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The Asymptotics of the Higher
Dimensional Reidemeister Torsion for
Exceptional Surgeries Along Twist Knots

Anh T. Tran and Yoshikazu Yamaguchi

Abstract. We determine the asymptotic behavior of the higher dimensional Reidemeister torsion
for the graph manifolds obtained by exceptional surgeries along twist knots. We show that all irre-
ducible SL; (C)-representations of the graph manifold are induced by irreducible metabelian rep-
resentations of the twist knot group. We also give the set of the limits of the leading coefficients in
the higher dimensional Reidemeister torsion explicitly.

1 Introduction

The purpose of this paper is to observe the asymptotic behavior of the higher dimen-
sional Reidemeister torsion for graph manifolds. In particular, we are interested in
graph manifolds whose SL,(C)-representations of the fundamental groups are de-
scribed by certain subsets of the SL, (C)-representations of hyperbolic knot groups.

A closed orientable irreducible 3-manifold M is called a graph manifold if there
exists disjoint incompressible tori T7,..., T; in M such that each component of
M~ (T2 uU---U T}?) is a Seifert fibered space, and the whole space M does not admit
any Seifert fibration. It has been shown in [Yam| that the higher dimensional Reide-
meister torsion for a Seifert fibered space grows exponentially, and its logarithm has
the same order as the dimension of representations. It is natural to expect that we
have the same growth order in the case of a graph manifold. In this paper, we deter-
mine the growth order and the limit of the leading coefficient in the sequence given
by the logarithm of the higher dimensional Reidemeister torsion for certain graph
manifolds. We will see the difference in the limit of the leading coefficient between
our graph manifolds and the Seifert fibered spaces studied in [Yam]. In the study of
exceptional surgeries along a hyperbolic knot, the problem of finding incompressible
tori that cut the resulting manifold into Seifert fibered spaces has been investigated.
For example there exists a complete list of exceptional surgeries along two-bridge
knots [BWO1]. The torus decomposition of the resulting graph manifolds is also given
in [Pat95},/CT13}|Ter13].
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When a manifold is obtained by a surgery along a knot, its fundamental group is
given by a quotient group of the knot group. Therefore, we can pull-back SL, (C)-rep-
resentations from the fundamental group of the resulting manifold to the knot group
(for details, see Section . The SL,(C)-representation space of a hyperbolic knot
group can be regarded as a parameter space for deformations of the hyperbolic struc-
ture of the knot exterior. Since exceptional surgeries along a hyperbolic knot yield
non-hyperbolic manifolds, the resulting manifolds induce SL, (C)-representations of
the hyperbolic knot group that correspond to degenerate hyperbolic structures. We
are also motivated to see the asymptotic behavior of the higher dimensional Reide-
meister torsion when we choose an SL,(C)-representation for a hyperbolic 3-man-
ifold that is different from the holonomy representation. Here the holonomy rep-
resentation is an SL,(C)-representation corresponding to the complete hyperbolic
structure. We wish to investigate the asymptotic behavior of the higher dimensional
Reidemeister torsion for degenerate hyperbolic structures through the SL,(C)-rep-
resentations induced by an exceptional surgery.

For our purpose, we choose hyperbolic twist knots (see Fig. [2) with 4-surgeries.
According to the torus decomposition in [[Pat95], in the set of exceptional surgeries
along two-bridge knots, only 4-surgeries along hyperbolic twist knots yield graph
manifolds consisting of two Seifert fibered spaces that include a torus knot exterior.
More precisely, 4-surgery along a twist knot K, illustrated in Figure[2)yields the graph
manifold M consisting of the torus knot exterior of type (2,2n + 1), which will be
denoted by T(2,2n + 1), and the twisted I-bundle over the Klein bottle. We consider
the asymptotic behavior of the higher dimensional Reidemeister torsion for M. When
we choose a homomorphism p from 7;(M) into SL,(C), we also have a sequence of
homomorphisms o,y © p from 7;(M) into SLyy(C) by the composition with the
irreducible representations o5 of SL,(C) into SLyy (C). Our main theorem is stated
as follows.

Theorem (Theorem[4.4Jand Corollary[d.5)  The growth of log | Tor(M; oay o p)| has
the same order as 2N for every irreducible SL, (C)-representation p of m;(M). The limits
of the leading coefficients are expressed as

{ lim log | Tor(M; oz © p)|
N—oo 2N

1
{E(log|AT(2,2n+1)(—1)| ~log2) ‘ Pk > L, pk is a divisor of|AKn(—1)|} ,

‘ pis irreducible} =

where Ak (t) is the Alexander polynomial of a knot K.
In particular, the minimum in the limits of the leading coefficients is given by

1
m(bg |Ar(2,2n4m) (-1)] = log2).

We will prove our main theorem using the following procedures. First, we will
see that all irreducible SL, (C)-representations p of 7r; (M) are induced by irreducible
metabelian representations p of a twist knot group m;(Eg, ). Here, Ek, is the knot
exterior of a twist knot K,,. Concerning the decomposition of M as the union of
E7(2,2n+1) and the twist I-bundle N(Kb) over the Klein bottle Kb, the restriction
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of p to 1 (Er(2,2n+1)) is abelian. On the other hand, the restriction to 7;(N(Kb)) is
irreducible. We can also compute the Reidemeister torsion for M and p by the product
of the Reidemeister torsions for E1(; 5,1y and N (Kb) in the JS] decomposition of M.
We will obtain the limits of the leading coefficients in our main theorem from the
observation about the asymptotic behavior of the Reidemeister torsion for the torus
knot exterior E1(3,5,+1) and abelian representations given by the restrictions of p. We
remark that, since |Ag(-1)]| is always odd, these limits differ from the limit of the
leading coefficient for the exterior of the torus knot T'(2,2n + 1) and an irreducible
SL,(C)-representation in [Yam|], which is given by (1-1/2-1/g") log 2 with a divisor
q'(>1) of 2n + 1. The maximum of (1-1/2-1/g") is equal to — y where y is the Euler
characteristic of the base orbifold in the Seifert fibration of the exterior T(2,2#n +1).

From the viewpoint of hyperbolic structures, 4-surgery along a hyperbolic twist
knot yields degenerate hyperbolic structures of the twist knot exterior. In this paper,
we see that such degenerate hyperbolic structures are given by irreducible metabelian
representations in the SL, (C)-representation space of a twist knot group. The above
Theorem (Theorem and Corollary and the results in [MFP14}/Por|] imply that,
in the case of a hyperbolic twist knot exterior, the growth order of the higher dimen-
sional Reidemeister torsion for any irreducible metabelian representation decreases
from that for the holonomy representation. Note that the Reidemeister torsion under
our convention is the inverse of that of [MFP14] (for more details, see [Por]). We will
observe that this degeneration occurs for any knot in the subsequent paper [TY]. In
other words, we will observe that the growth order of the higher dimensional Rei-
demeister torsion for any irreducible metabelian representation of a hyperbolic knot
group is less than that for the holonomy representation.

2 Preliminaries

2.1 The Higher Dimensional Reidemeister Torsion

For the Reidemeister torsion, we follow the notation and definition used in [[Yam]]. For
the details and related topics, we refer the reader to the survey articles [Mil66}Por] by
J. Milnor and J. Porti or the book [Tur0l] by V. Turaev. We need a homomorphism
from the fundamental group into SL,(C) to observe the Reidemeister torsion for a
manifold. Throughout this paper, a homomorphism from a group H into a linear
group G will be referred to as a G-representation of H. The symbol ¢, denotes the right
action of SL,(C) on the vector space V,, consisting of homogeneous polynomials
p(x, y) of degree n — 1, defined as

0u(A) - p(x,y) = p(x',y'), where (;) - (i) '

It is known that this action induces a homomorphism from SL,(C) into SL,(C),
which is referred to as the n-dimensional irreducible representation of SL,(C). For
simplicity, we use the same symbol o, for the #n-dimensional irreducible representa-
tion of SL, (C). We mainly use the 2N-dimensional irreducible representation o, y. If
A € SL,(C) has eigenvalues £*!, then o, (A) has eigenvalues &*!, &3, ., Fx(N-1)
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This is due to the action

O'ZN(A)°()C2N 1-i 1) f—2N+1+21(x2N 1-i 1) with A = (g 591)

on the standard basis {x*N 71, x2N"2y, ..., xy? N2 2N of V).

Definition 2.1 Let W be a finite CW-complex and let p be an SL, (C)-representation
of m;(W). The twisted chain complex C,(W;V,) with coefficients in V,, twisted by
p is defined as a chain complex that consists of

Ci(W; Vn) = Vn ®U,,op Ci(W;Z))
where W is the universal cover of W and C;(W;Z) is a left Z[ (W) ]-module.

We assume that each twisted chain module C,(W;V,,) is equipped with a fixed
basis ¢’ given by v; ® ¢} where v; is a vector in a basis of V;, and ¢ is a lift of an
i-dimensional cell e} in W.

Definition 2.2  Suppose that the twisted chain complex C,.(W;V,) is acyclic, i.e.,
Im 0; = ker 0;_; for all i. Each chain module C;(W; V,) has the following decompo-
sition:

Ci(W;V,) = 3i1Bin @ Bj,

where B; is a lift of Im d;. Then we will denote by Tor(W; o, o p) the n-dimensional
Reidemeister torsion for W and p, which is given by the following alternating product:

1) [ det(9;mb  UD [c)D™,

i>0

+1

where B is a basis of B, c'is the fixed basis of C;(W;V,) and (a,+1b uzi/ci) is
the base change matrix from ¢’ to a,+1b ub.

There are several choices in the definition of the n-dimensional Reidemeister tor-
sion. For example, there are many choices of a lift of each cell e,i It is known that
the Reidemeister torsion does not depend on the choice of a lift ¢} for SL, (C)-repre-
sentations. Let us mention the well-definedness of the Reldemelster torsion without
proofs. We refer the reader to [Por;Yam] for the details.

Remark 2.3 Thealternating product is independent of a choice of alift of Im 9;.
The acyclicity of the twisted chain complex for W implies that the Euler characteristic
of W must be zero. In this case, Tor(W; g, o p) is also independent of a choice of a
basis of V,,. It is known that Tor(W; o, o p) does not depend on the ordering and
orientation of cells in ¢’ when 7 is even. If 7 is odd, then the sign of Tor(W; 0, 0 p)
depends on the ordering and orientation of cells in ¢’ in general. This is one reason
why we restrict our attention to 2N-dimensional ones.

We give an example of 2N-dimensional Reidemeister torsion that will be needed
in this paper.
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Figure I: a cell decomposition of Kb (left) and a lift to Kb (right)

Example 2.4 Suppose that the Klein bottle Kb is decomposed as in Fig.|l|and p is
an SL,(C)-representation of 7;(Kb). The fundamental group has the presentation
m(Kb) = (x, y | yx = xy™'). The twisted chain complex C, (Kb; V) is expressed as

0 > Cy(Kb; V) = Vi 2 CL(KB; V) = Vi © Viy 2 Co(Kb; Vi) = Vi = 0

1-Y
0, = (_Xy_l), a=(X-1 Y-1),
where X = g, 0 p(x) and Y = 0, o p(y). By the relation x'yx = y~', the SL,(C)-
representation p is classified into the following three cases, up to conjugation:
(@) p(y) = +land p(x) is arbitrary,

0
®) p(7) = (g, ) (n#£)andp(x) = (9 7).
© p() = (5 4) (@ #0)andp(x) = (27 _5).

We can express the 2N-dimensional Reidemeister torsion Tor(Kb; oay © p) as

j:tgly__l;; det(Y -1) #£0,
L P
det(X -1) U

Note that the left edge in Figure[l]is moved to the right one by the covering transfor-
mation of yx, since the starting point of the left edge is moved to that of the right edge
by yx € m (KDb).

We will use the following gluing formula of the 2N-dimensional Reidemeister tor-
sion. This is an application of the Multiplicativity property of the Reidemeister torsion
to a torus decomposition of a 3-manifold. In the case of the 2N-dimensional Reide-
meister torsion, we can determine the sign in the gluing formula easily. For the details
on applying the Multiplicativity property to a decomposition along a torus, we refer
to [[Yam, Subsection 2.3 and Section 3] and the references given there.

Lemma 2.5 (Consequence of the Multiplicativity property for a decomposition along
atorus) Suppose that a compact 3-manifold M is the union My U2 M, and each M,
is given a CW-structure such that both of them induce the same CW-structure of T?.
If an SL,(C)-representation p of m (M) induces the acyclic complexes C,.(My; Van),
C.(My; Van), and C,(T?; Van), then the twisted chain complex C.(M; Vay) defined
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by p is also acyclic, and the 2N-dimensional Reidemeister torsion Tor(M; o,y o p) is
expressed as

Tor(M; oan 0 p) = Tor(M;; oan © p) Tor(My; oz © p).
Remark 2.6  Usually we have the equality that
Tor(M;oan 0 p) Tor(TZ; oan 0 p) = Tor(My; o,n © p) Tor(My; oan © p)

as a consequence of the Multiplicativity property. It is known that Tor( T%; o,50p) = 1
if it is defined.

2.2 SL,(C)-representations of Twist Knot Groups

We review several results concerning SL,(C)-representations of the fundamental
groups of our graph manifolds. We write Ex for the knot exterior of a knot K, which
is obtained by removing an open tubular neighbourhood of K from $*. We mainly
consider the n-twist knot K,,, illustrated in Figure|2} The horizontal twists are right-
handed if » is positive and left-handed if # is negative. Under our convention, the

Cfull

twists

Figure 2: a diagram of K,

1-twist knot K; is the figure-eight knot.

It is known that K, is a hyperbolic knot and that 4-surgery along K, yields a graph
manifold M when n # 0,-1. The fundamental group 7; (M) has the following pre-
sentation.

Proposition 2.7 ([Terl3, Proposition 2.2])  The graph manifold M consists of a torus
knot exterior E1(3,5,11) and the twisted I-bundle over the Klein bottle. The fundamental
group has presentation

(23)  m(M)={(a,b,x,y|a* =" xTyx=y"u=y" h=y"x?,

where y = b™"a and h correspond to a meridian and a regular fiber of the torus knot
exterior (with the Seifert fibration), respectively.

Since 7r;(M) is isomorphic to the quotient group m;(Ek, )/{m*€), where m and
¢ are a meridian and a preferred longitude on dEk,, Proposition [2.7| shows that the
quotient m,(Ek, )/{m*€) may be expressed as (2.3). We denote by p the induced
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homomorphism from 7; (M) into SL,(C):

m(Ex,) —— SL,(C)

| A

7T1(M).

Definition 2.8 An SL,(C)-representation p of a group H is referred to as irre-
ducible if the invariant subspaces of C? under the action of p(H) are only {0} and
C?. An SL,(C)-representation p is called reducible if it is not irreducible. We also call
p abelian if the image p(H) is an abelian subgroup in SL,(C).

Remark 2.9 'The image of m;(Ek, ) under p coincides with that of 7;(M) under p.
Hence, p is irreducible if and only if p is irreducible.

Remark 2.10  We have seen the classification of SL, (C)-representations of 7; (Kb)
in Example 2.4} Case (a) consists of abelian representations; Case (b) consists of irre-
ducible ones, and Case () consists of reducible and non-abelian ones.

Definition 2.11 We write R(X) for the set of homomorphisms from 7;(X) into
SL,(C). We call R(X) the SL,(C)-representation space of m(X). The symbol
R (X)) denotes the subset of irreducible representations in R(X).

The pull-back by the quotient induces an inclusion from R(M) into R(Ekg, ). We
can regard the representation space R(M) as a subsetin R(Ek, ). From this viewpoint,
R(M) is expressed as

R(M) = {p € R(Ex,) | p(m*€) = 1}.

Definition 2.12  An SL,(C)-representation of a group H is called metabelian if the
image p([H, H]) of the commutator subgroup is an abelian subgroup of SL,(C).

Note that all second commutators of H are sent to the identity matrix under every
metabelian SL, (C)-representation p.

Lemma 2.13  Every irreducible metabelian representation of m (Ek, ) is contained in
R(M).

Proof Since a preferred longitude is contained in the second commutator subgroup
of a knot group, all metabelian representations send a preferred longitude to 1. It was
shown in [Nag07, Proposition 1.1] that any irreducible metabelian representation of a
knot group sends a meridian to a trace-free matrix in SL,(C), which has eigenvalues
+v/—1. Hence the matrix corresponding to a meridian has order 4. |

For any knot K, we can express the set of irreducible metabelian representations
as the union of (|Ax(-1)| - 1)/2 conjugacy classes, where Ag(t) is the Alexander
polynomial of K. If K is a twist knot K,,, then we have the following representatives
of conjugacy classes. Here we suppose that 7;(Eg,) has a presentation m;(Eg,) =

https://doi.org/10.4153/CMB-2017-021-5 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2017-021-5

218 A.T. Tran and Y. Yamaguchi

(a, B | w"a = Bw™), where a,  are meridians and w = Ba™'fa. A twist knot
K, has (|4n + 1| —1)/2 conjugacy classes, since its Alexander polynomial is given by
-nt? + (2n+1)t - n.

Proposition 2.14 ([NY12, Theorem 3] for K,,)  The set of irreducible metabelian rep-
resentations of my(Ex, ) consists of (|4n+1|—1)/2 conjugacy classes. The representatives
are given by the following py (k=1,...,(|4n +1]-1)/2):

m(a)z(“o‘_l j:i) pkw):(_ﬁ_—l j—l) w = —asin® T

3 Representation Spaces for Resulting Graph Manifolds

Let M be the graph manifold obtained by 4-surgery along a hyperbolic twist knot K,,.
3.1 R(M) as a Subspace of R(Ek,)
We determine the SL,(C)-representation space R(M) as a subset in R(K,,).

Proposition 3.1  Every irreducible representation of m;(M) into SL,(C) is induced by
an irreducible metabelian one of m (Ek, ), i.e.,

R"™ (M) ={p € R(Ex,) | p is irreducible metabelian} .

Proof By Lemma[2.13} it is sufficient to show that if any irreducible representation p
of m;(Ek, ) factors through the quotient group 7, (Ek, )/{m*¢)), then p is metabelian.
When M*!' denote the eigenvalues of p(m), the trace M + M of p(m) must be
zero by Lemmas 3.2 and 3.3} Since K, is a two-bridge knot, it follows from [NY12,
Lemma 23] that p must be a metabelian representation. ]

Lemma 3.2 If an irreducible representation p € R(E,) factors through m (M),
then the eigenvalue M satisfies that Ag,(M™*,M) = 0, where Ak, (L, M) is the
A-polynomial of K,,.

Proof The A-polynomial Ak, (£,M) gives the defining equation of R(9Ek, ). Since
the peripheral group m;(9Ek, ) is an abelian group, we can assume that the images of
p(m) and p(¢) are upper triangular matrices whose diagonal entries are M*! and £*!
respectively. Then we can rewrite the constraint that p(m*€) = 1as £ = M™*. The
lemma follows. u

Lemma 3.3  The A-polynomial of K, for L = M™* is expressed as

M8 (M + M2 n>0,

-4 —
Ag,(MT5M) = {M—8|n|+3(M + M2y <o,

Proof Since the knot K, is the mirror image of J(2, —2n) in [HS04], the A-polyno-

mial A, (£, M) coincides with A _»,)(£, M ™). Hence, we have that
A, (VL) = Ajg,amy (MTH M.
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By induction and the recursive formula in [HS04, Theorem 1], one can show that

M_8n+3(M + M—I)Zn—l n> 0’

-4 -1
Aja,any (M5 M) = {Msln(ﬂ\/[ MY <o

The lemma then follows. |

3.2 The Restrictions to Seifert Pieces

We will see the restriction of p € R (M) to the fundamental group of each
Seifert piece. Recall that the graph manifold M is the union the torus knot exterior
E7(2,2n+1) and the twisted I-bundle N(Kb) over the Klein bottle Kb. The funda-
mental group 71;( M) contains the twist knot group 7 (Ek, ) and the torus knot group
M (E7(2,2n+1) ). We will distinguish the pairs of meridian and longitude for these knots
by using (m, £) for the twist knot K, and (¢, A) for the torus knot T(2,2#n +1).

Proposition 3.4  For every p € R™(M), the restriction of p to m(Er(z,2n+1)) i
abelian.

Proof It was shown by [Ter03, Theorem 1.2] that a twist knot K,, bounds a once-
punctured Klein bottle whose boundary slope is 4. We can think of loops in E7(3,54+1)
as loops outside a non-orientable spanning surface of K, in Ex,. A loop y outside a
non-orientable spanning surface of K, has an even linking number with K,,. Write
y e m(Eg,) as

y= mek(y,K,,) (m—ek(y,K,,)y).

Note that k(y, K,,) is an even integer and m~ ¢<(¥"Kn)y is a commutator. By Propo-

sition [3.1} one can see that p is induced by an irreducible metabelian representation
p of m(Ek, ). Since p sends m?* and the commutator subgroup to —1 and an abelian
subgroup, respectively, the image of 71 (Er(2,24+1)) by p is contained in the abelian
subgroup. ]

In general, any abelian representation of a knot group 7, (Ex) is determined, up
to conjugation, by the eigenvalues of the matrix corresponding to a meridian. This
follows from the fact that any abelian representation factors through the abelianiza-
tion m(Ex) - Hi(Ex;Z), and H;(Eg;Z) is generated by the homology class of a
meridian of K.

Lemma 3.5 Forevery p € R™ (M), the restriction to M (E7(2,2n+1)) is determined
by the eigenvalues of p(u) up to conjugation. Here, y is a meridian of T(2,2n +1).

Remark 3.6 By conjugation, we can assume that the p(a), p(b), and p(y) are
diagonal matrices and p(x) is ( % § ) for any p € R (M). This is due to the fact that
p(a), p(b),and p(y) = p(u) " are contained in the same maximal abelian subgroup
in SL,(C). Thus, every p € R (M) itself is determined by the eigenvalues of p(u)
up to conjugation.

Furthermore, the set of eigenvalues is determined as follows.
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Proposition 3.7  Suppose that py, € R(K,,) is an irreducible metabelian representation
in Proposition and y is a meridian of the torus knot in presentation (2.3). Let &'
be the eigenvalues of p, (). Then the set {&' |k =1,...,(|4n + 1| —1)/2} is given by

(V0= n(2j-1)/lan +1],j=1,..., (|4n +1|-1)/2} .

Proof Let p be [4n + 1|. We regard elements of 71 (Er(3,24+1)) as the products m*'y
where r € Z and y is a commutator of m;(Ek, ), as in the proof of Proposition
It follows from [[Yam13| Proposition 2.8] that the eigenvalues of py(y) are p-th roots
of unity. Since px(m?*) = —1and p is odd, one can see that for the generators a and

b e m(Er(2,2n41))
Pe(a)f =+1 and p,(b)” =+l

By the relation a® = b*"*!, we can conclude that p, (b)? = 1. On the other hand, we

can see that p, (a)? = -1, since the image of 1 (E1(3,2,+1)) by P, contains —1and p
is odd. Hence the eigenvalues &' of p, () = p, (b™"a) satisfy that &, = —1. We can
exclude the case that p, (#) = —1 by the irreducibility of p,.

There exist atleast (|4n+1|-1) /2 distinct pairs of eigenvalues by Proposition[3.]Jand
Remark[3.6] On the other hand, there exist at most (|47 +1| —1) /2 distinct pairs in the
set of 2p-th roots of unity to be the eigenvalues &' of pi (u) (k =1,..., (|4n+1|-1)/2).
This proves Proposition[3.7] u

Corollary 3.8  The order of p, (u) is given by 2py where py divides |Ak, (-1)| =
|47 +1].

We next turn to the restriction to 71; (N (Kb)).

Proposition 3.9  For every p € R™ (M), the restriction of p to m(N(Kb)) is irre-
ducible.

Proof Following the notation of Proposition[2.7} we denote by x and y the generators
of m(N(Kb)). Note that trp(y) = trp(u)~", since y = y™* in the presentation (2.3).
Proposition [3.7| shows that trp(y) # +2. Note that 7;(N(Kb)) is isomorphic to
711 (Kb). Under the identification between 7;(N(Kb)) and 7;(Kb), the restriction
of p to m (N (Kb)) is an SL,(C)-representation of the type given in Example 2.4/[5),
and hence is irreducible. u

4 Asymptotic Behavior of Reidemeister Torsion for Graph
Manifolds

We will consider the limit of the leading coefficient in the asymptotic behavior of Rei-
demeister torsion. We use the symbols &;" to denote the eigenvalues of p, (). We will
compute the higher dimensional Reidemeister torsion and its asymptotic behavior for
M from the decomposition of a graph manifold.
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Proposition 4.1  Let py be an irreducible metabelian representation. Then the Reide-
meister torsion Tor(M; o2y © p,.) is expressed as

N At 2n+1)(€ii71)AT(2 2n+1)(f;2i+1)
Tor(M;oan o p,) = . - -
( 2N pk) g (fiz—l _1)(522”1 _1)

Proof Applying Lemmato the decomposition M = Er(3 2441y UN(Kb), we have
that

Tor(M; oan © py) = Tor(Er(2,2n+1)5 025 © py.) Tor(N(Kb); o2 © py. ).

By Propositionand Corollary the restriction p, to 7 (E7(2,241)) is an abelian
representation such that the matrix p, (4) corresponding to a meridian has an even
order. Our claim follows from Lemmas[4.2land [4.3] [ |

Lemma 4.2  The Reidemeister torsion Tor(N (Kb); oy © p ) is equal to 1 for all N.

Proof By the homotopy equivalence between N (Kb) and Kb, Tor(N(Kb); o,n0p,.)
coincides with Tor(Kb; o2n © p,). The Reidemeister torsion Tor(Kb; ooy © p,.) is
given by equation (2:2). The eigenvalues of o,y © p, () = 025 © p; (1) " are given by
5:(2’71) (i=1,...,N). Propositionshows that the orders of ££' are even. Hence,
o2n © pi () does not have the eigenvalue 1 for any N. Hence, Exampleshows that

_det(1-Y)

Tor(N(Kb); 0an © py) = Tor(Kb; o2y 0 py) = det(Y-1)

for any N. u

Lemma 4.3  Let ¢ be an abelian representation of a knot group m(Ex) that sends a
meridian to a matrix with eigenvalues E*'. If £ is not a (2r — 1)-root of unity for any
r € N, then the Reidemeister torsion Tor(Ex; ;N © ¢) is expressed as

N A (EZi_l) A (£—2i+1)
Tor(Eg; 02y © @) = H ;i—l 1 5K—2i+1 1
i=1

forall N.

Proof Since ¢ is abelian, ¢ factors through H;(Ek;Z), and we can assume that ¢
sends all meridians to the matrix ( 0 ;1 ) up to conjugation. Then Tor(Eg; ¢) is given

by

Ax(§)Ax (&)

(E-D(E-1)
This formula follows from a computation similar to that in [Yam07, proof of Propo-
sition 3.8]. which shows how to compute the Reidemeister torsion of Ex for a rep-
resentation sending all meridians to upper triangular matrices with diagonal entries
&and &', A computation similar to that in [Yam07, proof of Proposition 3.8] shows
that Tor(Ex; @) is a fraction whose numerator is given by the product of €& A (&)
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and €& Ax (&), where € € {1} and n’ € Z. The denominator of Tor(Eg; ¢) is
expressed as

aa(§ &)1 - @0,

Note that the sign term 7, of [Yam07, Proposition 3.8] is dropped from our definition
of Tor( Ex; oan0¢) since the Reidemeister torsion has no sign ambiguity for SL,n (C)-
representations.

The SL,n (C)-representation oy © ¢ is decomposed into the direct sum @ﬁl(pi,
where ¢; is an abelian representation sending a meridian to an SL,(C)-matrix with
eigenvalues £*(2~1) For the direct sum of representations, the Reidemeister torsion is
given by the product of those for each direct summand ¢;. This implies our claim. M

Theorem 4.4  Let p, be an irreducible SL,(C)-representation of m (M), which sends
Y to a matrix of order 2py where py is a divisor of p = |Ak,(-1)|. Then the growth
order oflog | Tor(M; o2n 0 p, )| is equal to 2N. Moreover, the convergence of the leading
coefficient is expressed as

. log|Tor(M;onop, )| 1
m =

(4.1) 1\171_)oo N E( 10g|A 12,2041y (-1)| — log2) .

Proof It is sufficient to show that the left-hand side of converges to the right-
hand side. By Proposition[4.]} the left-hand side of turns out to be

log| Tor(M; oyn © p)|
m

li
N—oo 2N
= lim 71 ilOgMT(z 2n+1)(£ii_1)AT(2 2n+1)(5_(2i_1))|
N-co 2N i ’ ’ k

1 ¥ ; ;
+ lim — Y log|(& " - 1) (&2 -1
dim 5 D logl (! -5 1)
The eigenvalues ;' are primitive 2py-th roots of unity as in Propositionsand
It follows from [Yam, Proposition 3.9] that the second term in the right-hand side
converges to —(log2)/px. Note that we can ignore the indeterminacy of a factor ¢/

(j € Z) in the Alexander polynomial in the computation of the first term. The first
term is rewritten as

' 1 N i —(2i—
(4.2) lim — " log|Ar(z,2ne1) (&5 1)AT(z,znﬂ)(‘fk(2 gl
N-o 2N iH
. 1 Y 2i-1
= I\}I_I)I‘:o N glog‘AT(z,ZrHl)(Ek )l
1 & 2i-1
=— Zlog|AT(2,2n+1)(£k )]
Pk 21

1, & i-
= —log[] |AT(2,2n+1)(£i Bl
Pk i=1
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by the symmetry that Ax(t) = t/Ag(t™) (j € Z) and [Yam, Lemma 3.11]. The
Alexander polynomial Ar(;2,.1)(t) is given by (£*"*! +1)/(t + 1). We have seen
that py is a divisor of p in Corollary 3.8 Since ged(p,2n + 1) = 1, we can see that
gcd(2pg,2n +1) = L. From this, we see that the denominator coincides with the nu-
merator in the product of [Ar(5,5,41) (&3 ™")| except for i = (py +1)/2; i.e., we have

that '
- |£l(c21*1)(2n+1) n 1|
|Ar(z0nn) (8 = —m
lﬁgk, ( ’ ) , 1S11]17k, |Ei ! + 1|
it(pr+1)/2 i#(pr+1)/2
The right-hand side of is thus (log|A7(2,2141)(~1)|)/pk. Hence, the left-hand
side of (4.1) is (log|Ar(z,20+1)(-1)| — log2) /. u

It follows from Proposition [3.7] that the integer p, which gives the order of p(u)
by 2py, runs over all divisors of |Ag, (—1)| except for 1.

Corollary 4.5  The set of the limits of the leading coefficients is given by
1

(4.3) { p—(log |Ar(2,2041)(-1)| — log2) ‘ Pk > L, py is a divisor of | A, (—1)|} .
k

In particular, the minimum in the set is given by
(log|AT(2)2n+1)(—1)| - 10g2)/| AK"(—1)| = (10g|2n +1] - log2) /|an +1].

Acknowledgments The authors gratefully acknowledge the many helpful comments
and suggestions of the referee, which greatly improved the article.

References

[BWO01] M. Brittenham and Y.-Q. Wu, The classification of exceptional Dehn surgeries on 2-bridge
knots. Comm. Anal. Geom. 9(2001), 97-113.  http://dx.doi.org/10.4310/CAG.2001.v9.n1.a4

[CT13] A. Clay and M.Teragaito, Left-orderability and exceptional Dehn surgery on two-bridge knots.
In: Geometry and topology down under, Contemp. Math., 597, American Mathematical
Society, Providence, RI, 2013, pp. 225-233.  http://dx.doi.org/10.1090/conm/597/11760

[HS04] J. Hoste and P. D. Shanahan, A formula for the A-polynomial of twist knots. J. Knot Theory
Ramifications 13(2004), no. 2, 193-209.  http://dx.doi.org/10.1142/50218216504003081

[MFP14] P. Menal-Ferrer and J. Porti, Higher-dimensional Reidemeister torsion invariants for cusped
hyperbolic 3-manifolds. J. Topol. 7(2014), 69-119.  |http://dx.doi.org/10.1112/jtopol/jtt024

[Mil66] J. Milnor, Whitehead torsion. Bull. Amer. Math. Soc. 72(1966), 358-426.
http://dx.doi.org/10.1090/5S0002-9904-1966-11484-2

[Nag07] F Nagasato, Finiteness of a section of the SL(2, C)-character variety of knot groups. Kobe J.
Math. 24(2007), 125-136.

[NYI2] F Nagasato and Y. Yamaguchi, On the geometry of the slice of trace-free characters of a knot
group. Math. Ann. 354(2012), 967-1002.  http://dx.doi.org/10.1007/s00208-011-0754-0

[Pat95] R. Patton, Incompressible punctured tori in the complements of alternating knots. Math. Ann.
301(1995), 1-22.  http://dx.doi.org/10.1007/BF01446618

[Por] ]. Porti, Reidemeister torsion, hyperbolic three-manifolds, and character varieties.
arxiv:1511.00400

[Ter03] M. Teragaito, Toroidal surgeries on hyperbolic knots. II. Asian J. Math. 7(2003), 139-146.
http://dx.doi.org/10.4310/AJM.2003.v7.n1.a9

, Left-orderability and exceptional Dehn surgery on twist knots. Canad. Math. Bull.
56(2013), 850-859. http://dx.doi.org/10.4153/CMB-2012-011-0

[TY] A. T. Tran and Y. Yamaguchi, Higher dimensional twisted Alexander polynomials for
metabelian representations. arxiv:1608.05525

[Ter13]

https://doi.org/10.4153/CMB-2017-021-5 Published online by Cambridge University Press


http://dx.doi.org/10.4310/CAG.2001.v9.n1.a4
http://dx.doi.org/10.1090/conm/597/11760
http://dx.doi.org/10.1142/S0218216504003081
http://dx.doi.org/10.1112/jtopol/jtt024
http://dx.doi.org/10.1090/S0002-9904-1966-11484-2
http://dx.doi.org/10.1007/s00208-011-0754-0
http://dx.doi.org/10.1007/BF01446618
http://arxiv.org/abs/1511.00400
http://dx.doi.org/10.4310/AJM.2003.v7.n1.a9
http://dx.doi.org/10.4153/CMB-2012-011-0
http://arxiv.org/abs/1608.05525
https://doi.org/10.4153/CMB-2017-021-5

224 A.T. Tran and Y. Yamaguchi

[Tur01] V. Turaev, Introduction to combinatorial torsions. Lectures in Mathematics, Birkhauser
Verlag, Basel, 2001.  http://dx.doi.org/10.1007/978-3-0348-8321-4

[YamO07] Y. Yamaguchi, Limit values of the non-acyclic Reidemeister torsion for knots. Algebr. Geom.
Topol. 7(2007), 1485-1507.  |http://dx.doi.org/10.2140/agt.2007.7.1485

[Yam13] , On the twisted Alexander polynomial for metabelian representations into SL, (C).
Topology Appl. 160(2013), 1760-1772.  http://dx.doi.org/10.1016/j.topol.2013.07.006
[Yam] , A surgery formula for the asymptotics of the higher dimensional Reidemeister torsion

and Seifert fibered spaces. Indiana Univ. Math. J. 66(2017), 463-493.
http://dx.doi.org/10.1512/iumj.2017.66.6012

Department of Mathematical Sciences, The University of Texas at Dallas, Richardson, TX 75080, USA
e-mail: latt140830@utdallas.edu

Department of Mathematics, Akita University, 1-1 Tegata-Gakuenmachi, Akita, 010-8502, Japan
e-mail: shouji@math.akita-u.ac.jp

https://doi.org/10.4153/CMB-2017-021-5 Published online by Cambridge University Press


http://dx.doi.org/10.1007/978-3-0348-8321-4
http://dx.doi.org/10.2140/agt.2007.7.1485
http://dx.doi.org/10.1016/j.topol.2013.07.006
http://dx.doi.org/10.1512/iumj.2017.66.6012
mailto:att140830@utdallas.edu
mailto:shouji@math.akita-u.ac.jp
https://doi.org/10.4153/CMB-2017-021-5

