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Finite Semisimple Loop Algebras of
Indecomposable RA Loops

Swati Sidana and R. K. Sharma

Abstract. There are seven classes of finite indecomposable RA loops upto isomorphism. In this
paper, we completely characterize the structure of the unit loop of loop algebras of these seven
classes of loops over finite fields of characteristic greater than 2.

1 Introduction

A loop is a binary system (L, *) with an identity element and the property that for
each a and b in L, there exist unique elements x and y in L such thata x x = b
and y * a = b. A group is nothing but an associative loop. Let R be a commutative,
associative ring with identity. A loop ring R[L] can be constructed from a loop L
precisely in the same manner as the group ring R[G] is constructed from a group G.
If R = F, afield, then we call F[L] aloop algebra. An alternative ring is a ring in which
x(xy) = x*yand (yx)x = yx? are identities. A loop whose loop ring R[L] over some
commutative, associative ring R with unity and of characteristic different from 2 is
alternative, but not associative is called an RA loop. We refer the reader to [3] for
more details.

Goodaire [2] has determined the loop of units in the integral alternative loop rings
of the six smallest order loops when the loop rings have non-trivial units. The unit
loop U( Z[M(Qs, 2)]) has been studied by Jespers and Leal [4], where M(Qs,2) =
M(Qs,-1,1) denotes the Moufang Loop obtained from Qg, the quaternion group of
order 8, and the inverse involution on Qg. Recently the semisimple loop algebras of
RA loops have been studied by Ferraz, Goodaire, and Milies [1]. The structure of the
unit loops of the loop algebras of RA loops of order 32 and 64 have been determined
in [8] and [9]. Jespers, Leal, and Milies [5] have proved that, up to isomorphism, there
are seven classes of indecomposable RA loops, given in Table 1. The purpose of this
paper is to determine the structure of the unit loops of finite semisimple loop algebras
of these seven classes of loops.

Throughout F denotes the finite field containing g = p” elements with p > 2. Let
M(G, *, go) denote the Moufang loop obtained from a non-abelian group G, g €
Z(G), and the involution * on G. Also, we use the following notations:

* Cy: cyclic group of order n
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Table 1: The seven classes of finite indecomposable RA loops.

Loop | Group Z(L;) x| y* lut=go
Ly G (t) 1|1 1
L, G, (tr) t | b f
L3 G; (1) x (t2) 1|t 1
Ly G4 (1) x (t2) f | B2 131
Ls Gs (f) x (t2) x (t3) ty | t3 1
Lo | G | (mxlo)xin) | 6|6 ]| 4
L7 | Gsx(w) | () x(t2) x(t3) x(w) | t2 | 1 w

o &: primitive k*" root of unity

¢ F,: extension field of F of degree n over F

* 3(R): Zorn’s vector matrix algebra over a commutative and associative ring R
(with unity)

* GLL(2, R): General Linear Loop of degree 2 over R

 ¢(n): Euler’s phi function

* ord,(q): order of g modulo n

* (x,y): commutator of elements x and y in a loop L.

2 Preliminaries

In this section, we discuss some useful results. An indecomposable RA loop is a 2-
loop. From [3, Chapter IV, Theorem 3.1], a loop L is an RA loop if and only if L =
M(G, *, go) for a non-abelian group G. A non-abelian group G forms an RA loop
M(G, *, go) if and only if G/Z(G) = C, x C,. In [3, Chapter V, Theorem 1.2], it
has been proved that G/Z(G) 2 C, x C, if and only if G = D x C, where D is an
indecomposable 2-group and C is a cyclic group that, if nontrivial, is a 2-group. Such
agroup D is given by D = (x, y, Z(D)), where

* 2(D) = (1) x (t2) x (t3),

e o(t;) =2 fori=1,2,3,m >1,my,ms >0,
cs=(xy) =",

o x* =111, a; 20,

o =t > 0.
Up to isomorphism, there are at the most five classes of these indecomposable
2-groups. Table 2 contains these groups along with their presentations.
Further, these groups form the seven non-isomorphic classes of indecomposable RA
loops given in Table 1.
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Table 2: Finite indecomposable groups G with % ~ Cy x Cy.

Group Presentation

G, (x, y, 11 | x2, 9%, tlzml, t; central, (x, y) = tlzmrl)

G, (e, t1 | x*=y* =1, t12ml , 1 central, (x, y) = t12m1—1>

my my
(-x)ya t17 t |x2,)/2 = t27 t12 ;tg >

G; -
t, ty central, (x, y) =t )
G4 (X, sty | %% = t, % = b, 27, 127,
f1, t, central, (x, y) = t12m1—1>
Gs (X, sty tants | X2 = by, y2 = t5, 82 137 827

f1, ty, t3 central, (x, y) = tlzmﬂ)

The following lemma gives the decomposition of semisimple loop algebras of RA
loops.

Lemma 2.1 ([3, Chapter VI, Corollary 4.8]) LetL = M(G, *, o) beafinite RA loop
with commutator-associator subloop L' = {1,s} = G"and H = Lor G. If char K + |H
then

>

1+s

K[H] = K[H](T) o K[H]( 1—73)

where K[H](%£*) = K[H/H'] is a direct sum of fields and K[H]( 5%) = Ax(H, H’)
is a direct sum of Cayley-Dickson algebras if H = L and a direct sum of quaternion
algebras otherwise.

Using this theorem we can determine L/L’ for an indecomposable RA loop, once
we know the center of the loop L.

Theorem 2.2 ([3, Chapter XI, Proposition 2.3]) Let L be a finite indecomposable
RA loop. Write
Z(L) = (t1) x (t2) x (£3) x (W) = Caa x Cpp x Cpe x Cyu,
witha >1,b,¢,d 20,and L’ < (#;). Then
e {cz.,l x Cypr X Coent X Cyan if L€ £1U L3 ULsU Ly,
Cra X Cyps1 X Cpenr x Coa otherwise.

The next proposition tells us how to find the center of Ak (L, L") for an indecom-
posable RA 2-loop L using Z(L).

Proposition 2.3 ([3, Chapter XI, Proposition 1.3]) Let L be a finite RA 2-loop and K
be a field such that char K # 2. Write Z(L) = (#;) x --- x (t,), where (¢;) 2 Cy», for
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i=12,...,r. Assume that L’ ¢ (#;). Then
2n1—l
[K(Em) K]

Corollary [10, Corollary, p. 152] says that every Cayley-Dickson algebra over a fi-
nite field is split. From [3, Chapter I, Corollary 4.17], any split Cayley-Dickson algebra
over a field K of characteristic different from 2 is isomorphic to Zorn’s vector matrix
algebra 3(K). Also, we have the center of Zorn’s vector matrix algebra 3(K) is iso-
morphic to K.

2(Ax(L,L")) = K(&m)[Cam x % Cynr ]

Remark 2.4 It follows that every non-commutative, non-associative component
in the decomposition of finite semisimple loop algebra F[L] is isomorphic to Zorn’s
vector matrix algebra 3(F;), where F; denotes the extension field of F.

The following theorem gives the Wedderburn decomposition of finite semisimple
group algebras of abelian groups.

Theorem 2.5 (Perlis—Walker; [7, Theorem 3.5.4]) Let G be a finite abelian group of
order n and K[ G] be a semi-simple group algebra. Then

K[G] = @ a;K(§)),
jln
where a; = [K(gﬁ, n; being the number of elements of order j in G.

To calculate [K(¢;) : K], we will use the next theorem.

Definition 2.6 Let n be a positive integer. The splitting field K of x” —1 over a field F
is called the n-th cyclotomic field over F.

Theorem 2.7 ([6, Theorem 2.47]) Let K be a finite field containing g = p” elements
with ged(g, n) =1and let

0= M (-§)
gcd(S;n):l
denote the n-th cyclotomic polynomial. Then Q,, factors into ¢(n)/d distinct monic
irreducible polynomials in F[x] of the same degree d, K is the splitting field of any

such irreducible factor over F, and [K : F] = d, where d = ord, (q).

3 The Unit Loops of F[£;] and F[£;]

In this section we determine the structure of the unit loop of finite semisimple loop
algebras of those indecomposable RA loops whose center is isomorphic to Cym .
s $(2)

Lemma 3.1 F[Cyx]2Fo®
i=1 d,‘

Fg,, where d; = ord,i (q).

Proof Follows from Theorem 2.5 and 2.7. [ |
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Theorem 3.2 'The unit loop U(F[£,]) satisfies

mp— 18 2 -1
U(F[L1]) = 8F* x X ¢¢5 D p: d GLL(2,Fy, )
i=1 i m

where d; = ord,i (q).

Proof Wehave Z(£;) = Z(Gy) = (t1) = Cym . Write
Z(L1) 2 Cym x Cyo x Cyo x Cyo.

Using Theorem 2.2, we get

L]/L, = szl—l X Cz X C2 X Cz
F[£1/L]] 2 8F[Cym-1]

m;—1 8
coro” B
i=1 i
Note that Z( Ar(£1,£1)) ﬁ (Em) = 2:;:1 F,,, . Thus, using Remark 2.4,
2m1—1
AF(Ll,L;) = TB(del).
m—18¢ (2 2m-1
Hence F[£,] 2 8F & ¢(§ ) Fy, @ i 3(Fa,, )- [ |
i=1 i

Theorem 3.3  'The unit loop U(F[L,]) satisfies

U(F[£,]) = 4F" x><1 "5; ) pr d GLL(2,de1)

where d; = ord,i (q).

Proof Note that Z(£;) = Z(G,) = (#1) 2 Cym . Write
Z(L3) 2 Cym x Cyo x Cyo x Cyo.

Thus,

Lz/L/ 2 Com x Cy x Cy
F[L£,/L)] = 4F[Cym ]

my 4¢(2
~4F 0 @ MF .
i=1 i
Now, Z( Ap(£2,£3)) = U:(ZE;"%WF(EM) . zmtlpd Therefore, Ap(£,,L4) =
m 4¢ (2 -1
F[L ] 4F®@ ¢( )Fd (de ) |
i=1 di dm1 !
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4 The Unit Loops of F[£;] and F[L4]
In this section, we describe the structure of the unit loop of finite semisimple loop al-

gebras of those indecomposable RA loops whose center is isomorphic to Cym x Cym,.

Lemma 4.1 Let G = Cya x Cy. Then

F[Czaxczb]:Fiezao 630 a6.) Fagi,j
i>0

J
l+]
where d(i, j) = ordymxii (q).

Proof Using Theorem 2.5 and 2.7, we have

F[Cau x Cy] = (F[Caa])[Co ]

k=
EB‘GB ':](F(Ezl)eajEPl[F(fzi)fzj):F]F(EZ”Ezl))

red 90D oo g0Y
PR EEy M A ey AT

? ’@1121 [F(&maxipy ) ¢ F] F(&omastin)

6@)0),
=0 d(i, j) d(i,j)-

Theorem 4.2 The unit loop U(F[£3]) satisfies

A AG)H() L T 2mig(h)
U(F[L3]) = 4F x —RETRT R x X SR L GLL(2, Fg(my ) )
( [ 3]) l>:<0 ]>:<() d(l,]) d(i,j) k>:<() d(ml,k) ( d( k))
i+j>0

where d(i, j) = ordymax(ii (q)-

Proof Note that Z(£3) = Z(G3) = (f1) x (t2) = Cym x Cym,. Write

Z:(L3) = szl X szz X CZO X CZO.
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Thus,
L3/L/ = szl—l X C2m2+1 X C2 X Cz,
F[L3/L5] 2 4F[Cym-1 x Cymyn |
et (2)§(2)
4(Fea R ) Fdw)).
i+j>0
Now
, 2m171
2(Ap(£3,L5)) = mF(Ezml)[szz]
2m1—1 my 2m1—1¢(2k)
e — m ) @D max{my,k
[F(fzml)F] (52 ) @ [F(gzmax{mlk}) F] (52 { ))
L 2mlg(2h)
:kE'_—9 d(my, k) “Almn k) Tdlmi)-
2m1 k
’Thusa AF(L?H 3) = _0 d( (f(k)) (Fd(ml)k)).Hence
mlmatl 4¢(2! )¢(2’) ma 2171 (2F)
F[L;3]| = —F—— = 3(F, . |
[ 3] g j:() d(l ) ®19) d( ) 3( d(ml,k))

Theorem 4.3 'The unit loop U(F[L4]) satisfies

e 20(2)4(2) s 2792

W(F[L,]) 2 2F* x X X VO e x X GLL(2, Fy(m,.
( [ 4]) o d(l,]) d(i,j) 2 d(ml,k) ( d( k))
i+j>0

where d(i, j) = ordymaxii (q)-

Proof AsZ(L4) =2(Gy) = (1) x (£2) 2 Cym x Cymy. Write
2(L4) = Cam x Cymy x Cao % Co.

Thus

L4/L:1 = C2m1 X C2m2+1 X CZ;
F[L4/Lfl:| = 2F[C2ml X C2m2+1]

. momt §(21)9(2)
2(Fe§90]e:90 0 Fugipy)-

i+j>0
Observe that Z(L4) = Z(£3). So, by the previous theorem,

s 27719(2")

Z(AF(L4,£Y)) = 2( Ap(L3,L5)) = o WFd(ml,k)-
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e 2 (2%)

Thus, Ap(L4, L)) 2 @ 3(Fa(my,k))- Hence

k=0 d(ml, k)
. mmatl 26(27)$(27) ma 211 (2F)
F[L4] ~2F & 2} J@) d(l,]) Fd(i,j) ® ]5?0 d(ml,k) S(Fd(ml,k))~ | ]

i+j>0

5 The Unit Loops of F[£s] and F[L¢]

In this section we determine the structure of the unit loop of finite semisimple
loop algebras of those indecomposable RA loops whose center is isomorphic to
C2m1 X szz X C2m3.

Working similar to Lemma 4.1, the following lemma is straightforward.

Lemma 5.1 Let G = Cya x Cyp x Cye. Then

F[CyaxCyp xCy]2F® @ é éw

Fai;
i=0 k=0 d(i,j, k) 4(55k)

=0
i+j+k>0
where d(i, j, k) = ordymas(i16 (q)-
Theorem 5.2 'The unit loop U(F[L5]) satisfies

wop xS T 1 20(2)9(2)$(2F)
U(ELLs]) = 287 < X J>:<0 X Gk aain

i+j+k>0
BRI COLICA)

=0 =0 d(mu, iy, ji)

GLL(2, Fa(my,iv,jn))

where d(i, j, k) = ordymas(ii (q)-

Proof Wehave Z(Ls5) = Z(Gs) = (t;) x (t2) x (£3) = Cym x Cym, x Cyms. Write
Z(Ls5) 2 Cym x Cymy x Cyms x Coo.
Thus
L5/L5 = Cymr X Cymyn X Cymynt x Cy,
F[Ls5/L5] 2 2F[Cym-1 X Camys1 x Cymys1]

2re® & & g o)

i+j+k>0
2m1—1
[F(&m) : F]
2m1—1
SECaE
w_2m7(2")

112

Z(Ar(Ls,L5)) F(&m)[Cama x Coms ]

112

F(fz"‘l > 52"1 )) [C2m3 ]
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i [F(&m) - F]F(fz ) 69521 [F(&m, &ain) :F]F(E2 b o)
o @ 2m-lg(2i) F(&Em, &)

mo 279(20)90M) |
G, B ] S

o 222N

i=0ji=0  d(my, i1, ji)

my my M=l (i 21
Thus, Ap(Ls, LL) 2 @ D il )¢( )
i=0ji=0  d(my, iy, j1)

o met et 20(2)g(2)4(28)
F[Ls] ~2F & 1630 290 kd?o d(i,j,k) Fd(l,],k)

i+j+k>0
m s 220 p(2")

® E my, iy, j1)/* [ |
ilezaoh@o d(my, i j1) 3(Fa(min,in))

12

d(my,insji).

3(Fd(m‘,i‘,jl)). Hence

Theorem 5.3 'The unit loop U(F[L¢]) satisfies

Lo moml mel g (00 (21)$(2F) .
U(F[&e]) 2 F7x X ;:Xo o TN B O

i+j+k>0
BOSVELRCOrCD

n=0j=0  d(mu, i1, ji)

GLL(2, Fd(ml)il)jl))

where d(i, j, k) = ordymas(i16 (g)-

Proof Note that Z(Le) = Z(Gs) = (t1) x (t2) x (t3) = Cym x Cymy x Cyms. Write
Z(LG) ~ Cym X Cymy x Cymy x Cho.
Thus,
LG/L’ 2 Cym X Cymy+1 X C2m3+1.
F[»C6/»C,6] = F[CZ"‘I X C2m2+1 X C2m3+l]

1ol marl ¢(21)$(27)p(2F)
k=0 d(i, j. k)

3

112

Feo

i

4 Fa(ijky-

j=0
i+j+k>0

As Z(L¢) = Z(Ls5), by the previous theorem, we have

: L 2R
2(Ap(L6L5)) = 2( Ap(Ls, £L)) = 2O i)
( #(Le 6)) ( #(Ls 5)) ne:aoj"@o d(my, i1, j1) d(mho1)

So

, my my 2mMi-lg (i 25
(Lot = @ @ 2 e
i1=0 j;=0 d(ml) 11, _]1)

3(Fd(m1,i1,]'1))‘
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Hence
my matl ms+l ¢(21)¢(2J)¢(2k)
F[Lg]2Fo TdGk)
(o] S8 8 R Tews
i+j+k>0
my ms3 2m1—1 2i1 2j1
od @ ACADLL )S(del,n,m)' .

i=0ji=0  d(my, i1, j1)

6 The Unit Loop of F[£;]

In this section, we determine the structure of the unit loop of finite semisimple loop
algebra of indecomposable RA loop whose center is isomorphic to

C2m1 X szz X C2m3 X Czd.
The following lemma is useful.

Lemma 6.1 Let G = Cya x Cy X Cye x Cya. Then

$(2)9(2)$(2)g(2)
d(i,j, k1) d(i,jkl)

a b c d
F[CauxCpxCoaexCua]2FO D @& @
i=0 j 1=0

where d(i, j, k, 1) = ord maxtiikn; (q)-
Theorem 6.2  The unit loop U(F[£7]) satisfies

my—1my+ ms+1 d+1 i i k 1
WELe]) = B S 4 8GN |

i=0 j=0 k=0 =0 d(i, j, k. 1) Athrkel)
i+j+k+1>0
7 269N
X >< >< >< . GLL(2, F, mi, i1, j1,k1
720 =0 Koo d(ml, 1],]1,k1) ( d( Jjik ))

where d(i, j, k, 1) = ordymas(i,ii0 (q)-
Proof We have
Z(L7) = 2(Gs x (w)

= (t1) x (t2) x (t3) x (w)

= C2m1 X szz X C2m3 X Czd.
Thus,

,67/,5, = szl—l X C2m2+1 X C2m3+l X C24+1
F[L7/L;] = F[szl—l X C2m2+l X C2m3+1 X C2d+1]

mi—1my+1  m3+1  d+1 ¢(2i)¢(2]‘)¢(2k)¢(21)
Feo Fyi '
iE:Bo j=0 ke=90 1=0 d(i,j, k1) d(i,j.k,1)

i+j+k+1>0

112
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Now
Z(Ap(£7,£%)) = Uu(g::ﬂF(fzml)[cm x Coyms % Cpa ]
my my d Ml (o) (201)¢(2k
- i1€:BO jl@o klezao ;((ml))i(fa(jl’ 113( )Fd(ml’il’jl’kl).
¥ e 4 2Rl e(2)
Ap(L7,L0) = il@oﬁo kg ORI 3(Fa(my,injuki))-
Hence

mimatl mytldl (21)p(2))p(25)p(2))

F[L;]|2Feo Fyii
WlzFe & & & &7 dGikn ek
i+j+k+1>0
weom 4 2mg(2)g(20)p(2M)
@ F, my,ir,ji, k1) /+ u
i?oj?ok?@ d(ml) il;jl) kl) 3( d(mohj k))
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