(1.6) the term r In (2TMe) is o((r/2)(1 — [) In (r)) as T tends to infinity. The inequalities (A.2)

and (A.4) imply that
thL Solip 1/;(1T) InP(¢r € KY)
: 1 La(C)p(T)] _
< Tlin;o m In exp{—T(l —DlIn go(T)} =—C. 0

Set g := ekneMe=T/2(T/2)k /K1
Lemma A.7. For any C > 0 and T > 2C, maXo<k<Co(T) 8k = &|Cy(T)|-

Proof. Given 1 <k < |Co(T)] where T > 2C, we have

8k =ean(T)T_/2 _ ()T < (T

8k—1 k 2k 7 2|Co(T)]
Thus, the sequence gi increases for 0 <k < |Co(T)]. O
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