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Abstract

In this paper, we deal with the multiplicity of solutions for a fourth-order impulsive differential equation
with a parameter. Using variational methods and a ‘three critical points’ theorem, we give some new
criteria to guarantee that the impulsive problem has at least three classical solutions. An example is also
given in order to illustrate the main results.
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1. Introduction

In this paper, we consider the fourth-order boundary value problem with impulses

u® (1) = rf (¢, u)) ae. tel0, 1],
A" (t))) = 1;W'(t;)) j=1,2,....1,
A" (t))) = Nj(u(t;)) j=1,2,....1, (1.1)

u=u'0)=u"(1")=0
u”(17) = g(u(1))

where A is a positive parameter, f € C([0, 1] xR, R), g, I;, N; € C(R, R) for
15j§l,0=to<t1<l‘2<'--<tl<tl+1=1,

AW(t))) = u”(t;-L) A lim u” (1) — lim u” (1),

! t—t;
J J
A(u’"(tj)) = u”’(t;') — u’"(tj_) = lim «”'(t) — lim u”'(¢),
t—>tj+ =1}

and where u”(17) and u”” (1) denote the left limits of u” (¢) and 1’ (¢) at 1.
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This kind of problem without impulses arises in the study of deflections of elastic
beams on nonlinear elastic foundations. The problem has the following physical
description: a thin flexible elastic beam of length 1 is clamped at its left end r = 0 and
rests on an elastic device at its right end # = 1, which is given by g. Then, the problem
models the static equilibrium of the beam under a load, along its length, characterized
by f. The derivation of the model can be deduced from [26].

In recent years, a great deal of work has been done in the study of the existence of
solutions for impulsive boundary value problems (IBVPs), which describe a number of
chemotherapy, population dynamics, optimal control, ecology, industrial robotics and
physical phenomena. For general aspects of impulsive differential equations, we refer
the reader to the classical monograph [13]. For some general and recent works on the
theory of impulsive differential equations, we refer the reader to [1, 2, 11, 14, 18, 21].
Some classical tools have been used to study such problems in the literature. These
classical techniques and tools include the coincidence degree theory of Mawhin [19],
the method of upper and lower solutions with the monotone iterative technique [7], and
some fixed point theorems in cones [8, 9, 12]. More precisely, in [12], Karaca studied
the existence of positive solutions of the fourth-order impulsive differential equation

Y —qg®)y" = f@t, y), tela, c)U(c, bl
a1y(@) — 1y’ (@) =0, yiy(®d)+8y(b) =0,
Y'(e=0)=diy'(c+0), y"(c—0)=dy"(c+D0),
a2y’ (a) — P2y"(a) =0, y2y"(b) + 629" (b) =0,

and the eigenvalue problem y® — g (r)y” = Af(t, y(r)) with the same boundary
conditions where A > 0. Using the Krasnosel’skii fixed point theorem, the author
obtained the existence and multiplicity of positive solutions for the IBVP (1.2) and
proved that the IBVP (1.2) with parameter X has at least one positive solution when A
lies in some positive interval.

On the other hand, in the last few years, many researchers have used variational
methods to study the existence and multiplicity of solutions for boundary value
problems without impulsive effects [3—6, 10, 15, 25]. For related basic information,
we refer the reader to [16, 20, 22].

Recently, some researchers have begun to study the existence of solutions for
IBVPs using variational methods. However, to the best of our knowledge with the
exception of [17, 23, 24, 28, 29], the study of solutions (in particular, the multiplicity
of solutions) for IBVPs using variational methods has received considerably less
attention. It may become a new powerful tool to deal with nonlinear problems with
some types of discontinuity such as impulses.

In [17], using variational methods and critical point theory, Nieto and O’Regan
studied the existence of solutions of the equation

—u"(t) + 2u(t) = f(t,u()) ae tel0,T],

A/ (t)) =1j(u(t))) j=12,...,1, (1.3)
u0)=u(T)=0,

(1.2)
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where f:[0,T] x R— R is continuous, and /; :R— R, j=1,2,...,/[, are
continuous. They proved that IBVP (1.3) has at least one solution when A > —7%/T?2.
In [28], Zhang and Ge studied the multiplicity of solutions of the equation

(®p (1)) = @(O)Pp(u) + Af (1, u) + ph)g@’) ae.r€[0, 1],
AGW' () = I; (u(t;)) i=1,2,....k

(1.4)
au(0) —aru’(0) =0
pru(1) + pou’(1) =0
where p > 1, ®,(u) = lu|P2u, A, [ are positive parameters, and
(p—DIs|P—= 2
Gu) = /
gl
They proved that IBVP (1.4) has at least three solutions by using a three critical points

theorem.

Motivated by the above facts, in this paper, our aim is to study the multiplicity of
solutions for IBVP (1.1). To the best of our knowledge, there has so far no paper
concerning fourth-order impulsive differential equations using variational methods.
In addition, this paper is a generalization of [15], in which impulsive effects are not
involved.

This paper is organized as follows. In Section 2 we present some preliminaries.
In Section 3 we discuss the existence of three classical solutions to IBVP (1.1), and
present an example to illustrate our main results.

2. Preliminaries

Our main tool is the following three critical points theorem obtained in [5] (see
also [6, Theorem 2.1]).

THEOREM 2.1. Let X be a reflexive real Banach space, let ®: X — R be
a sequentially weakly lower semicontinuous, coercive and continuously Gdteau
differentiable functional whose Gdteau derivative admits a continuous inverse on X*,
and let V : X — R be a sequentially weakly upper semicontinuous and continuously
Gdteau differentiable functional whose Gdteau derivative is compact. Assume that
there exist r € R and xqo, x € X, with ®(xg) <r < ®(x) and V (xg) = 0 such that:

(A1) sup (x) < (r— o ))&‘
Slorer Vo® -0

(A2) foreach

| Px) —D(x0)  r— D(xp)
}\' € Ar = - ’ ’
W (x) SUPg (x)<r W (X)
the functional ® — AV is coercive.

Then for each ). € A,, the functional ® — AWV has at least three distinct critical points
in X.
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Let us recall some basic knowledge. Denote the Hilbert space X by
X = {u e H*([0, 1]) : u(0) = u’(0) = 0}

with the inner product

1
(u, v):/ WOV (1) dt, Yu,veX,
0

1 1/2
||ullx=[/ |u”<r)|2dr} ,
0

where H 2([0, 1]) is the Sobolev space of all functions « : [0, 1] — R such that u and
its distributional derivative u" are absolutely continuous and u” belongs to L2([0, 1]).

We define the norm in C'([0, 1]) and L2([0, 1]) as |ju|| = max{||u|lso, ||#||so} and
lulla = [fy lul? dr]'/2, respectively.

For any u € X, u and u’ are absolutely continuous and u” € L*([0, 1]). In this
case, the one-side derivatives u” (t;.r), u” (tj_), u” (t;.r) and u"’ (tj_) may not exist.
As a consequence, we need to introduce a concept of solution. Suppose that u €
Cl([O, 1]) with u(0) = u’(0) = 0. Moreover, assume that for every j =0,1,...,1,
uj= ul(,j,,jﬂ) is such that u; € C4(tj, tj+1). We say that u is a classical solution
of IBVP (1.1) if it satisfies the equation in IBVP (1.1) a.e. on [0, 1], the limits

which induces the norm

u”(t;r), (1)), u’“(tj) and u” (1), j =1,2,..., L exist,u” (17), u" (17) exist and
uw’(17) =u”(17) — g(u(1)) =0, and two kinds of impulsive conditions in IBVP (1.1)
hold.

For each u € X, put

| IR L rult)) u(ly
D (u) :=§|Iu||X+Z/ Ij(s)ds—Z/ Nj(s)ds—i-/ g(s) ds,
=iJo =i J0 0
@.1)

1
W (u) ::/ F(t, u)dt, 2.2)
0

where F(t, u) = fou f(t,s)ds.
Clearly, ® is a Gateau differentiable functional whose Gateau derivative at the point
u € X is the functional ®'(u) € X* given by

! !
L (tp))v' (1)) — Z Nj(uj))v(t;) + g (1)v(l)

]—1 ]:1

1
<I>/(u)(v)=/ u"v" dt +
0

(2.3)
for any v € X, and &’ : X — X* is continuous.
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It is also easy to see that W : X — R is a Géateau differentiable functional whose
Gateau derivative at the point u € X is the functional ¥'(u) € X* given by

1
W' (u) (v) =/0 f @, u@®)v() de (2.4)

forany v € X.

LEMMA 2.2. If u € X is a critical point of ® — AV, then u is a classical solution of
IBVP (1.1).

PROOF. Obviously, u(0) =u’(0) =0 for u € X. Since u € X is a critical point of
S — A,

1 l /
/ W de+ Y LW ) () = > Nty
° i=1 i=1 2.5)
1
+ gu()v() - )»/ f@, u@)v()dt=0
0

for any ve X. For j€{0,1,2,...,1}, choose any v € X such that v(¢r) =0 for
t €0, tj1U[tj11, 1]. Then v’(tj) = 0. Equation (2.5) implies that

lj+1 Lj+1
/ u'v" dt = A / ft, u@)v() dt.
j lj
This means, for any w € Xj:= Hz(tj, tir) N HO1 @, tjv1), that
lj+1 Lj+1
/ u/j/w” dt =A/ f@, uj@)w)de,
lj lj
where uj =ulq;,;,,)- Thus u; is a weak solution of the equation
W =0f@t,u),  1e i), (2.6)

andujeX; C Cl([tj, tji+1]). Let vy :=u" and ¢(r) :== Af (¢, u). Then (2.6) has the
form
V(D =q@®) on(t,tjt1). 2.7)

Then the solution of (2.7) can be written as
t s
vi(t) =C1 + Cot —I—/ / q(rydrds, te(tj,tjt1),
1j J1j

where C; and C, are two constants. Then u/; € C(tj, tj+1) and u(l.iv) € C(tj, tjq1).
Therefore, u; € C4(tj, tj+1) and u satisfies the equation in IBVP (1.1) a.e. on [0, 1].
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By the previous equation, we find that the limits u”(t;.r), u”(tj_), u”’(t;.r), u”’(tj_),
j=1,2,...,L,u”(17) and u”'(17) exist. Integrating (2.5) leads to

J

1 [
/ u"v" dt + Z Ii(u' () (t)) —
0 i=1

l
Nj(u(tj)v(t))
Jj =1

1
+ gw(M)u(l) —x/ £t uy dt
0

1 !
= /O @ = Af @ wpvde+ > U 1) — A"V (@) (2.8)

j=1

!
(Nj(u(tp) — A@” (t)v(;) +u” (17" (1)
=1

+ (gu(1)) — " (A7) (1)

= O,
and combining with (2.6) gives
1
D U ) — AW (t7) = D (N () — A" () ()

Jj=1 j=1
+ 1" (A1) + (gu(1) —u™(17)v(1) =0.

/

(2.9)

Next we show that u satisfies the second kind of impulsive conditions in IBVP (1.1).
If not, without loss of generality, we assume that there exists i € {1, 2, ..., [} such that

Ni(u(t;)) — A" (1)) #0. (2.10)
Let
2 s 1 3 1 2 1 3 1 2
v(t) = (t° — 241) l_[ gt —E(ti+tj)t +titjt+gtj —Etitj .
J=0, j#i
Then
’ s 1 3 1 2 1 3 1 2
V) =20-1) [] 30— S ity £ ot = Shit
=0, j#i
141
RGeS {(12 — (tx + 1)1 + k1)
k=0, k=i
I+1
1 1 1 1
< ] (§t3 -5+ 112+ titjt + gt;’ — Emf-)}.
J=0,j#i.k
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Obviously, v € X. By simple calculations, we obtain v(t;) =0, j=1,2,...,
i—1,i+1,...,L14+1, v(t;)#0 and V'(t;) =0, j=1,2,...,1,1+1. Thus,
substituting these into (2.9) leads to

I
D U () — A" A (t) — Y (Nju(t)) — A" (¢7)))v(t))

!
j=1 j=1

+u”" (A7) (D) + (g (1) —u”"(17)v(D)
= (Nij(u(t;)) — A" (1;)))v(t;)

2 I+1
= L) = AW @) [] @ —ip =0,
J=0,j#i

which contradicts (2.10). So u satisfies the second kind of impulsive conditions
in IBVP (1.1). Similarly, we can prove that u satisfies the first kind of impulsive
conditions in IBVP (1.1). Then by (2.9), we find that

u”" (1) (1) + (gu(1)) —u” A7 )v(1) =0
holds for all ve X. Since v(l), v'(1) are arbitrary, it follows from the last

equality that «”(17) = u”(17) — g(u(1)) = 0. Therefore u is a classical solution of
IBVP (1.1). 0

LEMMA 2.3. Ifu € X, then ||u|| < ||ulx.

1 1 1/2
5/ lu”(s) ds < (f ()| dS) = llullx. (2.11)
0 0

PROOF. Forany u € X,

t
W' ()] = ‘/ u’(s) ds
0

Similarly, by (2.11),

1 1
5/ Iu'(S)IdSS/ lullx ds = lullx.
0 0

Therefore, we obtain ||u| < ||u||x for any u € X. U

!
lu(t)| = ‘/ u'(s) ds
0

LEMMA 2.4. Assume that the following condition holds:

(H1) g(u) and 1;(u) are nondecreasing, N;(u) are nonincreasing and g(u)u > 0,
Ii(w)u >0, and Nj(u)u <0 for any u € R.

Then @ defined by (2.1) is sequentially weakly lower semicontinuous, coercive and its
derivative admits a continuous inverse on X*.

https://doi.org/10.1017/5S0004972710001802 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972710001802

[8] Multiplicity of solutions for a fourth-order impulsive differential equation 453

ProOOF. Let {u,} C X, u, — u in X. Then {u,} converges to u on C'([0, 1]) and
liminf, 0 |lunllx > [lu| x. Thus

. RNYA B A
lim inf ® (u,) = lilrggéf<§||un||x +ZI/0 I(s)ds
J:

n—o0

l

u,,(tj) uy (1)
— Z/ Nj(s)ds +/ g(s) ds)
0 0

j=1
1 l u' (1) [ u(t;)
> ||u||§+Z/ I;(s) ds—Z/ Nj(s) ds
j=170 j=179

u(l)
+ / g(s)ds = D (u).
0

\e}]

Therefore, ® is sequentially weakly lower semicontinuous. Moreover, by (2.1)
and (H1),

1 1
D(u) = §||u||§+Z/
j=170

1
2
= 5 llull-

u’(lj

L pult)) u(l)
I(s)ds — Z/ Nj(s) ds +/ g(s) ds
i=iJo 0

Hence @ is coercive.
Next, we show that ®" admits a continuous inverse on X*. For any u € X \ {0}, it
follows from (2.3) that

1 l 1
(@' (u), u) = fo "2 de + 3 L @y ) =Y N )ty + gu()u(l)

j=l1 j=1
2
= lully-

So limyjy |y —+oo (P’ (1), u)/llull x = +o0, that is, @’ is coercive.
Forany u, v e X,

1
(@'(u) — ' (v), u —v) = /0 W’ () =" ()" (@) =" (1)) dt

I
+ Y U ) = L)) () — v (2))
=1

J

!
- Z(Nj(u(lj)) — Nj())(u(t;) — v(t)))
j=1
+ (g (1)) — g(w(D))(u(l) —v(l))

2
> lu —vlk,
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so @' is uniformly monotone. By [27, Theorem 26.A(d)], (@’ )~ exists and is
continuous on X*. O

REMARK 2.5. We can obtain the same conclusion if condition (H1) is replaced by the
following condition:

(H1)' g(u), I;(u) are odd and nondecreasing, and N (u) are odd and nonincreasing.

LEMMA 2.6. W defined by (2.2) is sequentially weakly upper semicontinuous and its
derivative is compact.

PROOF. It is easily verified that W is weakly continuous. Therefore, W is sequentially
weakly upper semicontinuous.

Next we will show that W’ is strongly continuous on X. For this, let u,, — u
as n— oo on X. Then u, — u in C'([0, 1]). Since f(t, u) is continuous on u,
then f(z, u,) — f(t,u) as n — oco. So ¥'(u,) — ¥/ (u) as n — oco. That is, ¥’
is strongly continuous on X, which implies that W’ is a compact operator by [27,
Proposition 26.2]. Moreover, ¥’ is continuous since it is strongly continuous. O

3. Main results
In this section we state and prove our main results.

THEOREM 3.1. Suppose that (H1) or (H1) holds and there exist four positive
constants a, b, ¢ and p with p < 1 such that:

l 211'
0

2 [ 12
C
(H2) 3<2+§ /()Jlj(s)ds—E
Jj=1 J

1
Nj(s)ds + / g(s) ds;
—1 0

2 [ maxjg|<c F(1, £) dt
2

(H3)
C
Jy Ft, 1) dt .

2 ~ ’

24+ X0 o ity ds = Xy 5 Ni(s) ds + J g(s) ds

(H4) f(t, u) <a+ blu|?, for every (t, u) € [0, 1] x R. Then, for each

<

’

2 )
re [2 3 fy ) ds = Xy fo NGy ds + [y g6s) ds
fy F, 1) dt

c2 }
2 fo1 maxs|<c F(t, &) dt '

IBVP (1.1) has at least three classical solutions.
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PROOF. Owing to Lemma 2.2, the critical points of the functional & — AW are exactly
the classical solutions of IBVP (1.1). Hence, to prove our assertion it is enough to
apply Theorem 2.1.

Obviously, X is a reflexive real Banach space. From the previous section we
have seen that @ is a continuously Gateau differentiable, sequentially weakly lower
semicontinuous and coercive functional whose Gateau derivative (2.3) admits a
continuous inverse on X* (see Lemma 2.4). W is a sequentially weakly upper
semicontinuous and Gateau differentiable functional whose derivative (2.4) is compact
(see Lemma 2.6).

Setting r =c¢?/2, ug(t) =0, () =1> for all [0, 1], we have ug, ii € X,
@ (ug) =0,

l 12 l 21 1
cp(ﬁ)=2+2/’ Ij(s)ds—Z/ Nj(s)ds+/ g(s) ds,
= = 0
and W (i7) = fol F(t, t?) dt. Therefore
(r— CID(MO))(I) b

() — @ (uo)
c? fol F(t, t?) dt (3.1)

) 2 2;
24 Yy L) ds = Xy [y Nj(s) ds + [y g(s) ds

and, from (H2), we obtain ® (ug) <r < ® ().
On the other hand, for all u € X such that ®(«) < r, we have |lu||x < (2r)!/? and,

owing to Lemma 2.3, |lu| < |lu|lx < (2r)"/? = c. Therefore,
1
sup W(u) < / max F (¢, &) dt. (3.2)
du)<r 0 l§l=c

In view of (3.1), (3.2) and (H3), condition (A1) in Theorem 2.1 is satisfied.
For any 4 € X, by (H1), (H3) and Lemma 2.3,

1 2 ! u'(t)) l u(ty)
S+ [ e ds =Y [ N ds
j=1"0 =170

u(1) 1
+/ g(s)ds—k/ F(t,u)dt
0 0

D) — AV (1)

1
Enuni — ralull — Abllu) P!

A%

1 +1
Enun%( — hallullx — rblully".

v

Since p <1, then lim,|y—o0o(P @) — AW (4)) =+o00 for all L >0. So (A2) in
Theorem 2.1 is satisfied. Hence, our claim is proved and Theorem 2.1 ensures the
conclusion. O
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We consider a special case of IBVP (1.1). Let f(¢, u) =h(u) € C(R). Define
H¢) = foE h(s) ds. We have the following result.

COROLLARY 3.2. Suppose that (HI) (or (H1)') and (H2) hold. Moreover;, assume
that

2 maxg|<c H(§)

(H3Y :

Cc

Jy H@?) dt

<

12 2 ’
24 Y Y L)y ds = YLy [y Nj(s) ds + [ g(s) ds

(H4) h(u) < a + blu|?, for every u € R, hold. Then, for each

tz, 2f:
. [2 + Y Jy L) ds — Yoy [ Nj(s) ds + [y g(s) ds

[y H(@?) dt

c? ]
2 maxgj<c HE) |
IBVP (1.1) has at least three classical solutions.

EXAMPLE 3.3. Consider the following problem:

u® () = Ah(u) ae. t €0, 1],
A" (tj) =1;W'(t))) ji=1
A" (tj)) = Nj(u(t))) j=1, (3.3)

u®=u'0)=u"1")=0
u”(17) = g(u(l))

where g(u) =u, I;(u) =32u and N;(u) = —u. Clearly, condition (H1) is satisfied.

Let
1 1
3_21 MSE,
h(u) =
1000u'/3 — 1000 + i, u> !
J2 32 2
Then
1 1
ﬁu’ u=< E’
HW =1 s 1000 IR 1
u — U+ —u—+——, u>-
V2032 32 2
Taking t; =3, a=45, b=1000, =3, c=%, then g I;, N; h satisfy

(H2), (H3)' and (H4)' in Corollary 3.2. Applying Corollary 3.2, for each A € Aj/3 =
[0.0058, 8], IBVP (3.3) has at least three classical solutions.
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