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Abstract

We consider the Riesz product with a constant coefficient and odometer action over infinite product
spaces. By studying the ratio set we can conclude the type of the above dynamical systems is III;.

1991 Mathematics subject classification (Amer. Math. Soc.): 28D99.

1. Introduction

Brown and Dooley [1, 2] showed that the Riesz product (possibly with variable
coefficients) is ergodic under the odometer action over an infinite product space. A
well-known fact about Riesz products is that these measures are singular with respect
to the Haar measure. In this paper we shall consider Riesz products with a constant
coefficient o satisfying —1 < a < 1. This kind of Riesz product gives a singular
continuous probability. Furthermore let %, be the sub-o-algebra on the infinite
product space generated by the projection onto the n-th coordinate. Then {.%,} is not
independent with respect to Riesz products. So the behavior is different from the case
of a product measure. Here we shall consider the following problem:

Determine the orbit equivalence type (see [4, 5]) of the Riesz product with a
constant coefficient under the odometer action.

For this purpose we must concentrate our attention to the behavior of the Jacobian
of the Riesz product under odometer. Fortunately the Jacobian can be expressed
explicitly. Then we shall compute its ratio set [5]. Finally we conclude that its type is
HI,.
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2. Type III; Riesz product measures

Notation We shall denote by X the infinite product space [];-,{0, 1} and by I' the
group of finite coordinate changes, that is,

I'={y € X:3N > 1suchthatVk > N, y, = 0}.
Anelement y € I actson x € X by
(y +x) =y +x (mod2).

For each n € N we denote
M={yelin=n=--=y=0}

and
F,={yel:Vk>n,y =0}

As usual, we shall equip X with its Borel structure derived from the product topology.

Riesz product measures over X Letabe —1 <a < 1. Foreachk > landx € X
let

gi(x) =14acos2n (ﬁ Tt | Kk )

2 + 22 23
and set G,(x) = n;’zl g:(x). Then the measure u (see [1]), defined by

du(x) = w* — lim G,(x)dA(x)

where dA(x) is the Bernoulli measure on X, is called the Riesz product corresponding
to {G,}. Itis known [1, 2] that u is I'-quasi-invariant and ergodic, while the Jacobian
duy/du(x), foreach y € I',, is G,(y + x)/G,(x). Furthermore, the family {G,}
satisfies the following:

For every € > 0, there exists £ > 1 such that forevery x, y € X and every n > 1,

pxy) < —— G | <,
n+k Gn(x)
where
) min{i e N:x; # y;} if x # y,
K(X,y)—‘{oo ifx=y
and

plx,y) =K(x, y)™".
This is called the property (E,) (see [1]).

The ratio set of ' For completeness we shall give a proof of the following theorem
of Brown, Dooley and Lake [3].

https://doi.org/10.1017/5144678870000015X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870000015X

[3] Odometer action on Riesz product 145

THEOREM 1 (Brown, Dooley and Lake). Suppose that u is a U —quasi-invariant
ergodic probability on X. Let r (I, i) be the ratio set of T.

Let r € R,. Suppose that for every € > O there exists B > 0 such that for every
n € N and every y' € ', there exists y € I'" such that

<l ubT -

. |d
u{xe[yo]li ‘ :My(X)—r

where [yo]'; = {x eX:ixi=y, ..., x, = yno}. Thenr € r(T, ).

PROOF. We shall prove the case r > 0. Let 0 < € < r. Choose g according to the
above assumption. Then for every n € N and every y° € T, there exists y € I'" such
that

n d
wlr']) = u (y {x e [».: 'd%y(x) —r

< e}) > (r—e)Bu [yO]T .

Hence 1 > (r — €)B. Let A be an arbitary set of positive measure. By Lebesgue’s
density theorem, there exist n > 1 and y° € T, such that

w(an[T) > ((1 - §) v <1 - § (r = 6>)) wr]-

On the other hand, we can choose y € I'" such that |duy/du(x) —r| < ¢ ona
subset B C [yo]'ll of measure greater than Su [yo]';. Set C = AN B. Note that
yC C [y, w(©) > (B/2u[y°]; and |duy /du(x) — r| < € (x € C). It follows
that u(yC) > (r — e)(B/2)u [yo]:. Hence u(A N yC) > 0. We conclude that
rer, u).

Actually we will show that in the case of Riesz product measures with a constant
coefficient, every positive number r satisfies the condition of the above theorem.
The following lemma is used in [3].

LEMMA 1. Suppose that w is the Riesz product measure with a constant coefficient
a over X. Then for every k € N there exists B > 0 such that for every n € N and
y?el,,
n+k n
w0l /uv°] > B
where OF is the word 00 - - - O (k-times).

PROOE. We first justify the following claim.
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(*) For every £ € N there exists L > 0 such that for every n € N, v’ e T,
yel"NT,andx € [yOO"]'l'+k,

duy Gy +x)
x) = < e".
du Grpi(x)
Foreachk € Nweset L =2|a|n/(1 — |a|) + klog(1 + |x])/(1 — |e]). Then, using
the mean value theorem,

‘1 Gr(y +)
O —— e

Gn+k(x)
- i Xn Xnt1 + Vn
EZ;IOg(1+acosrr<x,+T+l+ +2n—i++21nT—):+l+”'
Xnik + Vnak Xntk+1
+ Intk—i + Intkt+1—i +- ))
n-+k
i Xn+1 1+|a|
1(1 c ( it pal )) 1
AR 2 i +2n+l_'+ +i=zn-;l ogl_la‘
ol [ 14 ||
<
—;1—1"4 gznﬂ' gl—la|
< L.

The claim (*) is proved. Then forevery y e I'* N\ T, 4,

n d "
wyy ™ = f LY ydux) < etu[y0t]
{

yook]n+k d

Set B = 27*¢~*. Then B has the required property.

Next set

I°—°[ +acos(27m)
14+«

and, for each integer K > 0,

K 1+ acos(27/n) © 1+ acos(27/n 4+ 27U+K+Dy)
) _
d - (l_[ 1+« x 1_[ 1+« .

=0 i=0

We will next show that the r®)’s are distinct elements of the ratio set and have an
accumulation point. Hence the Riesz product measure will be of type II,.
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LEMMA 2. ri, r® e r(T, u) (K > 0).

Before proceeding with the proof, we remark that by this lemma we can conclude
that (X, i, I') must be of type III, (0 < A < 1), or II,.

PROOF. We shall prove r; € r(I', u). Let e > 0. Fix § > 0 and an integer m > 4
such that 26 + |a|7/2™"3(1 — |a|) < €. Take k; € N such that

k 1+ acos(Z
Zlog (—1—+a&—)—> —logr

By the property (E,), there exists k; € N such that for every n € N, y € I'"** and

xeX,
log [ PP DN _ s
6w '
Set k = max{k, k,}.

Using Lemma 1, take 8 > O such that

< (k = k).

00k+m n+k+m
%;—— > B (neN,y’eT,).
1

Letn € Nandset y = (0"**,1,0%°) € I'"* NT,,441. Then

(1)

n+k+1
dw(x) _ G,(y +x) 1—[ gy +x)_
du Gux) Ly &)

We estimate:

d
log —:—y(x) — lognr,
“w

G.(y +

+ nfllog(l+a COST (it ltipr+ bttt Flnkrs Flhnkra )
l14+acosm(u; + -+ Upspgr + )

1 + o Cos 3
Z log —logr,

i=n+1

l+acos
—Zlog

< 28 + the second-term,

bysettingi =n+k+1—j, uy, =27 x,, i, =27 (x;, + 1).
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Let y° € T,. Then for every x € [y00k+m]'ll+k+m’

duy S T LA R e
log —=(x) —1 28 +2 L
og du (x) ogry < + ,;,,;1 1— || ;2n+k+m+j—l
n+k+1
loe|m 1
5 26 + 2 Z 1 — )al 2n+k+m—i <

i=n+1

By (1),
z {x e [r:

Then Theorem 1 asserts r; € r(T, u).
In order to show r &) € r(I", ), itis enough to consider y ) = (0" %, 1, 0% 1, 0=)
as in the above argument.

d
log ﬂ(x) —logr
du

<e| /ubT > 5

We notice that r®) — r} as K — oo.

Conclusion

THEOREM 2. The Riesz product with a constant coefficient is of type 111,.

PROOE. By the remark after Lemma 2, (X, u, I') must be of type III, or III,. We
have claimed that r®, r; € (I, u) and r® — r? as K — 0o. Assume that there
exists 0 < A < 1 such that the Riesz product is of type III,. Then there exists K, > 0
such that for every K > Ko, r®) = r2. That is, for every K > K,

F K+ 1+ acos2 &+bg 2 1 4 ¢ cos (2—1'” + 2~(1+K+2)n)

1= = . . .
r& I+« o L +acos(2im + 2-0+K+hg)

Therefore

1+ acos2=&+Dy ﬁ 1 +acos (277 +270+K+hg)

= P.
1+ 1+acos(2 i 4 20K+

i=0

On the other hand for every 0 < 6 < % + 5%,

. 1 .
smn(% +3x) sinmé
0<d8= < <

T+ %) w0

By the mean value theorem, there exist 8, ¢ and 6, x such that 1 4 1/2572 < g x <
14 1/2K41 1720 4 1/20%K%2 < 6, ¢ < 1/2 4 1/2+K+ and

o0

log P 1 sin w8 & Z sin 7 6;
= —am
8 ¢ 2K42 1 + o cos w6y g . 2’“”2 14+ acosm6; g

i=1
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We notice that

T 1 Sinn90,,< s 1
1 — o/ 2K+ 14+ acosmby g 1+« 2K+2

and that forevery i > 1,

¥4 1 n 1 sin 7'[9,"1( T 1 n 1
- - N < < - D E— .
I +a \20  2i+K+2 l+acosmh g 1 —a \20 20K+l

Then log P = O (1/2%) (as K — o0). On the other hand

log 1 4+ a cos(w /25 _ O( 1

1+ o 22—[() (asK—)OO).

This is a contradiction.
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