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Particular Solutions of the Equation of Conduction of
Heat in One Dimension.

By Marioxn C. Gray.
(Received 18th November 1924 Read 16th January 19326.)

§ 1. The problem of the conduction of heat in one dimension is
usually concerned with the propagation of a thermal disturbance
along a bar or rod of uniform cross section. The solution of the
problem is required for a given initial distribution of temperature,
and given boundary values, usually at each end of the rod. In
most cases this solution is found by assuming a series solution and
then proving that the series satisfies the equation of the disturbance
as well as all the assigned conditions. Other methods, for example
the contour integral method developed by Carslaw,* also introduce
this arbitrary element of choice in choosing the integrand and the
contour of integration. The object of the present paper is to
develop the application of Heaviside’s Operational method to the
solution of the problem, and to show that it leads in all cases to
solutions equivalent to the known forms, although initially no
assumptions are made regarding the nature of the solution.

§ 2. Heaviside’st formula, together with the allied ones of
Bromwich ; and Carson§ may be briefly stated. The equation is
obtained in the symbolic form

where Y and Z are functions of the differential operator P=g

v, is constant, and the initial instant is so chosen that at ¢ =0 the
disturbance is zero. Then the solution of the equation is

Y
YO « Y ew] .................. )

=9 > 27

o Z(O) L me'(pm)
* H. 8. CArsLAW : Mathematical Theory of the Conduction of Heat in
Solids. Ch. XI.
+ Heavistok : Electromagnetic Theory, Vol. 1L, Chapter V.

I BromwicH : Phil, Mag., London, (Ser. 6), 37, p. 407, 1919,
§ Carson: Physical Review, X., 2, 1917,
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where p,, is a simple root of the algebraic equation Z(p)=0, and
the summation extends over all such roots.

Bromwich’s symbolic equation is

Y(p)
Zp

where @ is a constant, and the solution he obtsins is

=

— ’(p"l 2, )
=6 <Not HH S R o

when N, N, are determined by the equation

Y(o)_ y

Z(p) + N p+ Nypi+ ... .

Carson gives a formula for the solution of the equation

Y(p) o
v="F. By e (3)
namely,
)’(u_) v )r(pm .
E[J(a_) e~ me m" ............... (4)

§3. This formula of Carson’s admits of a generalisation which
will prove useful. Consider the symbolic equation

_X»
Z(p)

where ¢ (¢) is such that it can be expanded as a Fourier integral
"’(‘)";I j cos u (M-t ¢ (A dAdu
0 ~®

_ _IJ‘ "’ {eiu(,\_,)+e-iu(x-t)}¢()\) dA du
[y -w

T

Then u = }.JWJ‘” "‘"4’(1\) Y(P)e_mtd)"d
0

L I TN Y (P) o
+ ;rjo j_wo $N) 70 etk du
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Write u,——j j e (M) - (”;e i\ du.

Then by Carson’s formula,

wy= - j du d)\e"“d:(/\){ (i) gy Y (P ew}

( "’u) "‘(—lu—pvn)zl(pm)
1 " -iur ¥ (l ") etut _ Y(p”‘) Pyt
- j_wdqej_mdhe ¢(x){ = S )

and the solution of the equation

L0 - U Y([)) 1%
u._,=~j j e ¢(/\)ZTP)46 tdA du

T Jo -
. 1 n ) (l'll:) -
is Uy = ;rjo dug_nd,\ e Lux(i,(x){é (m) ¢
_:: Y(pm) Gpm'\
» (tu - pM)Z‘(prn) j
. 1" ® - ¥ (lu) eint
o= Uy Uy = ;j_wduj-wdk e~ (M) [Z(w,)

- Y(pm) 6""“]
m (=002 (pm)

7_1rr du ﬁm;"""j dX e=i ()

1\"'(”")6».,.1”’ du j” e (A) dA

- 1_r ;Z'(pm) -wiu—pm
1~ Y (iu) . .
-] angiaen | anempn
-2 22(20 e r e Pmp(A)dA.o... .. (6)

§ 4. Weshall consider now the various problems in the conduction
of heat in a finite rod as enunciated by Carslaw.* The first is:
Finite Rod : ends at zero Temperature. Initial Temperature f(x).

* Camsraw : Loc. cit., Chapter IV,
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No Radiation at the Surface. Analytically then the problem is
the solution of the equations

v v
PPl O<z<ly v, (4a)
v=0whenx=0andx=l..................... (4b)
v=f(x) when t=0 ..........c.ooiiiiiniiinninn. (4c¢)
It is assumed that 7/ (x) can be expanded as a Fourier sine series
S Za, sin 222,

l

To satisfy the condition that the disturbance is zero at the
initial instant write

. nwe.
v=nu+f(z)=u+2a,sin -
The differential equation becomes
ou  fu n’x® | nrz
— =K — — K2 a,— sin —-
ot or® *r 1’

or, symbolically
*u n'x? | arx
Kw—pu=xz a,,—lT sin -
The solution of this equation, regarding p as an algebraic
constant, is

n’a, sin —v
wedeN i ipe nE S T L
Pam et
7 p
Now apply the conditions (40) which give w=0 where =0
and x=/,
0=4+5.
0=AeN/"i t +B€_/\/x£l
A=B=0.
. na, sin =~
—_ <=3 4
“= « Fn:l 'n21r2
K 2 +p.

The zeros of each denominator are different, and therefore each
term can be considered separately.

5 Vol. 43

https://doi.org/10.1017/50013091500036312 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036312

54

n*n?® | mrzx
K —r—aa 8i0 ——
Consider U, = — — 55 -
n? 7’
K E +p
[ )
This is in form 1, with' J(p) constant, Z (p)= s lr
. nZ 2
Only root of Z(p)=0isp= - x—l:f—.
. Y . nTT
For this root ——,,L—p)- =a, sin i
pZ' (p) !
.. Solution of the equation is
. nTT . nwrx _ wiF?
u,,:—--—a,,smT+a,,sm-—l—a 7=,
with similar expressions for %, %y...ceuenvn..
112'!
u= ~a, sin"—’?+2a, sin n—flwe' e
n:x®
& . MAX -kt
v= Ya,sin—e e
n=1 !

which is the usual solution of the problem.

§5. Finite Rod. Ends at Fixed Temperatures. Initial Tem-
perature f (x). No Radiation.

The equations to be satisfied are

2y v

-é?=Ka-;2 (0<9:<l) .................. Cesnen (5“)
v=v, when =0 .
=1, when ac=l} ........................... (50)
v=f(z)=2a,,sin11;—mwhent=0 ......... (5¢)

Again write v=w +f (x) and consider only the n* term of the

series for f (x).
2.2

Then (xD? - p) u, = xa, nl—:r— sin lelx
n*nr® | nrx
—_ Ka, ——[2— sin T

>
u,,=Ac’\/.T’ +BeN 5o
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Substitute from (54), so that
v,=4 + B
vg=Ae‘\/l.':“ +Be N B
n-ve A/
A=————
2 sinh /2t
v] '\/ —= Y
"smh/\/"
. nwEx
v, sinh ,\/p x+ v, sinh J}J (Z - Ka, —T—:—sm —7;—

9 _o
n T

un
smh«/f_:l K= +P
. P 2 2
Z(p)=smh\/€l(,€1'72’i+,,>
with poles at «/’_’l =irr (r=0,1,2, ...... )
K
xr® w?
pr=- IE

il cosh,/pl+p smh\/p'l
~/p,

F 7(Pr)=rr< 5

n® —r?)5t
(- T
2\ : : -
Y(p,)= —(—l)—— v, sinh 1—,’—7;£+v, sinh%—m»
r2 2
=K g—l—)— (re+ (-~ 1) v) sin ?
LY@ . rr
. p,Z'(p,) 7‘-(( l) vy — 1’1) sin —’—
nix® -
For p= ~« o ve have the additional term
nxt sin 7%
KT n W nrx
-. K”g"rg =a, sin T
t!
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We have still to determine 7(0)

Z(0y
Y(p —(h”l—"+p>{ vg[\/?m 3l|<\/££>3+...]
[\/—(z— +1)3' Jﬂ-f J}
m"lL sin "ﬂ”{ I+ 5 \/%z "+
—x ”-Fi(awg +1=wv,~la, sin 77 JZ+O(7;"/:)
Z(,;): Ki-+p \/Ll \/7’ z) )
'z\/—+0<p>

. mEx
. v+ (I - ) v, - la, sin <——
Y (0) 1
" Z(0) {
(0, —v)w gin T
= + —2— —aqa, sin —.
1 ] n [
Collecting terms, the solution is given by
(v, -v) . mrx . MTEL _ e
U, =v,+ ———— —a, 8in — +a,sin — et
l L l
2 g vecosrr~v, . rEr T
4+ - —— 8In -/—e 1
Wy=0 r [
Finally,
(v.-v) 2 @ . ATX e,
v=17, + ; + = a,,smTe-KT
na=l1
} @ Uy COBTT — 0 ree
= . Ve ' 1 . P
4 Y F——'gin ——- & T
T =0 r

§6. Finite Rod. Ends at Temperatures ¢,(¢) and ¢.(¢).

Initial Temperature f(x). No radiation. The equations to be
satisfied are

v v

B TR T e (6a)
v=4¢, (t) when x= 0

v=¢hy(t) when o=l f U (6b)

v= f(x)="2a, sinT}E when t=0.....(6¢).
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Write v =u +f(x) and as before

inha/ 2 2 sinh \/ L1~

wm K G+ %0
: r sinh \/ P
sinh \/T 7 " l
niw®: | arx
K@y~ sin ——
<

-2

K 7(_," +p

: P
sinhaf—
Consider first u,= Y ¢.(2),

sinh «/’i !
K

and apply the Formula (6).

sinh

But & (=1

=k & M- sin
sinh,, [+ n=1 fol® + n* 7" &

w w d(L @
=2 I (-1 sin’ff,fj ew-*)————j_r%()\)dk

w® tal?+ninwix
_n®

L P> wiK,_
—2% I n(-—l)"“sin,'—l—?cj PR " ¢y (X) dh
0

A
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4w % " . mrx iy te p® atgix
161*—'[3—,;“75("1) +lﬂm—lc [H “‘-_we @ k%(&)d)\

drc g L mwr _wrix (% atete

+T,=‘:,"(_l)"8m73 7 ‘j_: T Ay (M) dA

s_s

2 i @* 2wk
=25 % a(-1e ‘Ttsin'i-’;f‘( €T Mgy (A)dA.

Similarly if we write u,= d é ()
sinh, /P,
K
2wk 3 . ommp nietk 0% n:xx
we have U= ——r nsin —e & ¢ e 15 A (M dA
Popno l -
. i sin 7%
T N
Alsoif u,= == iy g
“E TP

the solution is, from § 4

@ . nTE % . nrx _xwr

U= - 2 a,8in—— + = @, 8in—e¢ T
n=1 2 a=1 l

t.

Finally v=u, + %, + u; +1 (%)

= 3 a,,sin";-”e"“-t; f
n=1 l
et [ ] A% xS
R S B R AL

o _ maft d /
=_f_ ST TE sinw[f F(a') sin 'ﬂ?-dw'
1 0

NTK

t wiwdi
+Z O M- (0 hmy ]

since ¢ (t) must vanish for ¢<0, and the values of ¢ for times
later than the instant ¢ under consideration need not be considered.
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7. Finite Rod. Radiation at Ends into a Medium at Zero
Temperature. Initial Temperature / (x). No Radiation at the
Surface.

The differential equations are

o

-5 +hv=0atx=0

....... N X
i) (7%)
— +hv=0atzx=1
t
v=f (x) = Za, sin 7}—§f\\'hen t=0,...... (Te)
Put v =u+f(x), and we have as before,
sin =2
° = Ac\/"’ +De N/ “Kne,,.z !
E
K—F-+p

Write JE -
K
<« Mnta, . nuwx

w=Ae" + Be - e — e 81 ——
w4 80 l

dv 0% nra nrx nre
N BRL T _ynwa, nrx . MAT
ow Bac+w ax+hu s 7 cos 7 +I¢En,,sm,
At z=0, —?g+hv= _D_u_*_hu_\‘%
ox ox
nr nlrla
=-Ads+ Be+3— 1
s+ Bs+ 2 ! n*rt4 028
+hd +hB - ”’;“
v . nra,ls
=4 h-9+Bh+s)- Z——2+Fw82 ...... 7,8

<TG, COS nw

Atz=1 ?1+In: Ei—+l +3
ox 4
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n*n* a, cos nw

O0=3sde" —~ -4 _ 3 e
s de” ~s Be { ntxt+ s

< 7a, cos nw

+hde! +hBe ™ +3 j

=(h+38)e’d +(h-3)e"B

nra,l s

Solving (75,) and (75.) for A and B we have the equation in u.

5 T 2L{[(h—8) e+ (h+s)cos nw}e” —[(h+3)e*+ (h--8)cos nw]e ™}
" W+ 3 {(h-8)e —(h+3)e}

o s . mrx
n°r*a, sin e

-

n T4+ le

nrx
Consider ;= _wwta, smT
TR+ B
2. 2
with pole at s*~ —711‘: 2.s%f-l* = —nfwt
2 I =a, sin =%
sZ'(s) * L
. nrx . AT n®at
u, = —a, sin —l~+a,. sin —le“" [T

Now let u,=
nra, sl {(h- 8)e™ + (h+s)cosnw}e” — {(h+8)e’ +(h ~3)cosnz}e™]
(7 + P ) {(h —s)2e™ — (h +38)%e"}
Z@)=(nw"+ P& {(h—8)e™ ~(h+38)e'},

n® gt
Zeros of Z (s) are at 8° = - - and (b -8)’ e~ =(h+6) ¢

. , k-3
e € =m
B2 6) =P (b= aP e~ (4P} 0 4P
({-2@-s)-l(h-8l}e™—{2(h+s)+1(h+3s)}e]
=B{(h—sie™ - (h+3s) “}—le(n’r2+l°s“)
{12+h-ls)y(h—s)e " +(2+1h+1s)(h+s)e'}.
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Then {5 Z' (s)= — 2?7 {(h - 5)* + (h +5)*} cosnr

tih ww?
= COS N,

{

Y(s)=dmwa, s’ L[{(h-s) e+ (h +8) cos nw} &>
—{(h+38)e' + (h—s)cos nm) e].

. anE wria inxs ~inws
1<T)=- 7 "[2lccosmre T —2hcosnme” 1 ]
4thn’n’a, cos nw . nmx
- { {
inmw
l nrxr
= @, l

wnr ,, [inT =
Té(z)

Also Zig; 0; therefore term contributed to u, by this root of

Z (8) =0 cancels the corresponding term in u,, Now consider the

h-s h+s
gl g I ORI
roots given by e AT ore e
Then § 8 Z' (8) =4 s(w*w*+ I 6*){(2+ th - lIs) (h - 8) e~

+(2+lh+1s) (h+3)e}
=4s(n'm*+ ) {(2+1h -ls)(h+3)
+{(2+h+Us)(h-s)}
=s(n’n® + &%) (2h+ IR - Is°).
Y (sy=nwa, s’ L [(k+8) (1 + cos nr) e*
—(h-8) (1% cos nw) e~*]
=nwa, 81 (1 + cos nw) (b +3) (¢ - "),

(h +8) {7 — 20} .
‘o’ +P32)(‘)h+lh2_ls_) ...... (7)

where the summation for s is extended over all the roots of the
transcendental equation

\‘
-

ve= Inwa,l (1 + cos nr) "

n=1§

>
|
[

®
[
&
+
®
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§ 8. The solution of the problem of § 7 is usually given in the
form
v=23d,(cos e,z + al‘— sin w,x)e~xe:"t ... (8)

n L]
where «,, is a root of the equation

tan wl= 2ok

and the summation extends over all such roots. Further f(x)is
expanded as a series

. . h .
J(x)==24, ( cos o, 8in w, x)

2’ bt Lk N g
where 4, = Sha _lm_‘-o J&) (com,,:c + Py sin «, & ) dx'.

To show the identity of the two solutions, put 8=1« in (7),

nwa, (1 + cos nr) i (b + ix) {ier — elat-2) }c‘

=Xy n®
then v=== (R —Po?) (2h + 1B + o) '
and the equation for s becomes
o h-dw
giol =
h+ o
2uh
tan wl= T

Al <o~  nral(l+cos nw)io
80 V= o

= (07 =P a?) (2h + 1A% 4 1a)
{h + o) el — (h - in) g-ias]} g-ne't

N nwa, ! (1 + cos nr) i
e (P =T ®) (2h+ IR+ lo?)
(24h sin o + 2ie 085 wx) e~ ™t

_\w 2n1ra,.l(1 + cos fmr)a.’
T T = Pod) (Bh+ U+ )

(cosux+ {-sinax)e'“”.. ....... {7')

In the equation for 4, substitute the value of f(x) given by
equation (7¢).
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da.,? t T
Then 4, g s, (Se- 90 7F)

k.
(cos o, T+ ;—sm o, x)dx

’h+lh’-’+la. j {sm +o.)ac+sm(—--—a.)

T rr .
+-—— cos <~— —a,,):c— — cos (——+u,.)x { dx
*, l o, ! |
« wlal O
TP 2h+ U+ 10 Prta 2N

{ 1—cosrrr(cos«;.,,l+ ’—Lsin a,,l)}

2w’ a,inw (1 + cos nw)
TCh I+ a2 (P - 2 P)

Substituting this value of 4, in (8) we have

\\

PN N 202 @, rwl (1 + cos rw) (cos wzt h «in x) g-rate
=o - — o, T e
» o (Sh+ IR + lol)(rn® — o) o« ?

which is identical with the form (7).
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