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ON k-HOMOGENEOUS, BUT NOT s-TRANSITIVE
PERMUTATION GROUPS

SAHARON SHELAH AND LAJOS SOUKUP

Abstract. A permutation group G on a set 4 is k-homogeneous iff for all X, Y € [A]" with |4\ X| =
|4\ Y| = |A| there is a g € G with g[X] = Y. G is k-transitive iff for any injective function f with
dom(f) Uran(f) € [A]S'“ and |4 \ dom(f)| = |4 \ ran(f)| = | 4| thereisa g € G with /' C g.

Giving a partial answer to a question of P. M. Neumann [6] we show that there is an w-homogeneous
but not w-transitive permutation group on a cardinal A provided

(i) 4 < . or

(i) 2” < J.and 4® = " and O, hold for each # < A withw = cf(u) < p. or

(iii) our model was obtained by adding (2)™ many Cohen generic reals to some ground model.

For k > w we give a method to construct large k-homogeneous, but not s-transitive permutation
groups. Using this method we show that there exist £ -homogeneous, but not ™ -transitive permutation
groups on " for each infinite cardinal x and natural number n > 1 provided ¥V = L.

§1. Introduction. Denote by S(A4) the group of all permutations of the set A. The
subgroups of S(A) are called permutation groups on A.

Let A be a set and xk < |A4] be a cardinal. We say that a permutation group G on
A is k-homogeneous iff for all X, Y € [4]" with [4\ X| = |4\ Y| = |4] there is a
g € Gwithg[X]=Y.

We say that a permutation group G on 4 is k-transitive iff for any injective function
<k

f with dom(/) Uran(f) € [4]~" and |4\ dom(f)| = |4 \ ran(f)| = | 4] there is
ageGwith f Cg.

In this paper we give a partial answer to the following question which was raised
by P. M. Neumann in [6, Question 3]:

Suppose that k < A are infinite cardinals. Does there exist a permutation group
on A that is k-homogeneous, but not k-transitive?

In Section 2 we show that there exist w-homogeneous, but not w-transitive
permutation groups on A < w, in ZFC, and on any infinite 4 if V = L (see
Theorem 2.5).

In Section 3 we develop a general method to obtain large k-homogeneous, but not
k-transitive permutation groups for arbitrary k > w (see Theorem 3.2). Applying
our method we show thatif k” = k, A = k" for some n < w, and O, holds for each
Kk < v < 4, then there is a k-homogeneous, but not k-transitive permutation group
on A (Corollary 3.12).
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364 SAHARON SHELAH AND LAJOS SOUKUP

In Section 4 first we show that if Martin’s axiom holds for countable posets,
then every subgroup of S, (w;) with cardinality <2¢ can be extended to an w-
homogeneous, but not w-transitive permutation group on ;. Based on this theorem
we prove that after adding (2°)™ Cohen reals to any ground model in the generic
extension for each infinite A there exist w-homogeneous, but not w-transitive
permutation groups on A (Corollary 4.9).

Our notation is standard.

DerINITION 1.1, If A is fixed and f € S(A) for some A C A, we take
fT=fuU(d] (A\A4)) €S).

Given a family of functions, G, we say that a function y is G-large iff

I\ JHI =1yl

for each finite H C G.
We say that a permutation group on A4 is k-intransitive iff there is a G-large injective
function y with dom(y) Uran(y) € [4]" and |4\ dom(y)| = |4\ ran(y)| = |4|.
A k-intransitive group is clearly not x-transitive.

§2. w-homogeneous but not w-transitive.

DEFINITION 2.1. Given a set 4 we say that a family A C [4]” is nice on A iff A
has an enumeration {4, : @ < u} such that

(N1) Ais cofinal in ([A]w, C>,
(N2) for each f# < u there is a countable set Iy € [ﬂ]w such that for all a <
there is a finite set J, 5 € [75]~" such that

Aandgc | 4.
(EJap

THEOREM 2.2. Assume that 1 is an infinite cardinal, and A C [A]w is a nice family
on A. Then for each A € A there is an ordering <4 on A such that

(1) tp(A,<4) = w for each A € A,
(2) if A. B € A, then there is a partition {C; : i < n} of AN B into finitely many
subsets such that < 4| C; =<pg| C; foralli < n.

ProoF. Fix an enumeration {4 : f < u} of A witnessing that A is nice.

We will define <4 p by induction on f < u.

Assume that <, is defined for a < f.

By (N2) we can fix a countable set Iy = {f; 1 i < w} € [ﬁ]w such that for all
a < f there is n, < w such that

AaﬂA[; C U A/;i.

i<ng

Choose an order <4 4 on Apg such that
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(i) for each i < w writing D; = Ag, \ U, 4p, we have
<uayl (Agn D) = <4yl (AN D;):

(i) 1p(Ap. <4,) = 0.

By induction on 8 we show that (2) holds for A, and Ay for each & < 8. Assume
that this statement holds for each ' < f. To check for f fix a < f.

To define <; we considered a set Iy = {f; : i < w} € [B]” such that we had
n, < w with

Ay ﬁA[g C U A[;’..
i<ng

Fori < nglet C/ = A, N Ag N D;. where D; = Ap \ |J

Ap,. Then {C] 1i < nq}
is a partition of 4, N 4y and

Jj<i

SA/;[ Cl :gA/}i { Ci/

by (i). By the inductive hypothesis, 45, N A, has a partition into finitely many pieces
{C,‘_,j < k,} such that <4, I C,'_j :SAﬁ_ i Ci,j. Then the partition
{Ci'ﬁ Ci.j rikn,j< k,}
of A, N Ag works for a and . Indeed,
<l CINGy = <4 ICGNG; = <41 CGNCy. B

THEOREM 2.3. Assume that J. is an infinite cardinal, A C [/l]w is a cofinal family,
and for each A € A we have an ordering < 4 on A such that
(1) tp(4,<4) = w foreach A € A,
(2) if A. B € A, then there is a partition {C; : i < n} of AN B into finitely many
subsets such that < 4| C; =<g| C; foralli < n.
Then there is a permutation group on A that is w-homogeneous and w-intransitive.

Proor. For 4 € Alet
Ga={fT€S(1): f €S(A4) A there is a finite partition {C; : i < n} of 4
such that f [ C;is <, -order preserving}.

Let G be the permutation group on A generated by

U{QA A€ A}
Cram 2.3.1. G is w-homogeneous.

Indeed. let X, Y € [A]” with |2\ X| = |2\ Y| = A. Pick 4 € A such that X U
YCAdand |4\ X| =4\ Y| =w.

Let ¢ be the unique < 4-monotone bijection between X and Y and d be the unique
< 4-monotone bijection between 4 \ X and 4 \ Y. Then taking g = ¢ U d we have
gtecgGyCcGandgt[X]=Y.

CLamm 2.3.2. G is w-intransitive.
Pick 4 € A and choose B € [4]” such that |4\ B| = w.
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Let by, by, ... be the < 4-increasing enumeration of B. Define a bijectiony : B — w
as follows: for i < w and j < 2 let

y(bzi_,'_j) = b2i+1,j-
Observe that if ¢ is <4-monotone then
fi<o:|{j<2:clby.,) =rlby, )} =2} < 1.

Indeed. if [{j < 2" : ¢(byi ;) = y(bai,;)}| > 2. then ¢ should be < 4-decreasing, and
if [{i : {j <2":c(by,;) = p(by;)} # 0} > 2. then y should be <4-increasing.
So y cannot be covered by finitely many <4-monotone functions. But for any
h € G,hn (A x A)can be covered by finitely many < 4-monotone functions by (2)
and by the construction of G.
Thus y is G-large. -

To obtain nice families we recall some topological results. We say that a topological
space X is splendid (see [2]) iff it is countably compact, locally compact. and locally
countable such that |A| =  for each 4 € [X]w

We need the following theorem:

THEOREM (Juhész, Nagy, and Weiss) [2]. If
(i) & < wy,. or
(ii) 2% < k. cf(k) > . and p® = p* and O, hold for each n < k with w =
cf (1) < p.
then there is a splendid space X of size k.
REMARK. In[2, Theorem 11]the authors formulated a bit weaker result: if V' = L
and cf(k) > w then there is a splendid space X of size k. However, to obtain that

results they combined “Lemmas 7, 9, and 16 with the remark after Theorem 8” and
their arguments used only the assumptions of the theorem above.

If A is a family of sets, and X is a set, write
A[X ={ANnX:4e A}
and
AP X ={(JANX: A € [A]™"}.

LEmMA 2.4, If X is a splendid space, U is the family of compact open subsets of X,
and Y C X, thenU[Y is niceon Y.

Proor. Let 4 € [Y]”. Then 4 is countable, so it is compact. Since a splendid
space is zero-dimensional, 4 can be covered by finitely many compact open sets,
and so A can be covered by an element of /. Thus U[ Y is cofinal in <[ Y ]w, C>.

To check (N2) observe that every U € I is a countable compact space, so it is
homeomorphic to a countable successor ordinal. Thus U has only countably many

compact open subsets. Hence [ U is countable which implies (N2) in the following
stronger form:

(N2*) for each f < u there is a set I; € [#]” such that for all a < f8 there is
o € Iy such that

Ao N Ap = Az, N Ap. B
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REMARK. By [3, Corollary 2.2, if (w41, 0y) — (w1, @) holds, then the cardinal-
ity of a splendid space is less than ®,. So we need some new ideas if we want to
construct arbitrarily large nice families in ZFC.

THEOREM 2.5. If A is an infinite cardinal, and

(1) A < wy. or

(ii) 2% < 4. and p® = u* and O, hold for each u < A with @ = cf(u) < u.
then there is an w-homogeneous and w-intransitive permutation group on .

ProoF. Applying the Juhdsz—Nagy-Weiss theorem for x = 4 if ¢f(1) > w, and
for Kk = A1 if 1 > cf(A) = w. we obtain a splendid space on k > J. So, by Lemma
2.4, we obtain a nice family 4 on 4.

Thus, putting together Theorems 2.2 and 2.3 we obtained the desired permutation
group on A. -

§3. k-homogeneous but not x-transitive for x > w.

DEerNITION 3.1. Let k < A be cardinals. We say that a cofinal family A C [/1]” is
locally small iff |A[A| < k forall 4 € A.

THEOREM 3.2. Assume that 2% = & and there is a cofinal, locally small family
AcC [/1]5. Then there is a permutation group G on A which is k-homogeneous, but not
K-transitive.

Before proving this theorem we need some preparation.

DrrmNiTION 3.3, If X, Y are subsets of ordinals with the same order types, then
let py.y be the unique order preserving bijection between X and Y.

DErFINITION 3.4. If F is a set of functions, an F U {x}-term ¢ is a sequence
(ho.....h, 1), where h; = x or h; = x ' or h; = f; or h; = f,-’1 for some f; € F.If
g is function we use ¢[g] to denote the function Ahj o hj o --- o h; . where

Ji o ifhi = fi
o)t it =g,
i g ifh,-:x,

g ' ifh =x1.
If H is a set of F U {x }-terms, then write
Mgl ={ilg] -1 € H}.

We say that an F U {x}-term ¢ is an F-term iff neither x nor x! appears in z. If
t is an F-term, then the function #[g] does not depend on g, so we will write ] ]
instead of ¢[g] in that situation.
We say that a term ¢’ is a subterm of a term ¢ = (hy,....h, ) iff ' =
o iy« oo By ). Where iy < iy < -+ < i < .
The set of all 7 U {x }-terms is denoted by TERM (F U {x}).
The set of all F-terms is denoted by TERM (F).

LEmMaA 3.5. Assume that
(1) Aisacardinal, H is afinite set of S (1) U {x }-terms, and H is closed for subterms,

(n
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(2) gis an injective function, dom(g) Uran(g) C 4.
(3) o, a* € 4 such that

(a.a®) ¢ | Hlg).

)
(4) {o € A\ dom(g) and {; € A\ ran(g),
(5) o € A\ ran(g) and n; € A\ dom(g)

no.-m ¢ {t[gl(a). 1[g] " (a®) : 1 € H}.
Let go = g U{{lo.m0)} and g1 = g U {{(1.(1)}. Then
(o, @) ¢ Hlgo] U H[g1].

ProoOF. We prove only (a,a*) ¢ H[go]. The proof of the other statement is
similar.

Assume on the contrary that (o, a*) € H[go].

Pick the shortest term 7 = (fY. ..., f,) from H such that 7[go](a) = a*.

Write a1 = a and o; = (f, ..., fn) [g0]() for 0 < i < n. Hence ap = o*.

Let i maximal such that «; is (o or #. Since ¢[g](a) cannot be a* by (3). i is
defined.

Since a; = (f4, ..., fu) [g](), it follows that a; # 7o by (5). So a; = {o.

Let j minimal such that «; is {y or #o. Since

a; = ((fo.on fi0) [g]) (@),
it follows that a; # 179 by (5). So a; = { by (5). Thus o; = & = {y. and so

= (forees fi1. finee fn) [0)(e).

Since j < i, the term ¢’ = (fo..... fj1. fi..... fu) is shorter than ¢ and still o* =
t'[g0](c). So the length of 7 was not minimal. Contradiction. -

such that

LEMMA 3.6. Assume that

( y € S(x).
e [4]". ndB,Ce[A]Ksuchlhat|A\B|:|A\C|:/~e,
( ) € [S(W)]" such that

A\ JHI =

whenever H. is a finite set of F-terms.
Then there is g € S(A) such that

(i) g[B]=C
(i)
Y\ HIg N =&
whenever H is a finite set of F U {x }-terms.
PrOOF OF LEMMA 3.6. Write
TASK) = 4 x {dom, ran} and TASK, = [TERM (F U {x})]<w X K.

Let {lp.I;} € [[/@]K]z be a partition of x, and fix enumerations {7} : i € I} of
TASKy, and {T; : i € I} of TASK;.
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By transfinite induction, for i < & we will construct a function g; and if i = j + 1
for some j € K; then we also pick an ordinal o4 € & such that
(a) g is an injective function, dom(g;) Uran(g;) C 4:
(b) gi[Bl]C Candg;[4\ B]C A\ C;
(c) ‘gt| S
(d)ifi =j+1,j€l.and T; = ({.dom), then { € dom(g;):
(e)ifi=j+1,j€l, andT = ({,ran), then { € ran(g;);
(f)ifi=j+1.jel. andT = (M. z;)> then
(i) ajp1 € k\{ays:j € 1N j}:and
(ii) ¢[gi Uid 4](ej41) is defined and #[g; Uid,\ 4](aj41) # y(ej41) for each
teM;.
Let go = 0.
If i is limit, thenlet g; = {J;_; &;-
Assume thati = j + 1.

Cram 3.6.1.
I\ JHlg; vidaall = k. (1)
Sor each finite set H of F U {x}-terms.

Proor oF THE CramM. Fix H. We can assume that # is closed for subterms. By
(3) we have |y \ UH[ 1] = . and

yJH =y nlJHlidal (o)
because # is closed for subterms. Since |g;| < k. we have
1lg Uid,, 41\ tlidaall < 5. (o)

for each ¢ € H. Putting together |y \ [JH[]| = &. (o), and (e) we obtain (7). =

Casel. jelyandso T; = ({;.x;) € A x {dom,ran}.

Assume first that x; = dom. If {; € dom(g;). let g; = g;. If {; ¢ dom(g;). then
pick 7 € Cif{; € B,and picky € A\ Cif {; € A\ B such that and # ¢ ran(g;).

Let g; = g; U (i.n). Then g; satisfies (a)—(f).

The case x; = ran is similar.

Case2.j € Iyandso T = (H,. ;) € [TERM(F U {x})]™ x .

We can assume that H; is closed for subterms.

By Claim 3.6.1, we have

I\ U H)lg; Uidpy 4]l = .

So we can pick aj 1 € K\ {aj/y; : j € I N j} such that
(*) for each teH; either 1[g;Uid; 4](ej41) is undefined or [g; U
idpallajr) # y(aj) -
Now in finitely many steps, using Lemma 3.5, we can extend the function g; to a
function g; such that

(*) t[g; Uid\ 41(0ej11) is defined and ¢[g; Uid;\ 4]1(ej11) # y(ay41) foreach 1 €
H,.
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Indeed. if #[g’ Uidj 4](aj11) is not defined. where 7 = (t.....7,) then there is
i < n such that either

Gi={tiz1,....tn)[g" U idi\A](a_,-H) is defined, 7; = x, and {; € 4\ dom(g’),
or

Gi={tix1,....tn)[g' U idi\A](osz) is defined. #; = x 1. and {; € 4 \ ran(g’).
In both cases, using Lemma 3.5, we can extend g’ to g’ such that (z;,....1,) [g" U
idj\ 4](aj11) is defined and (a;1. y(a;11)) & UH;[8" Uid) 4].

After the inductive construction, the function g = (J,_, g meets the require-
ments. =

LEMMA 3.7. Assume that 2% = & and there is a cofinal, locally small subfamily
C C [2]". Then there is a family D C [2]" x [A]" such that

(1) if (A, B) € D, then BUk C Aand|A\ B| = k.
Moreover, writing A= {A:{(A,B) € D} and B={B : (4. B) € D}

(2) Ais a cofinal. locally small subfamily of [1]".

(3) Bis cofinal in ([ﬂ]n, C),

4 {XCcr:|X|=|s\X|=k}CB.

ProOF OF LEMMA 3.7. Fix a locally small, cofinal subfamily C C [4]" such that
4 = |C| is minimal. Then [{C € C: D C C}| =|C|forall D € [A]H.

WriteC = {C, : @ < u}.Since2” = kT < 4 < uthereisasequence (B, : a < u) C
[A]" such that

(@) {Bata<kt}D{X Cr:|X|=|c\X|=k}

(b) {By:a<u}DC.
Thus B = {B, : a < u} is cofinal in [1]". Now, for each a < u pick 4, € C such
that A, D C, U B, Uk and |4, \ Ba| = .

Then D = {(A4,. B,) : o < pu} satisfies the requirements. .

After that preparation we prove the main theorem of this section.

PrOOF OF THEOREM 3.2. Fix D, A, and B as in Lemma 3.7.
For (A. B) € D consider the structure

M(A,B) = <A,<,B,{AQX:A E.A}>

N

Fix D' € [P]" such that writing A’ ={A4":(4’.B') € D'} and B = {B':
(A', B') € D'} we have

(a) V(A4,B) € D3(A',B’) € D' such that p, , is an isomorphism between

M<A,3> and M(A’_B’)~

b) {X Cr:|X|=|s\X|=r}CB.

Pick K € [k]" with |& \ K| = k. Choose y € S(x) such that y(a) # a for each
a € k.

Lemma 3.8 (Key lemma). There are functions F = {f 4p) : (A. B) € D'} such
that

(@) fram) €S(4).
(b) fiap)[Bl=K:
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moreover, taking
S ={pcy.c, : (do. By) .(41.B)) € D'. Cy € A[*4y. C1 € A[*Ay.
PCy.Cy [A[CO] = AfC1},
if H is a finite collection of F U S-terms, then

P\ UM =~

Before proving the Key lemma, we show how the Key Lemma completes the proof
of Theorem 3.2.

So assume that the Key lemma holds.

Foreach (4, B) € Dpick (4’, B’) € D' such that p4 4 is anisomorphism between
M 4.5y and M 4 pry. We assume that (4’ B') = (4. B) for (4, B) € D'.

Let

&(AB) = Para© f (48O Pan € S(4).
Let G be the permutation group on A generated by
g= {g<A<B)+ : (4. B) € D}.
LEMMA 3.9. G is k-homogeneous.

PRrOOF OF LEMMA 3.9. It is enough to show that for each X € [1]" thereis g € G

with g[X] =K.
So fix X € [A]". Pick (4. B) € D such that X C B.
Then

Z =guup X1 CguunpBl=paa0 fiapyopis)B]
=(parao fiap))B1=pyK]=K.

Since |Z| = |x \ Z| = &, there is C such that (C.Z) € D'. Then f (¢ [Z] =K.
Thus g(c z)"[Z] = K because (C'. Z') = (C. Z) and 5o f(cz) = &(c.z)-
Thus K = (g(c2y" 0 gapy X1 "

LeMMA 3.10. G is not k-transitive.

ProoF oF LEMMA 3.10. We prove that y ¢ h forany h € G.
Assume that

h=(gf)o(g )1 o olgh ),

where g; = 8(4;.B;) = pAfaAi OfAf.,Bi’ OpAisAf and ¢; € {7 1, 1} fori < n.
Since g;" \ g; is the identity function on 4\ 4;, we have

¢ ¢ by | .
hC U{(gio) 0 0(gi)o-ol(g, )it:
k<niy<ij<-<ipi<n}.

Fixk <mandiy <i < <ip <n.
Observe that if £; = 1 then

(g1) = (pAl’.,Ai ofan o pA,-.,A;)% =Pal4; ° (fA;,BI,’)il O Pu;al-
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FiGure 1. The function pj.‘.

So
4 4 2
(giy) 0 0 (gi,) ™ 00 (g ) k1
?; 0
=Ps 4, © (far gt )7 OPu, 4 ©Pal 4; © (far g )o Pa; .4 ©-
ip™10 ip*"ip 0" iy i i1 17
For j < k let
Pj="Pa 4 OPal
/ Aipdy, = PA iy
Observe that writing

Ci1= Pay; A [4;; N4, ]and C; = PA,-]..,A;]_ [4i;nA

| . il

we have
p7 = pCj+l.Cj € S

(see Figure 1).
Thus

(gio)% o (gi1 )Zi' 00 (gik,l )ei’“l
=pa, 4 ©(far p)00pio(fa g ) opfon
0 1 L) 1 Ul
¢
° (fAl’. B )klopy A -
| 17 k-1

Since Pay.a, I k =1id [ k, we have
((gio)% o (gl»l )12,«1 00 (gl»ki1 )eik—l) NK XK
C (fA;O,B;O)ZO o pg o (fA,',1 B )0 pf o

o(fu g )ik
|
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But (f g )0opio(fa p)iopioo(fy p )it =1 for the FUS-
L) hn

=1 k-1
term ¢ = <(fA;0_B,.'0 ). pg. (ngl B Yo pr. . (ngk (Bl ])Zi"*I >
Since there are only finitely many sequences iy < -+ < ;| < n, we obtain that
h Nk x k is covered by the union of finitely many F U S-terms.
But y is not covered by the union of finitely many F U S-terms. So y witnesses

that G is not k-transitive. —

Proor oF THE KEy LEMMA 3.8. Write D' = {(4,. B,) : a < kT }.
By transfinite induction, we define functions { ', : @ < k*} such that taking

]:<ﬁ:{fy3y<ﬂ}
and
Scp ={pcy.c, 0.7 <P.Co € A[*45.C\ € A["A4,.
pco.ci[A[Col = A[Ci}.
we have

(i) fa €S(4a).
(i) falBal = K.
(iii) if H is a finite collection of F.qy1 U Scqi1-terms, then

Y AH[ = 5.
Assume that we have constructed fs for f < «. Then we have:
if H is a finite collection of F., U S,-terms, then|y \ H[ ]| = «. (%)
To continue the construction we need a bit more.
Cram 3.10.1. If H is a finite collection of F<o U S<qot1-terms, then
Y \H[| = &.

Proor. First observe that if p; = Pa;.ax for i < 2, then

PLOPO= Ppitiazndlpil45na;] ()
Let
t={to,t1,.... 1)

be an element of H. Since pcy.c, [ kK =1id [ k. if 19 € Scqq1. then ([ [Nk X Kk =
(t1,....ty) [ 1Nk x k. So we can assume that ) € F.,. Similar arguments give that
we can assume that 7, € F,.

Now assume that

(tivoo i) =(far- PCyy1.Dys1 PCrirDyins - ,pcj,l,Dj,l,faj>.
Then. by ()
PCii1.Diy1 © PCiya.Diy2 © " O PC; 1D = PELE;:

for some E; € A[Ciy1and E; € A[D;_;.
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Thus we can assume that j =i + 2 and
(titiv1.tip2) = (faos PEy.E; fa1>-
Now
fao O PEy.E; © fal = fao O PAaynEg.Aa;NE; © fal

and P, nEg.Aa,NE; € S<a-
Thus there is an F., U S.,-term s, such that

1INk x k) =s5[1N(k x &).
Since [y \ U{s:[]: # € H}| = & by (*), the Claim holds. 8

Since the claim holds, we can apply Lemma 3.6 for the family 7 = F., U S<a1
to obtain f, as g.
So we proved the Key Lemma 3.8. -

So we proved Theorem 3.2. -
The following theorem is hidden in [5]:

THEOREM 3.11. If k® = Kk, A = k™ for some n < w, and O, holds for each k <
v < A, then there is a cofinal, locally small family in [i]m.

Indeed. in Section 2.4 of [5] the author defines the weakly rounded subsets of
A= k™" in Lemma 2.4.1 he shows that the family of weakly rounded sets is cofinal,
and finally on page 52 he proves a Claim which clearly implies that the family of
weakly rounded sets is locally small.

Putting together Theorems 3.2 and 3.11 we obtain the following corollary.

COROLLARY 3.12. If k”? = Kk, A= k™" for some n < w, and O, holds for each
Kk < v < A, then there is a k-homogeneous, but not k-transitive permutation group on /..

§4. w-homogeneous but not w-transitive permutation groups in the Cohen model.
Let MA(countable) denote the Martin’s Axiom restricted to countable partial
orderings.

For f € S(4) let supp(f) = {a : f(a) # a}. Write
Sw(4) = {f €8(2) : |supp(f)| < »}.
(

THEOREM 4.1. If MA (countable) holds and H < S,,(w1) is a permutation group
with |H| < 2%, then there is an w-homogeneous, but w-intransitive permutation group
H* < S, (w1) with H* D H.

Proor oF THEOREM 4.1. If F is a set of functions, let
(Flgen =1f00 0 furin€w,fi € For f;' € Ffori<n}.

LemMmA 4.2. If H is a family of functions with |H| < 2% then some r € S(w) is
‘H-large.

ProoF. Fix a family {r, : @ <2} C S(w) such that r, Nry is finite for each

{a. B} € [2°7.
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Assume on the contrary that for each a < 2¢ the permutation r,, is not H-large,
i.e., there is H, € [H]™ such that r, \ | H, is finite.

Let U be a non-principal ultrafilter on w. Then for each a < 2¢ thereis () € Ha,
such that U, = {n € w : ro(n) = h(a)(n)} € U.

Since |H| <2, there are o # B such that h(a) = h(B). Thus for each
n € Uy N Up we have ro(n) = h(a)(n) = h(B)(n) = rg(n). Thus r, Nrg is infinite.
Contradiction. -

Using Lemma 4.2 fix an H-large r € S(w). Enumerate [w1]” x [w1]” as
{(44. By) : @ < 2”}. By transfinite recursion on a < 2”, we will construct per-
mutations f, € S,,(w;) such that f,[4.] = B, and writing

Fs={tll:tisaHU{f¢:{<o}term} =(HU{fr:{<d})

the permutation r is F,-large.

Since Fy = H ., we know that r € S(w) is Fy-large.

Assume that we have constructed (f; : { < «) such that the function r is Fr -
large for { < a. Then r is F,-large. Next we should construct f,, € S(w;) such that
falAa] = By and 1 is F, . -large. We want to apply MA(countable) to construct
f«. but to do so we need some technical lemmas.

Fix first C, € [w;]” such that 4, U B, C C, and C, \ (44 U B,) = o.

gen’

DErFINITION 4.3. Given sets X and Y let us denote by Bij,(X. Y) the set of all
finite bijections between subsets of X and Y.
For A, B, C € [w]” define the poset Pc.4.p = (Pc.4.p, <) as follows. Let

Pcas ={p €Bijy(C.C) : p[A] C B.p[C\ 4] C C\ B}.
Write p < ¢ iff p D gq.
We want to apply MA (countable) for the countable poset
P ="Pcy.Aa.Ba-

Our plan is to define a family D of dense subsets in P with |D| < 2% such that if
K is a D-generic filter in P, then (|J K) Uid,,\c, works as f.

LemMA 4.4. Fori € C, the sets D; = {p € Pcap:i € dom(p)tand R; = {p €
Pcap:i €ran(p)} are dense in P.

ProoF. Straightforward. -
LemmA 4.5. If M € w and H is a finite set of F, U {x }-terms then
Eym={peP:Imew\M
t[p)(m) is defined, but t[p](m) # r(m) for each t € H}

is dense in P.

PrOOF OF THE LEMMA. Fix ¢ € P. We can assume that H is closed for subterms.
We know that |r \ | H[ ]| = @ because r is F,-large.
Since H is closed for subterms,

ralJH = rnJHido,\c. ).
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Since |¢| < w, we have

I\ U Hlg Uidyy e, ]l = .

So we can pick m € w \ M such that
(*) for each r € H either t[q Uid,,\,](m) is undefined or 7[g Uid,,\c,1(m) #
r(m).
Since H is finite, we can find p < ¢ such that

* f(zr e;ach t € H either t[p Uid,,\¢,](m) is undefined or 1[p Uid,,\c,]1(m) #
r(m),
(e) the cardinality of the finite set

{t e 1 : t[pUid,\c,](m) is undefined}
is minimal.
To show that p € Ey; ) we prove that

(o) thereisno ¢ € H such that ¢[p U idwl\ca](m) is undefined.

Assume on the contrary that this statement is not true.

Fix t € # such that ¢[p Uid,,\¢,](m) is not defined. where = (1. .... #,). Thus
there is i < n such that

(1) (tig1.....ta) [p Uidy\c,1(m) is defined. but

(2) (ti.....ts) [p Uidy,\ ¢, 1(m) is not defined.
Then ¢ = (t;.....t,) € H. Let {; = (tiy1.....1,) [pUidy\¢,1(m). Then either
ti =xand {; ¢ dom(p) or t; = x"' and {; ¢ ran(p).

In both cases, using Lemma 3.5, we can extend p to p’ such that (¢;.....¢,) [p’ U
id,,\ ¢, 1(m) is defined and (m. r(m)) ¢ H[p' Uid,\¢,]- Thus p’ < g and

{t e H : 1[p’ Uid,,\c,](m) is undefined} C
{t e 1 : t[pUid,\c,](m) is undefined}.

which contradicts (e).
So we proved Lemma 4.5. -

Let
D= {Di,Rl‘ S CQ}U
{Erm : M € o, F is afinite set of F, U {x}-terms.}.
Then D is a family of dense sets in Pc, 4,5, With cardinality < 2”. So, by
MA (countable), there is a D-generic filter K. Let f, = ((JK) U id,,,\c,

The assumption {D;.R;:i € Co} CD yields C, =dom(|JK) = ran(|JK).
Since fa[As] C By and f4[C, \ 4a] C C, \ By by the construction of P¢, 4, 5,
we have f[Aa] = Ba.

If 7 is a finite subset of F,., then there is a finite set H of F, U {x}-terms such
that

F={tlfal:t € H}.

Then E4 p N K # 0 implies that there is m > M such that r(m) & {t[fo](m) : t €
H} ={f(m): f € F}. Thus ris F,i-large. Hence f, satisfies the requirements.
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So we carried out the inductive construction, and so we have constructed
(fa:a<2?) such that r is Fow-large. So the group H* = F satisfies the
requirements. This completes the proof of Theorem 4.1. -

Next we need a “stepping-up” theorem.
THEOREM 4.6. Assume that A > wy is a cardinal, G < S(A) and H* < S(w1) are
permutation groups such that

(i) H* is w-homogeneous, but w-intransitive.
(i) Ve e GV <w Ihe H* gN (6 x3J) C h.
(iii) {g[w]: g € G} is cofinal in {[1]”. C).
Then G* = (GU{h* :he H})

een < S(2) is w-homogeneous, but w-intransitive.

ProOF OF THEOREM 4.6. First we show that G* is w-homogeneous.
Let X. Y € [4]” bearbitrary. First. by (iii) we can pick f.g € G such that f[w] D
X and g[w] D Y. Since H* is w-homogeneous, there is # € H* such that

hfH(x01=g (7).

Thengohto fle G*and (gohto f)[X]=7Y.

Next we show that G* is w-intransitive. Fix a countable injective function r
with dom(r) Uran(r) € [w]” which is H *-large. Without loss of generality we can
assume that » € S(y) for some y < w;. We will verify that

ris G*-large
as well. It is enough to prove the next lemma.

LemMMA 4.7. For each g € G* there is a finite subset Hy of H™ such that

gn(y xy)CUHg.
PROOF OF THE LemMA. Since G* =(GUH™),,,. where H™ = {h" :h € H*}
and both G and H™" are subgroups, we can assume that
g =€ 02800 06, 0gn,

where g; € G ande; € H™.

Forec H", writee = ¢ [ w; € H*.

By finite induction, define countable subsets A,.1, By, 4,. ..., By, Ap of 4 as
follows: let 4,1 =y and B; = gi[A;+1] and A; = ¢;[B;]fori =n.n-1,...,0.

Pick 6 < w; with

Ji4rBi:0<i<n+1}nw co.
For0<k<m<nlet
8kom = 8k © " © 8m-1-
By (ii) we can pick Ay, € H* such that ., D gem N (5 x ). Let
He = {ei’o o hiyiy o€ 0hi 00 e, ° hiyip,,
0<ip<-<ip<ippg =n}.
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k = il by /Bm.fl am.fl
€m-1 '
m:i1+1 > 0y
wi
6 B ”
- UL e .o
_ - /ak
__--ve
TTTTTe----- - ;8/\:

FIGURE 2. The function /iy,

Cranm4.7.1. gn(y xy) C UH,.

Proor oF THE CLAIM. Let o € y be arbitrary with g(a) € y. Write a1 = a.
Bi = gi(aiy1). and a; = ¢;(B;) fori =n.n—1,....0. So g = g(ax) € 7.

Letip =0 < -+ < iy = n + | be the enumeration of theset I = {i <n+1:q; €
o} ={i<n+1:q; €0}.

Fix £ < s, and write k = iy and m = ip,.

If kK + 1 = m, then oy, fik. o, € 6 and so then

ok = ex(Pr) = e (gr(am)) = (e © hicm)(am).

If Kk +1 < m, then

(1) oy €0, ﬂm €0, but
(i) a;, i € A\ wjandsoa; = B fork < i< m
(see Figure 2).

Thus
Pre = (gk © € © gicy1 0+ 0 €10 gm1) ()
= (g« O 8k+10 o gm1)(am) = gk,m(a’m) = i (0im).
and so
e = e (i) = ex(lum(am)) = (e © by ) (am).
Hence
g(a) = (60 ©gopo--o0ey0 gn)(a)
= (e;o o hjyj, 00 e, ° h,'sfl),-j)(a)

and (elf0 0 higjy 00 0 hi, i) € Hg. 4

So we proved the Claim which completes the proof of the Lemma. o

As we observed, the previous lemma implies that r is G*-large, and so G* is
w-intransitive which completes the proof of Theorem 4.6. =
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Putting together Theorems 4.1 and 4.6 we can get the following result.

THEOREM 4.8. Assume that A is an uncountable cardinal and there is a permutation
group G < S, (A) such that

(1) {g N (w1 xw1):g € G} <2

(2) {g[w]: g € G} is cofinal in {[]”, C).
If MA (countable) holds, then there is an w-homogeneous but not w-transitive
permutation group G* < S, (A) with G* D G.

PrOOF OF THEOREM 4.8. First observe that (2) implies that [{g N (w; X w) : g €
G}| > w1, and s0 2® > w; by (1).

For each countable injective function f with dom(f)Uran(f) C w; pick a
permutation 4(f) € S, (w1) with A(f) D f.

Let

H={hgNn(laxa)):g€Ga<n})

gen *
Since 2® > w;, we have

(3) [HI<{gN (w1 xwy):g €G}H w <2? and

(4) Vg € GVa < wy 3h € H such that g N (o x o) C h.
By (3) we can apply Theorem 4.1 and so there is an w-homogeneous, but w-
intransitive permutation group H* < S, (w;) with H* D H.

By (2) and (4) we can apply Theorem 4.6 for G and H* to show that the
permutation group G* = (G U {h* :h € H"}),,, < S,(4) is @-homogeneous, but
w-intransitive. B

Given sets X and Y let us denote by Fin(X, Y) the following poset: its underlying
set is the set of all finite functions mapping a finite subset of X into Y, and p <pjy(x.v)
g iff p D ¢. In particular, ) is the greatest element of Fin(X, 2).

COROLLARY 4.9. If P = Fin((2%)*.2) then

788 E “for each A > w\ there is an w-homogeneous,

but not w-transitive permutation group on A.”

REMARK. In Section 2 we showed that if there is a splendid space of cardinality
at least 4, then there is an w-homogeneous but not w-transitive permutation group
on 4. However, it was proved in [3] that it is consistent (modulo some large cardinal
assumption), that there is no splendid space of size at least 8, | in any c.c.c. generic
extension of a certain ZFC model.

PrOOF OF COROLLARY 4.9 FROM THEOREM 4.8. We work in V'*. Let G = S,,(4)".
Then

HgNwi x w1 :g € G} =|Su(w)’|=(22) < (22" =(20)"".

So (1) holds. Since P is c.c.c., {g[w]: g € G} =[A]” NV is cofinal in ([4]”, C).
Hence (2) also holds.

So we can apply Theorem 4.8 because it is known that MA (countable) holds
after adding (2%)*-many Cohen reals to a ground model (e.g., cov(M) = 2% in
the Cohen model by [1, Table 4], and cov(M) = 2% implies MA (countable) by [4,
Theorem 1]). -
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