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On a question of Igusa, II:
Uniform asymptotic bounds for Fourier
transforms in several variables

Ben Lichtin

ABSTRACT

This paper shows that a nontrivial uniform decay estimate for complete exponential sums
modulo p", determined by a polynomial map P = (P}, P»), follows from the existence of
a ‘good P decomposition’ of Zj, a property that can be proved with geometric methods,
and which was introduced in an earlier article by the present author.

Introduction

The origin of this paper is a question of Igusa [Igu78, p. 32]. This asked for an extension to several
variables of his and Weil’s work [Wei65] that connected the singularities of the local singular series,

determined by a polynomial P € Zy[z1,...,2,], to the decay behavior of its Fourier transform,
which equals the normalized Gaussian sum (when evaluated at a/p"):
rN __—rn 2miaP(z)/p" _
Gla/p") = p Y. , (a,p)=1. (0.1)
z€(Z/pT)"

Igusa used geometric methods to show the existence of a decay exponent o < 0 such that for any
e>0, Gla/p") = O(p"®+9)) as r — +00. A geometric characterization of o was given in terms of
a finite amount of numerical data, determined by an embedded resolution of singularities applied to
each of the (finitely many) singular fibers of P| - Given this data, one can then decide, in particular,
whether the function a/p” — G(a/p") belongs to L'(Q,). When P has integral coefficients, a can
be chosen independently of p.

A nontrivial application of the condition av < —2, combined with a simple geometric property of
the hypersurface { P = 0}, is a ‘generalized Poisson summation formula’. This is the basis of Igusa’s
theory of ‘admissible representations’, whose goal was to extend the Siegel-Weil theory to a larger
class of representations of semi-simple groups. In addition, such a formula can be used [Igu76] to infer
the existence of (nontrivial) integral points on the hypersurface defined by an invariant polynomial
of the underlying group action. An important tool that can often be used to prove o < —2 by purely
geometric methods was a property that Igusa called ‘condition P’ [Igu78, p. 155].

An extension of this theory to k (2 < k < n) variables should lead to nontrivial decay estimates
as 7 — oo for multivariate normalized Gaussian sums of the form

G(a/p")=p ™ Z e2rila Pr@)ttanP@)/p" gy ay) =1, (0.2)
ze(Z/p")"
that are uniform in a = (ay,...,ax).
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Assuming that favorable geometric conditions are satisfied by the polynomial map P =
(P1,...,P), it should also be possible to show that a decay exponent a for G(a/p") satisfies
the inequality @ < —k — 1. A reasonably simple geometric analogue of condition P should help to
establish this estimate for . When this occurs, a multivariate generalized Poisson formula (over the
adeles) would follow by a natural variant of Igusa’s (and Weil’s) local-global method. Applied, in
particular, to the admissible representations classified in [Igu73] whose ring of invariants defines a
variety of codimension at least 2, this would then imply, among other properties, that nontrivial
integral points lie on the variety. A recent work of Braverman and Kazhdan [BKO00] has also
described a second application of a multivariate Poisson formula.

On the other hand, the applicability of Igusa’s work to deduce the presence of nontrivial rational
points even on a smooth projective hypersurface of degree d in n = O(d) (for some c) variables,
has not yet been realized and still appears to be quite difficult.

Igusa’s work is based on the embedded resolution of singularities applied to the divisor defined
by P. The main use of this theorem is the existence of a finite decomposition Zj = (JW; into
‘wedges’, in each of which P equals a monomial. An extension of his method to k > 2 polynomials
is straightforward if an analogous finite decomposition of Z; could be established, in each wedge
W of which the mapping P was a monomial map of the form x € W — (le, .. ,xM’f) such that
the rank of the matrix whose rows are the M; equals k. This, however, is too much to expect in
general, as simple examples clearly indicate.

A more useful point of view allows base change maps of a restricted form as well as (local)
blowing-up maps in the domain. In a preceding work [Lic00] (see also § 1), the notion of a good
P decomposition of Zj was introduced and was used to give a reasonable generalization of Igusa’s
work in the first nontrivial case when k = 2. Roughly speaking, a good P decomposition of Z; for
amap P = (P, ) decomposes Z; as a finite union Z; = J; W; of ‘good P wedges’ such that the
Haar measure of any overlap W; "W, i # j, equals zero. In turn, this decomposes the fiber integral
(i.e. local singular series),

t = regular value of P — F(t) = / |dz/dPy A dPs|
(P=t}nzp
into the sum of contributions F'(t) = >, Fi, (t) from each wedge. A basic point is that the goodness
of W; leads to an explicit description of the singularities (if any) of Fyy,(t) along the critical values
in P(Wj}), at least after a suitable base change.
The main result of this paper applies this idea to bound uniformly and nontrivially the Fourier
transform of F'(t); that is the Gaussian sums G(a/p"), as r — oo, as follows.

THEOREM A. Let P : Q) — Qg be a polynomial mapping for which a good P decomposition Z;
exists. Then there exists « = a(P) < 0, such that

G(a/p") = O:(p" ")) r— o0
uniformly over all a = (a1, az) such that (p,aq,az) = 1.

A good P decomposition Z; = Uj W; reduces the global problem of estimating the decay
of G(a/p") to the local one of estimating the decay of the Fourier transform F{,“V], of each Fyy;.
Since the singularities of each Fyy, are well understood, the difficulty is to prove the existence of a
local decay exponent a(W;) < 0 for Fyy. (a/p”) as r — oo. It then suffices to set o = max;a (W)
to prove Theorem A. An important point is that each «(W;) is given explicitly in terms of a
local polygon that encodes the geometric features of W;. In this sense, it is fair to say that o is
effectively computable using the geometry of P. This is a reasonable analogue of Igusa’s geometric
characterization of the decay exponent o when k = 1. It also suffices to work over Q, since the
calculations and proofs extend straightforwardly to any finite extension of @Q,.
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The proof of the local estimate for Fﬁ/j (a/p") is given in § 3. Sections 1 and 2 contain required
preliminaries and helpful reductions for the proof. Section 4 discusses the appropriate extension of
condition P, which is called condition P). Two short appendices conclude the paper.

At present there are classes of polynomial maps P for which a good P decomposition of Ly is
known to exist. Some of these are as follows (recall that the critical locus of P is the set of common
zeros of all 2 x 2 minors of the Jacobian matrix of P):

C1={P:Q, — Qg :n = 2,3 and P is dominant };

Co=A{P: QZ — Qg :n > 3, the critical locus of P is a nonsingular curve outside the origin and

each P; is homogeneous and nonsingular outside the origin};
n
C3 = {P : Qg” — Qg s P(B,x) = Zﬂixi and Py = P,(x) is homogeneous and nonsingular
1
outside the origin}.

The proofs for C3 and C; when n = 2 are given in [Lic00]. The proof for C; when n = 3 is
nontrivial and given in [Cut02]. The proof for Cs given in [Lic00, § 3] was incomplete. A correct
proof is given in [Lic03]. A very interesting problem is to extend the method of that paper to treat
pairs of homogeneous P as in Cy for which the critical locus has larger dimension but remains
nonsingular outside the origin. A second interesting problem is to extend the method to pairs for
which the critical locus is also singular (in some controlled way) outside the origin. This ought to
be possible, at the least, if P belongs to a given Thom—Boardman class.

In contrast to the case k = 2, the situation for P : Q) — ij,k‘ > 3, is more complicated.
More precisely, the correct class of permissible base change maps, by means of which one can
expect to improve P in some open neighborhood of any critical point (see (1.2a)—(1.2c)) will be
larger. As a result, no good P decomposition of Z; has yet been proved to exist for any reasonably
interesting class of P. Although there does not appear to be any fundamental obstruction to such
a proof, the situation is more intricate because several additional types of base change maps are
a priori possible once k > 2 (see Remark 1.4(iv)). After this is worked out, the methods of this
paper should extend straightforwardly and establish Theorem A for such P.

Explicit values for e can be given for pairs in Co U C3 as follows:
(i) if P € Cy and d; = deg P;, then one can choose o = max{—n/dy, —n/ds, —(n — 2)/2};
(ii) if P € C3 and d = deg P», then o = —n/d.

This follows from an explicit parametrization of each wedge in a good P decomposition, the proof
of Theorem A and the application of condition P defined in § 4 as an analog of condition P.
The formula for a in (i) will be used in forthcoming work to prove a generalized Poisson formula
for pairs of forms in Co when n > 3-max{d;,ds} if d; or do > 2, or n > 8 if d; = dy = 2. In [Lic04],
the analog of Theorem A over R is proved.

Using a very different approach, based on model theory, Cluckers [Clu04] has recently proved a
very general result. He showed the existence of a uniform and nontrivial decay rate for the Gaussian
sums determined by any restricted power series mapping P : Z; — Z];j (k > 2) whose image has
nonempty interior. This is as general a result as one could probably hope to prove. His argument
relies on an earlier result of Denef [Den00] that used model theory to deduce the general behavior
and form of the singularities of the fiber integral along the set of critical values of P. On the
other hand, the method of Cluckers—Denef is not yet constructive. Nor does it establish a property
analogous to condition P(®). This is crucial for deducing the existence of a decay rate better than
a = —1, which is important for applications to global problems.
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Taken together, these results (and the many outstanding questions) will hopefully encourage
further work on this subject, the goal of which should be to find additional classes of maps P for
which good (and reasonably explicit) bounds for the decay rate of the sums (0.2) can be given.
For this, it seems safe to say, geometric methods appear to be essential.

Notation. Throughout the paper, ¢ denotes any positive number that is ‘sufficiently small’
(also indicated by ¢ < 1). That is, ¢ is smaller than some suitable constant whose precise value
may vary in different estimates. The notation O, has the standard meaning that for any sufficiently
small €, the constant in the upper bound depends only on €. The complex and p-adic norms are
both denoted by |- |, and context will indicate which is intended. (The Fourier transforms defined in
§ 1 are, of course, estimated as complex numbers.) The order of a p-adic number x is written ord z.
Further, log|z| denotes log to base p. So, one can identify it with —ordz. The group of units is
written U,. The coset of an element a € Q) modulo p™ is denoted by [a]ys (and equals a+ (p™)™).
The critical locus of P is denoted by ¥p. If x1,...,z, are coordinates and N = (NVy,..., N, ) is an
integral vector, then x™ =gq¢ [Ty mfv *. Roman fonts are used to denote subsets of @, while script
fonts denote the set of p-adic orders of the elements of the set.

1. Required preliminaries
This section summarizes ideas from [Lic00] that are needed to prove Theorem A.

1.1 Good P decomposition

Let € Q) and let (f,g) : (U(z),z) — (Q2,0) be an analytic map defined in the (compact and
open) neighborhood of .

DEFINITION 1.1. The point « is good for (f,g) if there exist local (p-adic analytic) coordinates
z = (z1,...,2,) defined on a neighborhood U’(x) C U(x) such that

R R
f(z) = H%Niul, 9(z) = HziMiu% u1,u2 units on U'(x)
=1 i=1
[Ny Ny --- Npg B
and A(x) = <M1 My - MR> has rank = 2. (1.1)

(Only nonzero columns of A(x) are indicated. By definition, the coordinates map « to 0.). If (1.1)
is not satisfied, then x is a bad point.

Remarks 1.2.

(i) If « is a noncritical point of (f, g), then the implicit function theorem ensures that it is a good
point with A(x) the 2 x 2 identity matrix.

(i) If (1.1) is satisfied, then one may assume that U(x) and the coordinates z are chosen so that
f(z) and g(z) are pure monomials (no unit factor appears) defined on U(x). It is as a local
monomial map that a mapping will be written in some neighborhood of a good point.

(iii) The point @ is bad, in particular, if f and g can both be written locally as the product of
a monomial and local unit, but the rank of the matrix A(x) equals 1. It is, however, also

convenient to say that @ is bad if at least one of the components of (f,g) is not the product
of a monomial and local unit.

DEFINITION 1.3. A permissible modification of (f,g) : (U(x),z) — (Qg,(0,0)) in U(x) is a
transformation ¢ : (F,G) — (f,g), defined as follows. Either (F,G) = (f,g) and the map is the
identity, or there exist a positive integer v, a nonzero constant ¢y and a nonconstant p-adic analytic
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function 1) = ¢ (w), all depending on x, such that on U(x) either

g=clF", f=G+y((F), (1.2a)
or

f=cF7, g=G+y(F). (1.2b)

A permissible modification (F,G) — (f,g), defined on a neighborhood U(x), is an amelioration
at x if « is a bad point for (f, g) and a good point for (F,G).

Given t = (f1,t2) (respectively 7 = (71,72)) as coordinates on Im(f,g)|u () (respectively
Im (F,G)|y(a)), there are induced ‘base change’ maps:

(t2 + (1), cor{) if (1.2a)
C:iT—ot= (1.2¢)
(cor], 7o +(r1)) if (1.2b).

Remarks 1.4.

(i) For this paper, it is important to deduce the decay of the exponential sum G(A) (when A =

a/p”, (p,a) = 1) in terms of the parameter |A| = max{|\i],|A\2|}. By insisting on (1.2a) as
the form for each permissible modification, a uniform and nontrivial decay estimate in |A| is
proved in the cone |A2| < |A1]. If, however, (1.2b) is the form, then the same argument shows
uniform and nontrivial decay in |A| within the cone |A;| < |[Ao].
It is therefore useful to distinguish the particular parametrizations in (1.2a)—(1.2¢). For k = 1, 2,
a permissible modification ¢ : (F,G) — (f,g) is said to be of type 1 (respectively type 2) if
¢ is defined by (1.2a) (respectively (1.2b)). One then also writes (; : (Fk,Gr) — (f,g) or
(F, Gk) — (f,9)-

(ii) Assume that @ is a bad point for (f, g) as in the first part of Remark 1.2(iii), and {i, k} = {1,2}.
If an amelioration (i : (Fi, Gr) — (f,g) is defined on U(x), then there also exists an amelio-
ration ¢; : (F;,G;) — (f,g) at « that is defined on a possibly smaller U(x). The elementary
proof of this assertion is given in Appendix B.

(iii) Due to an unfortunate oversight, an additional condition was added incorrectly in [LicO3]
to the defining property for a permissible modification. That third property (which required
that F' divides G) is only pertinent when it is the case that both f and g are locally the
product of a monomial and unit at the bad point & and the two monomials are dependent.
Indeed, the discussion in [Lic03] exhibited several cases in which the divisibility of G by F
was not possible, but a map (F,G) — (f,g) was nonetheless identified as being a permissible
modification (see, e.g., [Lic03, 2.3.2]), in the sense that the basic form of (1.2a) or (1.2b) was
satisfied. In these cases, this extra property was not needed for the subsequent discussion to
apply, as a careful reading clearly indicates. The author regrets any confusion that may have
ensued.

(iv) To illustrate the additional complexity that occurs when k > 2, assume that x is bad (for
(f,g9,h)) as in (ii). Then rank A(xz) = 1 or 2. The form of any permissible modification
¢ : (F\G,H) — (f,g,h) will depend on the value of this rank. If the rank = 1, then a
reasonable definition for ¢ should be given by

C : (F7 Ga H) - (COF67¢1(F) +G7¢2(F) + H) = (f797 h)7 ¢1(w)7¢2(w) analytic at 0.
If the rank = 2, then ¢ should be given by
i (F,G,H) = (qF™,e1G” ¢(F,G) + H) = (f,9,h), (w) analytic at 0.

Of course, both possibilities would hold modulo permutations of the components f, g, h as in
(1.2a)—(1.2¢).
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DEFINITION 1.5. Given the map P, point x € Z; and neighborhood U(x), a good P wedge is a
subset W of U(x) of the form W = U (x), where 0 : (U(x),x) — (U(x),x) is either an analytic
isomorphism, or a permissible transformation (i.e. composition of finitely many local blowing-ups
with nonsingular analytic center), such that one of the following holds:

(i) the point @ is good for (f, g) =qef P 0 0 — P(x); or

(ii) the point « is bad for (f,g), and there exist type k ameliorations (i : (Fi,Gr) — (f,g) on
U(x) for each k =1, 2.

The key idea is the existence of a good P decomposition for Zj (any compact set will suffice,
but for this paper, only Zy is of interest).

DEFINITION 1.6. A good P decomposition of Z; consists of finitely many good P wedges {W:}i
such that:

(1) U Wi = Zy;
(ii) for any i # j, W; N W; C Xp.

Let W = 0U(x) be a good P wedge and assume x € Yp. Since # is permissible, the divisor,
defined in U(x) by its Jacobian determinant and denoted below by df, will be a normal crossing
divisor contained in the exceptional divisor of {fg = 0} if Definition 1.5(1) holds (respectively
{F;G), = 0} if Definition 1.5(ii) holds). Thus, if the former (respectively latter) condition occurs,
then df will equal the product of a monomial and local unit in the local coordinates z in which
(f,g) (respectively (Fy,Gy)) is a monomial map. In this case the following definition will be needed.

DEFINITION 1.7. If Definition 1.5(i) holds and A(x) is the matrix (1.1) of multiplicities for (f,g),

define
Ny Ny --- Ng R
A(x)= My My --- Mg if df(z) = Hzfi_l - (local unit).
[ pa ot MR i=1

If Definition 1.5(ii) holds, define the matrix Ay (x) by setting its first two rows to be the multiplicities
of (Fj,Gy) and the third row to be (u1,...,uR)-

Given a 3 x R matrix A = A(x) or Ai(x) as above, one can then define a local polygon I' = I'(x)
in the third quadrant by setting

R
I'= 8( ﬂ{(al,ag) € (—00,0)? : Njoy + Moo > —Hi}>- (1.3a)
i=1

There are at most two faces of I' that intersect the o1, 09 coordinate axes in exactly one point that
does not equal the origin. Call these points the axis intercepts of I'. Set

o(I") = max;{0;-axis intercept of I'}. (1.3b)

When emphasis of the dependance on W and/or k is warranted, the polygon is written I'(W)
or I'(W).

1.2 The singularities of the fiber integral and asymptotic monomials

The definition of the fiber integral of P in the introduction uses the measure |dx/dP; A dPs| induced
on {P = t}, t a regular value of P, by the Leray differential form. This gives an integral repre-
sentation for the local singular series of P, the map ¢t — pr(n=2). #{xmodp" : P(x) = tmodp"}
(see [Yam83]). If W is a good P wedge, define the ‘local contribution to the fiber integral’” (from W)
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as

Fy (t) = / |dx/dPy N dPy|, t a regular value of P.
{(P=t}nW

It can of course equal zero. Given a good P decomposition Z; = (U; Wi, the fact that the intersection
of the wedges is confined to the singular locus, which is of Haar measure zero, implies

F(t) = 3" Fin(0). (1.4)

Let W be a good P wedge with presentation W = 6U(x), where #(x) = x. Setting (f,g) =
P o6 — P(x), it follows that

Fiv(t) = / 6% da/d(Py 0 0) A d(P 0 6)|
{Pod—P(x)=t—P(x)}NU ()

0" dx/df A dg| = Fy(t), wheret =1t—P(x). (1.5)

def

/{(f79)=t}ﬂU(m)

If x is a good point for (f,g), then an explicit description for Fyy(t) can be given, if |t| < 1,
as a finite sum of ‘asymptotic monomials’ in t (see [Lic00, Theorem 6.11]). If @ is bad for (f, g) and
(F, Gr) — (f,9) is a type k amelioration, then a similar description can be given if |[7| < 1 is a
regular value of (Fy,Gy), for the integral

fWk(T) = / |9*dIL’/dFk/\de|
R (e

In this case, the asymptotic monomials are functions of 7. It will be convenient to summarize the
construction here.

Given the good point « for (f,g) with matrix A(x) as in (1.3a) and (1.3b), define
L; = {(01,02) € R*: N;o1 + Moo = —p;}  for each i,

IO:{{i<j}C{1,...,R}:rank<]\]\Z ]]\\}]) :2}. (1.6)

Corresponding to each ¢ = {i,j} € Zp, define the point, polygon and lattice (see Figure 1):
v, = ,CZ N [,j = (7)1,7)2),

T, = 8( m{(al,ag) € (—00,0]2 : Nyo1 + M09 > —,uu}>,

ueL
C = <(NZ’ MZ)’ (Nj7 Mj)>Z+ .
Write C; to denote either C, or one of the two sublattices spanned by (N;, M;) or (N, Mj).

Entirely similar constructions are made for each (Fy,Gj) when @ is bad for (f,g). The data are
then defined in terms of the matrix Ag(x).

Ezample. Suppose that d > 4, n > 3 and

d 1 2 1
Alx)=|d 3 6 0
n 2n—2) 3n—-2)+1 1
Then Zp = {{1,2},{1,3},{1,4},{2,4},{3,4}}. Given ¢ = {1,2}, then C, = ((d,d), (1,3)), and v, =
(n—2-=3n/2d,—(n —2) +n/2d). It follows that v, is only in the third quadrant if n = 3, and then
shifts to the fourth quadrant once n > 4. Thus, I', has two sides if and only if n = 3. Otherwise T,
has one side that lies on the line ds; + dss = —n.
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(N27 M2)
(N1, M)
r,
Lo
Ly
FIiGURE 1.

Set x = (x1,X2) : Ug — S x ST to denote a pair of characters of U,

DEFINITION 1.8. Assume that W = 0U(x) is a good P wedge, and that x is a good point for
(f,9) =Pof—Pob(x). An asymptotic monomial for Fyy (t) is a function defined as follows. Given
L € Zg, M,b = (b1, b2) € Zi and pair x, set w = (1, M, b, x) and define (outside {t1t2 = 0})

x1(acty)xa(acts)|t| =~ ta| 7271 logt|ty| logb2\t2|\1m(f,g)|w if ordt €e M +C;

0 otherwise.

et~

If « is bad for (f,g) and (Fg, Gx) — (f, g) is a type k amelioration at x, an asymptotic monomial
for Fyy i (7) is a monomial M, (7) whose form (in 71, 72) is as above, and v, ¢,C; are defined as above
by using the entries of Ag(x). Of course, in this case, T is restricted to Im (Fy, Gi)|w — {1172 = 0},
and the monomial is not identically zero if and only if ord T € M + C;".

Remark 1.9. To say, for example, that Fyy(t) is a sum of finitely many asymptotic monomials if t
is a regular value of (f,¢) and |[t| < 1 (see also [Lic00, pp. 72-73]), simply means the existence of
a finite set Yy = {w;}Y,, such that if [t| < 1 and t (= a regular value) € Im(f, g)|w, then

N
Fyw(t) = chiMM (t), cuw; #0€Qy.
i=1

If  is bad for (f,g) and (j : (Fk, Gx) — (f,g) is an amelioration, then the induced base change
map (x(7) = t implies [Lic00, Lemma 5.10] the equation (between measures outside the set of
critical values)

d(t1,1t2)
(11, 72)
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and Fyy(7) is a finite sum of asymptotic monomials in 7, 7 (= a regular value) € Im (Fj, Gi)|w.
The finite set of w that parametrize the asymptotic monomials for either Fyy i (7) will also be
denoted by V.

A property that is needed in §§ 2 and 3 is the absolute integrability of any asymptotic monomial.
The notation is as above and we introduce t to denote either t or 7.

LEMMA 1.10. For any good P wedge W and w = (1, M, b, x) € Vw, one has [,.

M ||dt] < oo.

Proof. By reindexing, one may assume ¢ = {1,2}. Via the cone C, = ((Ny, M;), (N2, Mz)), introduce
the monomial transformation

O:T=(T1,T3) =t = (TN My

e
If B> 0, then M+ {ord©®(T) : 0 < ordT; < B, i = 1,2} is a finite subset of M + C,. Next,
rewrite the integrand in terms of T, and restrict ord T to [0, B]?. It now suffices to bound each
log bi\vaiT2Mi\ factor by cg\vaiT2Mi\_5 and show that if ¢ < 1, then

lim T]_|_(N1U1+M1U2+l)_E|T2|_(N2U1+M2v2+l)_5‘dT| < 0.
B—0c0 J{T:ordT€(0,B]2}

Since v € L1 N Ly, it follows that N;v1 + M;ve = —pu; < 0 for each i. Thus, the exponent of each
|T5| is strictly larger than —1, provided that € is sufficiently small. So, the limit as B — +oco exists
and is finite. This completes the proof of the lemma. ]

1.3 The Fourier transform of the fiber integral

Fix an additive character ¥ of @, that equals one on Z, and is nontrivial on (p)_IZp. The Fourier
transform at A = (A1, A2) of the fiber integral F'(¢) equals

F*(\) = /F(t)\ll()\ t)|dt]. (1.7)

A simple calculation shows that F*(a/p") = G(a/p").

(
Given a good P wedge W = 0U(x), so that 6(x) = x, the Fourier transform of the local
contribution Fyy(t) is

Fir ) 7, [ Fw(©e- )

V(A P() [ Fu©F- 0]t = Gw(N)

Remark. By (1.4) it follows that G(X) = >, Gw,(X). To prove Theorem A, it therefore suffices to
show that for any good P wedge W, there exists a = a(W) < 0 such that Gy (X) = O-(|]A|*T9),
where |A| = max{|A1], |A\2]}.

If « is a good point for (f,g), then Remark 1.9 implies that
Fiy(N) = Y e ML), (@=(.Mb.x)

weVw
where
M = [ Muew- el
def S i (£.9)lw
= / Xl(actl)xg(act2)|t1|_v1_1|t2|_v2_1 logb1|t1| logb2|t2|\11()\ -t)|dt|.
Im (f,9)|lw
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In this case, the decay for Gy () follows from the existence, for each w € Yy, of a(w) < 0 such
that

MEA) = O (A2 @)), (1.8)
It would evidently suffice to set a(W') = max,ecy,, a(w).
If « is a bad point for (f,g), (x : (Fx, Gx) — (f,g) is a type k amelioration and M,,, w € YV,

is an asymptotic monomial for the fiber integral Fy 1 (7), then Remark 1.9 again implies

J(t1,t2)

/FW(Ck(T))\II(A k(7)) ‘m

dr| = / Fwr(T) WA - G(r))dr|
~Ye | Mo (T)E(X - Gi())dr |

w Im (F,Gr)|lw
Thus, the decay for Gy (A) would follow in the same way by proving, for each k, the existence of
ak(w) < 0 such that

/Mw(r)\ll()\ CC(T))|dT] = O (IAR]*@)2) in the cone |A| = [Ag]. (1.9)

Note that the left-hand side is not the Fourier transform of M, (7). Section 3 proves these local
decay estimates and characterizes the exponent a(w) (respectively ag(w)) in terms of the axis
intercepts of the polygon I', (respectively I, ).

2. The inner integral

For fixed good P wedge W and w = (¢, M,b,Xx) € Vw, the first step in bounding the double
integrals in (1.8), (1.9) is to deduce a bound for an inner integral. Since Lemma 1.10 ensures that
these integrals are independent of the order of iteration, one chooses, without loss of generality, to
slice the domain of integration vertically. Writing ¢ = (x,y) to denote t in (1.8) and 7 in (1.9), for
fixed z, the inner integral becomes an oscillatory integral over the vertical slice at x. By definition,
this is equal to the set of y such that ord¢t = (ord z, ord y) € M+C;. It is then important to describe
the structure of the vertical slices, as well as any variation in this structure, as ord x varies.

An important feature of the p-adic integration is that there is an ‘effective’ subset of each vertical
slice (see Definition 2.2), characterized by the property that over its complement the oscillating factor
forces the integral to vanish. Moreover, this property only depends on a simple inequality satisfied
by ordy and ord A =gef min {ord Ay, ord A2 }. The problem then is to parametrize this ‘effective slice’
of ordy for fixed ordz. Lemma 2.3 shows that this set must be a segment (finite or infinite) of an
arithmetic progression. Since the endpoints of the segment vary as ord x varies, this variation must
also be controlled.

One next shows in Lemma 2.5 that the set of ordx can be partitioned into finitely many
arithmetic progressions Sy, ..., Sk so that if ord x belongs to any one S;, then the endpoints of the
effective slice can be simply expressed in terms of ordx, ord A\, and 7. This suffices for bounding
the inner integral over the slice at x. Although the elements of any progression will depend on
ord A, the number K of distinct progressions is bounded uniformly of ord A. The fact that the effec-
tive part of M + C; (the union of its effective vertical slices) is a finite union of ‘fibered arithmetic
progressions’, the number of which is bounded uniformly in ord A, is the main observation of this
section, and is essential for the proof of Theorem 1 in § 3.

One chooses C; = C, throughout since this is the more difficult of the two possibilities. One writes
M = (mq,ms), ordt =gef (ordx, ordy) = (r1,72). The indices ¢,w are dropped from the nota-
tion since they are fixed throughout. By permuting coordinates one may assume ¢ = {1,2} and
D =4et NyMsy — NoMy > 0.
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2.1 Parametrization of the lattice points ordt

Given a parametrization W = 0U(x) of the good P wedge, for which the matrix of multiplicities
A(x) is given in Definition 1.7, one may assume that ¢ belongs to the image of the monomial map

m:zeU(x)= 1_[{2Z cordz > e} — (2N, 2M),

7

where e is some nonnegative integer, and N = (Ny,..., Ngr), M = (My,..., MR). The set ord t then
equals

{(1"1, r9) : there exists e € [e,00)® N Zf and k € Z2 such that

Ny N, --- N
<”> e " e:M+<N1 N2>k}. (2.1)
r9 My My, --- Mg M, My
Set K to denote the set of k € Z2 for which (2.1) admits a solution (i.e. there exists an integral
e € [e,00)" so that (2.1) holds). The structure of K is as follows.

LEMMA 2.1. Assume K # (). Then K = ngl K., with U < DR, such that each K, is a subset of
Zi of the form H,, N Zi, where ‘H,, is an unbounded subset of [0, c0)?. The boundary OH, consists
of exactly one vertical ray, one horizontal ray, and finitely many horizontal (respectively vertical)
segments hy, ..., h;, (respectively vi,...,v;, ), such that the path hy * vy * hg vy *- - - % h;, % v;, forms
a staircase descending from left to right (see Figure 2).

Proof. Given e € [e,00)FNZ% set € =e — (e,...,e) and
e

M =M — A(z)
e

(recall that A(x) denotes the first two rows of A(x)). Multiplying the matrix equation in (2.1) on
the left by ("2 “\'2), it follows that (2.1) holds if and only if

/
D (Z}) +Ae” =M + Dk,

2
where e’ = (e}, ...,e), M’ € Z?, and
A <a3 aR) :<M2 _N2> <N3 NR>‘
by -+ bR -My Ny Mz --- Mg
This implies that (2.1) has a solution €', k only if the congruence
Ae” =M’ (mod D) (2.2)

is satisfied. Set Y = {€” € [0, D)F2NZF~2: €' is a solution of (2.2)}. It is clear that #Y < D®2,

Assuming that J # 0, set JV = {€] ‘j]:l, and choose any €. Viewing €] as an element of
(Z)D)F=2 lift it to Z®~2 by introducing an integral vector L = (f3,...,fp) and setting e’ =
€/ + DL. Then (2.1) has a solution e such that ” = €] (mod D) if and only if there exist integers
el,eh, > 0and €’ > (0,...,0) such that

e k 1
<€/1> + AL = M/ + ( 1) . where M = —{M’ — A€} = (1, p2;) € Z°.

2 ]CQ cif (
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ko
hy
Z/(Ko) :
v
1 H,
h
V(K1) 2
U2
v(K2) o
|
V(Kio) :
Ky K1—1 K1 Ky—1 K> K;, k1
FIGURE 2.

Now, for each j and k € Z%—? set
R R
Xj(k) = {L S Zf_z : Z(IZ& <k + 1 and szﬁz < kg + ugj},
i=3 i=3
and K; = {k : Xj(k) # 0}. It is then clear that K = U;-Izl K;.
To verify the asserted property of K;, set, for each k; > 0,
I/j(kl) = 1nf{k2 = 0: Xj(kl,kg) 7& @}

Observe that v;(ki1 + 1) < vj(k1) since Xj(ki,k2) # 0 implies Xj(k1 + 1, k2) # (. Moreover, it is
clear that for each (ki,v;(k1)) and any ko > vj(k1), there exist €],e5, > 0 and L € Zf‘z such that

6/1 Al k1
<e,2> AL =M+ <k2> |
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K@ K

(Kyq,v(Ko) - 1)

K@)

(Kiov V(Kio))

FiGURE 3.

Define the following indices:

Ko = inf{k;y : Xj(k1,k2) # 0 for some ko > 0}

K = inf{k‘l > Ky : I/j(k‘l) < I/j(Kg)}

K; = inf{k1 > K;_1 : vj(k1) < v;(K;—1)} for each i > 2.
Since vj(Ko) > vj(K1) > vj(K3) > --- > 0, there exists a smallest index ig > 0 such that ky > Kj,
implies v;(k1) = v ().

One can then connect the ascending vertical ray starting at (Ko, v;(Kp)) to the horizontal ray
to the right of (Kj,, v;(Kj,)) by means of a finite number of horizontal followed by vertical segments
that contain the points (Kj;,v;(K;)), 0 < i < ig (see Figure 2). The region H; whose boundary is
such a path satisfies all the properties of the lemma. O

Note. In the following discussion, a given j € [1,J] will be chosen and fixed throughout. For
simplicity, it will then be dropped as a subscript for K.
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It follows that if 49 > 0, then there exists at most a finite subset K’ such that K* =4t K — K’ =
U2 o1 K, where (see Figure 3):
(

a) ke KD if and only if there exist e, f1 € Z such that k; > e; and ko > f1;
(b) k € K@ if and only if there exist eg, fa,go € Zy such that ky > ey and fo < ky < go;
c) ke K®) if and only if there exist es, f3, g3 € Zy such that es < k1 < f3 and ko > g3.
In particular, using the notation in Figure 2, one can choose

(e1, 1) = (Kig, v(Ko)); (€2, f2, 92) = (Kig, v(Kig ), v(Ko) =1); (€3, f3, 93) = (Ko, Kiy —1,v(Ko)).

When ig = 0, one writes K* = K1) to be consistent with (2.1). Additional precision will not be
needed since such bounds are independent of the parameters Ay, As.

Define the corresponding sets for each :
CO = {ky(Ny, My) + ky(No, My) + M : ke KDY, €O = {¢: ordt € CV}.

Since C* = C —J}_, C is a finite set, the contribution to the integrals (1.8), (1.9) over those ¢ with
ordt € C* is zero for |A| > 1. This justifies the subsequent attention paid solely to (Y uC® uC®),
Intuitively, (respectively C (3)) can be viewed as containing the points in C that cluster asymp-
totically at infinity along its lower (respectively upper) boundary ray.

DEFINITION 2.2. As noted in the introduction to § 2, the choice made in this article is to integrate
first with respect to y, which means that each C is to be thought of as the union of its ‘vertical’
slices, defined for a fixed r1, and « (ordx = r1) as follows. Recalling the monomial map m defined
at the beginning of § 2.1, set

VO (r1) = {ry : (r1,79) € Y},
VO (2) = {y: (z,y) € Im(m) and ordy € V@ (r))}.

Application to the proof of (1.9) when & = 1 means that one sets y = 7, the coordinate in the
range of G1, and bounds

/V(A)( | lyl =2~  log |y|x2(ac y) W (Ary)|dy. (2.3)

Application to the proof of (1.8) (respectively (1.9)) with & = 2 means that one sets y = t3, the
coordinate in the range of g (respectively y = 7o, the coordinate in the range of G3), and bounds

/V(A)( | lyl =2~  log ™ |y|x2(ac y) W (Agy)|dy. (2.4)

Choosing A = Ay for (2.3) (respectively Ao for (2.4)), a feature specific to the p-adic context is
that there is an ‘effective’ subset E®)(x, \) of each V() (z), characterized by the property that for
each yo

0= / O ey ylxe(acy) ¥ ()l dyl. (2.5)
V) (x) (x,M)

To see this it is first necessary to describe more precisely the set of pairs (acz,acy) when
(z,y) € Im(m). Given the 2 x 2 determinant D from above, set §(=6,) = ord D.

CrAM 1. There exist by,..., by € L[g mod p?**+1 such that
{(acz,acy): (x,y) € Im(m |_| jl2s+1  (a disjoint union).
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Proof. Express U, as a disjoint union of cosets mod potl, Uy = U‘jjzl[uj]gﬂ. Define the vectors
by,...,br € Llp2 to be the distinct elements of the set {m(u;)}{. If b = m(u) for some u € {u;}{,
it then suffices to show

[bl2s+1 = m([uls41). (2.6)
A standard lifting argument shows (2.6). The first step of the induction argument is as follows.
Write u = & (mod p°*!) and b = By (mod p?**1). Given any B; € {0,1,...,p — 1}? one shows
the existence of & € {0,1,...,p — 1}" such that

m(EO +p5+1€1) = ,60 —l—p26+1,31 (mod p25+2). (27)

Via Taylor’s formula,

m(& +p° &) = m(&) +p" T dm(&)(&)  (mod p*t?)
= Bo + p* (&) + p"T dm(&)(&1)  (mod p*t2),

where (&) is some element of Zg. Thus, setting p>+t1 (81 — (&) = p*° ¢ + p?T2¢ + - - -,
it follows that the congruence p™!dm(&y)(&1) = p** ¢y (mod p?*2) is solvable if and only if
dm(&o)(&1) = p°¢o (mod p®t1) is solvable. Since & # 0 € Uy, the definition of D,§ implies that

the determinant of the left-most 2 x 2 submatrix (ﬁ; g;) of dm(&p) equals p% - p for some p € Up.
A solution of the latter congruence is then given as & = (£11,&21,0,...,0) where {y = (10, C20) and
1 P’Co Bi| |41 p°Cio >
, = . , mod p).
G, &) P p < P°Go Ba| |Az p°Cao (mod p)
It follows that m(&y + p®t1&;) solves (2.7), completing the first step of the lifting. The remainder
of the argument is a straightforward extension of this procedure and is left to the reader. O

Note that this union of cosets need not equal L{g.
Setting, for each j = 1,...,T, V(i)(ﬂj,bj):def{y : (acx,acy) € [bjlass1}, Claim 1 evidently
implies

/ i g™ lyxa(ac ) TOW)ldy = / O o™y lxa(ac ) Y Ow)ldyl. (2.8)
V) (x) ; VvV (z,bj)

Set ey, as the conductor of x2, and E,, = max{e,,,20 + 1}. An elementary calculation
(see Lemma A.3) then shows the following.

Cram 2. If e+ ord A + E,, < —1, then for any b € U,

(yordy—e Y7 g™ ylx2(acy) U (Ay)|dy| = 0.

acy€lb]py, }
If e+ ord A+ E,, > 0, then

(yordy—e 1917727 l0g ™ y|xa(ac y) U (Ay)|dy| = ™2~ Fxz (=€) xa(B) U (bp©A).
acy€lblpy, }

It is clear that the only b that are of interest in the following are congruent mod p?*! to the
second component b; o of some b; appearing in Claim 1.

Since Yy is a finite set, the set of possible x5 that can be the second component of a character
pair x for some w € Yy is also finite. As a result, one can define the following integer

Jw = max E,,.
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For each i,rq, A, set
ED(ri,A) = V(1) N [~ord A -y, 00),
and for any x with ordx = rq, define
ED(z ) ={y e VO(z):ordy € ED(r, \)}.

It is clear that (2.5) is satisfied (for each y2) with this choice for the effective slice.

The first problem is the parametrization of the integral points in each €@ (r1, A). As the proof of
Lemma 2.3 will indicate, it is simpler to parametrize £ (r1,A) if —ord A is allowed to be arbitrarily
large since this assumption leads to fewer cases that must be considered and, thus, to an easier
estimation of the double integrals.

With the choices specified above for A, the assumption ‘—ord A is unbounded’ is satisfied when
(2.4) is the inner integral for (1.8) and A is confined to the cone Qo = {X : |A| = |Aof}.
However, this evidently fails when A = (A1, \2) is confined to the cone Q; = {X\ : |A] = [M\]|}
where —ord Ay is unbounded but —ord Ay need not be. To deal with this case, however, is trivial.
Evidently, one inverts the order of integration and takes the inner integral over the ‘horizontal’ slices
of each ¢,

To have a uniform discussion across all possible cases encountered in the proofs of (1.8) and
(1.9), it is useful to maintain the vertical orientation of the slices. To this end, it suffices to define
a new map by inverting the order of f and g. For the same pair of indices ¢ as above, it is clear
that (M, Ny), (M, Ny) are the generators of the cone C,, associated with (g, f), and the horizontal
slices of C, are now the vertical slices of C,. So, one sets A = A\, x = g, r1 = ordg, replaces o
by x1 (in order to define the appropriate variant of Jy), and then applies the following discus-
sion to parametrize the effective part of each vertical slice of C, in the cone ;. Section 2.2 then
applies this to bound the inner integral of M, (A)|q, by integrating first with respect to y where

y=ti(=f).

Notation. One sets ¢ = —ord A — ¥y. The parameter e is always assumed to be unbounded.
The validity of an assertion that is contingent on the property € > 1 means that the assertion
is satisfied when € > ¢, where c¢ is a constant, independent of r1, 72, A1, A2 (but depending on finitely
many other constants).

The first point is as follows.

LEMMA 2.3. Set v = ged(Ny, No). If 4 f 11 — my, then €D (r1,\) = 0. If y|r; — m1, then for each
i =1,2,3, there exist A; = A;(r1) and B; = B;(r1,¢€) such that if 40 (r1,\) # 0 then

ED(r,N) = {ma +7in—qD': Ai < q < Bi},
where 1} = (r1 —m1)/vy, D' = D/~,n is an appropriately defined constant, and either A; > —oo
(lfNQ > 0) or A; > — (lng = 0)

Proof. The A;, B; will be determined by explicitly given piecewise linear functions of rq, at most
one of which also depends on e.

It is convenient to denote the slopes of the boundary of C as follows:

M,
M, 2 i Ny >0

o= 0=
! +oo if Ny = 0.

For any i, (r1,72) € € implies
(r1,7m9) = k1 (N1, M7) + ko(Na, M) + (mq,mga), for some kq, ks > 0.
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Setting Nj = N;/v,j = 1,2, it is clear that ED(ry,\) = 0, for each i, if v f 7| — m. Assuming then
that v|r; — my, it follows that there exists ¢ € Z such that

(k17 k2) = 7‘3(7727 771) + Q(Né, _N{)
where 71,72 are the unique numbers with smallest absolute value and opposite sign such that
N2 NT +m Ny = 1, if Ny > 0. The fact that ry € EW(ry, \) also requires that ki My + koMo +my > €.
Thus,
ro = 7in—qD' +mao, where n = oMy + m Ms.
So, an upper bound for ¢ will always be
rin 4+ ma —¢€

{— = .

b D' defQ(Tb €)
Note that if No = 0, then Ny | r1 — my must hold for there to be any (r1,72) € M + <(N1,M1),
(0, M2)>N. In this case, it follows that n = My, D' = My, and the inequality that defines £® (r1,A)
becomes 1y = r{ My — My + mg > €.

Other possible bounds for ¢ come from the intervals that determine membership in the different
K® . Working them out is an elementary exercise. One finds the following, using straightforward
calculations that are best left to the reader.

(i=1) A; <q < B; where
er — T2
Ay = N}
! def 2 .
—0 if Ny =0;

it No >0

: m—h
Bl(ifmln{ L N7 ,Q(r1, )} for any Ns.

Thus, there exist constants py, (1 such that if [Ay, B1] # () and € > 1, then

|:€ N”;ln2’Q(,’n1, ):|

rle[%—l—pl,oo) fa=0
if and only if Ny > 0 and
€ € .
re€|-+p,—+C| ifa>0
15} «

[61 —riny Thim — fﬁ
!

N, N
if and only if No > 0 and 1 € <E +C1,oo> ifaa>0
[A1,B1] = a
(—OO,Q(T:L,E)]
rle[dﬂ—i—ml,oo) ifa=0
12

if and only if Ny =0 and

0 T1771 Bi!
) N][-

if and only if No =0 and | € <§ +C1,oo> if > 0.

)
ry € [ﬂ—i-ml,i—kﬁl] ifa>0
2 «Q
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Note. An example of the simplification, afforded by the assumption € > 1 (see Definition 2.2), is
the exclusion of the possibility that

1—73772 Tiﬁl—fl
N, N

when o = 0, since a simple check shows that this can only occur if € < mg + M f7.

[A1, Bi] = [e

(1 =2) Ay < q< By where

/ /

€2 —TN2 T — g2 .

max , if No >0
{ N Ny } ’

2:

def | 7im1 — go

N{ if N2 = 0;

Thus, there exist constants ps, (2 such that if [Ay, Bo] # () and € > 1, then o > 0 and

[7“177}\[, ,Q(r1, )] for No >0 and r| € [2 + pa, 2 + C2:|
[As, By] =

T — g2 Tim — fa €
[1 N 1 N ] for Ny > OandnE(E—i-Cg,oo).

(i=3) Az < q< Bs where

ez — T2 .
- if Ny >0
Az = Ny ’
Rl if Ny = 0;
I o
min nm 7 93’ f3 T,'ITD s Q(Tl, 6) if N2 >0
N N
By =
o min i —gs Q(r €) it Ng =0
N/ ; 1,€ 2 — U.
Thus, there exist constants ps, (3 such that if [As, Bs] # () and € > 1, then
4 i
[63 7°1772 , Q(r1, )] if and only if N9 > 0 and rq € [% + ps, % + (3}

! -
[As, By = [63 SUERRE: 7"“72} if and only if N > 0 and | € (% + Cg,oo)

N, 7 N
. . e3 I3
—00, Q(r1,€) if and only if Ny =0 and r € n—+m1,n—+m1 .
2 2
In addition, No = 0 implies o > 0.
This completes the proof of the lemma. O
Remarks.

(1) It is important to observe that the upper bound for ¢ is always Q(r1,€) whenever the lower
bound for r; is a constant; that is, not a positive multiple of e. This is the source of nontrivial
decay when no decay can be obtained from the integration in x (see § 3).
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(2) Since q is restricted to integral values, the end points of the intervals [A;, B;] must be
effectively replaced by [A;] = the smallest integer at least as large as A;, and B; must
be replaced by [B;] = the largest integer that is at most B;. However, when one bounds
the inner integral, it is also convenient, computationally, to replace the limits for ¢ by A;, B;.
This introduces errors that depend on [A;] — A; and B; — [B;]. Each of these are, of course,
O(1) in r1, e. However, since the outer integral in r; must also be bounded, it could occur that
the O(1) errors accumulate and produce a poorer bound for the two-dimensional integral than
would be acceptable. To eliminate this possibility, one needs to control the behavior uniformly
m 7ri.

To this end, it is natural to take each A;, B; in (2.3) and specify the congruence class of its
numerator modulo the corresponding denominator. This leads to a finite set of congruence classes
for each i = 1,2,3. For each possible congruence class, the errors [A;] — A; and B; — [B;] will
then be constant. This constant appears explicitly in the estimates for the inner integral (see (2.9)—
(2.11)). It will also now be convenient to distinguish between the cases 5 < oo and 5 = oo since the
expressions for A;, B; depend on the finiteness of .

As a result, the subsequent analysis splits into five cases, where each case determines a finite
set of congruence classes, whose union equals the set of possible r; values. The problem of bound-
ing the outer integral in (1.8), (1.9) over the set of x such that r; = ordxz belongs to exactly
one congruence class (for a given i) then reduces to a routine calculation, given Lemma 2.6 and
Remark 2.7, and the bounds from Lemma 2.8 for the corresponding inner integral over the vertical
slice at x.

To digest the next two definitions, the reader may find it useful to consult Figure 4. It is implicitly
assumed throughout (see Lemma 2.3) that v | 1 —m;.

DEFINITION 2.4.

Case 1 (i =1, Ny > 0). For each £ = ({y,{1,05) € ([0,D") x [0, N{) x [0, N§)) N Z3 =ger T1 set
Si(e,£) = {r1 :rin+mo — e = £y (mod D');rim — f1 = ¢1 (mod N7);e1 — rins = l2 (mod N3)}.

Case 2 (i =1, Ny = 0). For each £ = ({y,¢1) € ([0, D') x [0, N])) N Z2 =ge T2 set
So(€,£) = {r1 : rin+mo — e = £y (mod D');rim — f1 = ¢1 (mod N7y)}.

Case 3 (i =2, Ny > 0). For each £ = ({y,l1,02) € ([0,D") x [0, N{)?) N Z3 =qef T3 set
S3(€,8) = {ry :rin+mo — e = £y (mod D');r'im — fo = ¢1 (mod N7);rin1 — go = f2 (mod N7)}.

Case 4 (i =3, Ny > 0). For each £ = ({y,l1,02) € ([0,D") x [0, N5)?) N Z3 =4t Iy set
Si(e,£) = {r1 :rin+mo — e = £y (mod D');e3 — i = £1 (mod N3); f3 — rino = f2 (mod N3)}.

Case 5 (i = 3, Ny = 0). For each £ = ({y,¢1) € ([0, D') x [0, N])) N Z2% =ge T5 set
Ss(€,£) = {r1 : rin+mo — e = {y (mod D');rim — g3 = ¢1 (mod N7)}.
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In addition, for each j =1,...,5, denote the characteristic function of S;(e, £) by Z;(e, £) and set

1 ifj=1,2

ij =142 ifj=3

3 ifj=4,5.

Then define
) — min &0s) =P
rg (1, A) = min &% (r1, A) - Ej(€, £)(r1)

. max £ (11, \) - Zi(e, £)(r if No >0
R — (1) - By €)(m) i Ny

It is clear that, for r1 € Sj(e, £),

rd (r,A) = 150 — [Bi)D' +ma,  RY(r1,A) = rin — [4;,1D' +my  (if Ay > —00).

It is now easy to check that the following holds for each j and £ € Z;. Verifications are left to
the reader. Figure 4 illustrates the conclusions of Lemma 2.5 when 0 < a < 8 < 00.

LEMMA 2.5. We have

(i) For each £ € Ty, there exist k1(€), k| (€) > 0 such that

r € [%+p1,oo>ﬂ51(e,£) ifa=0

e+ if and only if
i (i, 0) = r e |:%+Pla§+<1:| NSi(e,8) ifa>0
ary + k1(€) if and only if ri € <§ + (G, oo> N Si(e,£) if a > 0;

RV (r, ) = Bry — Ky (£) if and only if r € [% + p1, oo) NSi(e, ).
(ii) For each £ € Iy, there exists k2(£) > 0 such that

ry € [&,oo> N Sa(e, £) ifa=0
€+ 4 if and only if
7“§2)(7"1,)\)= r1 € |:—,5+C1:| NSy(e,l) ifa>0

ary + ko(€) if and only if 1) € <E + Cl,oo> NSy(e, ) ifa>0;
«

Rf) (ri,\) = +o0.
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(iii) For each € € T3, there exist k3(£), k5(€) = 0 such that

e+ 4o if and only if r1 € [2 + pa, 2 + <2:| N S3(e, £)
ary + k3(€) if and only if ri € (2 + (o, oo> N S3(e, £);

Rf’) (r1,A\) = ary + k5(€) if and only if 11 € [2 + p2, oo> N Sz (e, £).

(iv) For each £ € I, there exist k4(£), k) (€) > 0 such that
€

€+ 4y if and only if 7 € [[3

+ ps, % + 43] NS4(e, £)
P, A) =

Br1 — k4(€) if and only if ry € <% + Cg,oo) N Sy(e, £);

Rgl) (r1,\) = Br1 — Ky (€) if and only if ri € [% + p3, oo> N Sy(e, £).

(v) By the definitions given in Definition 2.2, Bs can only equal Q(ry,€) when ¢ > 1. Thus, for
any £ € I5

ré‘:’)(rl,)\) =€+ /¥y ifandonlyif r € [;—3 +myq, é —i—ml} N Ss(e, £)

2 2
Rf) (r1,A) = +oc.

Figure 4 illustrates the simple geometry of these assertions when ¢ = 1. The ro interval depends
on the two possible intervals containing the value of r1, denoted by 7,7’ (both r, " are understood
to belong to Si(e,£)). Figure 4 indicates that if ¢/8 < r < €/«, then ar + k1(€) < € implies
ro € EN(rN) = [e + Lo, Br — £, (£)] N N. However, if ' > €/a, then ry € ED(' \) = [ar +
k1(€), pr’" — k7 (€)] N N. In particular, the endpoints of the ro interval depend explicitly (but in
a simple manner) on £, which serves as an index vector for the arithmetic progression Sj (e, €)
containing 7.

The final point concerns the structure of the sets S;(e,£). This, however, is clear by elementary
reasoning and is left to the reader.

LEMMA 2.6. If Sj(e,£) # 0, then there exists L > 0, depending only on N, Ny, D', and c € [0, L),
depending on € and £, such that Sj(e,£) = {c+uL : u > 0}.

Remark 2.7. For the applications below, it will not be necessary to be more precise about the
modulus L of the arithmetic progression. On the other hand, it will be useful to define the unique
integers u;, U; by combining Lemmas 2.5 and 2.6. For each j < 4 and £ € Z;, there is a partition of

S;(e,£) according to the expression for each réj )(rl, A) as follows. Set
Si(e, £) = {r1: réj)(rl,)\) =€+ o}
S e, 8) = {ry 1) (r1,A) = 0'r1 + & (£)},

where, in the notation of Lemma 2.5, j < 3 implies 6/ = o and £'(€) = k;(£). If j = 4 then ¢/ =
and K'(€) = —r4(€). In addition, each S; is finite whenever v > 0. If a =0 (and j = 1,2), or j = 5,
then it is understood that S7 (e, £) = ) for each e, £.
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T2 ro = P
Br' — ki (€) Lo S
EW(r', \)
Br = K4(€) | |
EW(r,n)
ar’ + k1(€) f”ﬂfﬂf”””””””””””% 7777777777777 ‘
E—|—£0 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, :
€ |-l __eT_ o __
ar 4Ky (€) | e :
T9 = AT
3 | . n
€/ r e/a 1’
FIGURE 4.

Using the description of Sj(e,£) in Lemma 2.6, define the integers u; = u;(e,£),U; = Uj(e,£)
(when convenient these will be denoted solely by u; and Uj) by setting for any €, each j and £ € Z;,

c+ul e S]’-(e,ﬁ) if and only if u; <u < Uj
c+ul € S/(e,£) if and only if U; + 1 < .

When SJ’» is unbounded, only u; is defined. In this case, U; = oo. This only occurs if j = 1,2 and
a=0,orif j =5.

The following is then clear whenever U; < oo.
(j =1) There exist Ay, A} € [0,L) such that

c+u1L=§+pl+A1, c+UIL==+G - A,

(j =2) There exist Ay, Al € [0, L) such that
o
c+us L = E-I-Ag, c+ UL = £+C1—A,2.
72 o
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( =3) There exist Ag,A; € [0,L) such that

!/

€ €
C—|—U3L:E—|—p2—|—A3, C+U3L:a+<2_A3-
(j =4) There exist Ay, Al} € [0, L) such that

€ €
c+usl=—+p3s+Ay, c+UL=—+G— AL

p B
If U; = oo, then the preceding equations hold for each ¢ + u; L.

2.2 Bounds for the inner integral

In this section € = —ord A—dyy is assumed to be unbounded, and the integral over each E@ (x, )1 =
1,2, 3, is estimated for ¢ > 1. To do so, one first expresses the integral as a sum of integrals over the
‘walls’ of each E@(x,\); that is, the union of all cosets [y]ordy+1, where ordy € £ (ordz, \).
This defines a series, indexed by &® (ordx,\), whose summands are determined by Claim 2.
Moreover, Lemma 2.3 has shown that the indexing set for the summation is a segment of an
arithmetic progression, and Lemma 2.5 has precisely determined the endpoints of each segment,
provided ordz is confined to exactly one arithmetic progression S;(e,£). A standard one variable
calculation then shows that the integral over each E() (z,\) is bounded by an expression that
depends only on the smallest and largest (if finite) elements of this segment. The result is as
follows, using Remark 2.7 (also see (3.3)).

LeEMMA 2.8. For each j =1,...,5, the following hold.
(i) Assume that r1 € Sj(e,£) is such that
réj)(rl, A) =€+ 4y and Rﬁj)(rl, A) =60r1 + k(£)

where 0 € {a,} and k(€) is some constant (i.e., independent of ri,\). Then there exist
constants a¢(€),de(€),e = 0,...,b, such that for any xo and x with ordz = r;

/E(H( N y| 72! logb\ylm(acy)\I’(Ay)\dy\‘ < a7 " ac() log“la|+|A[ Y " de(£) log©|A,
17 (x, e e

where < means (here and in (ii)) that the implicit constant is independent of x, \. If, however,
Réj ) = 400, then the left-most summand equals zero, and the integral is bounded by the
right-most summand (depending on |A|).

(ii) Assume that r € S; (e, £) is such that
rd (ri,\) = 0'r1 + K/ (8) and  RY(r1,\) = 0"r1 + &(€),

where 0" < 0" < 00,0',0" € {«a, 5}, and K/'(€), k" (€) are constants. Then there exist constants
a’(€),d.(€),e =0,...,b such that for any xo and x with ord x = rq,

/ Yyl ogPlylxz (ac y) ¥ (Ay) |dyl
EU) (22

< a2y " al(€) log©la| + |x| 772y di(8) log“|w].

If, however, Réj ) = —+o00, then the left-most summand equals zero, and the integral is bounded
by the right-most summand.

(i) If 0 = " and k(£) = k" (€), then a.(£) = al(£) for each e.

Proof. (i) In the notation of Definition 2.4, the hypothesis means that B;, = Q(r1,¢) determines
the smallest element of £ (r, \). Assume first that Ry )(7’1,)\) < 0o (equivalently, A;, > —o0).
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Thus, the interval for ¢ in Lemma 2.3 equals HAZ'].], [BZJ]] Since j and i; are fixed below, these
indices are dropped from the notation for simplicity.

One now observes that Claims 1 and 2 trivially imply

Aem 3 [W172 7 log"lylxs (ac y)‘P(Ay)Idyl‘ < (Tw -p™"W) - p"0,

ord y=ro

2041

where TW is the number of distinct units mod pW that are congruent mod p to the second

component of some b; that appears in the disjoint union of Claim 1.

Set C' =Ty - p~"W. Since y € E(z, \) if and only if ordy € £(ord z, \), it then follows that

[ el ¥ Ol < ST e g — gD
B@A) [A1<q<[B]

A standard use of partial summation implies that there exist constants a., d. depending only on
v9, b, such that for all x9 and =z,

/ ly[~> ! logblylm(acy)‘lf(ky)ldyl‘
E(z,\)

<C- Y plimrtmem el (niy 4omy — qD')?
[AT<q<(B]

=C {p“’l“mz-GBHUD’Wz S ae(rn+ma — (B + D)

b
=0

®

_ plrimma=[AID s |

e

de(rim+mo — [A] D’)e}. (2.9)

o

e=

By Lemma 2.5, it follows that
rin+me — ([B] +1)D = (e + o) — D', rin+mo— [A]D" = 0r; + k(). (2.10)

Substituting these expressions into the third and fourth lines in (2.9), one sees that the coefficient
of p~ordAv2 — | \|V2 (respectively pfU2t = |z|~9%2) equals

b

b
pllo=D'=dw)vz Z ae(—D'—Ow + Lo+ log |\|)° <respectively —piOe. Z de(—0log|x| + H(f))e>.
e=0 e=0

A straightforward simplification then yields the expression asserted by (i). Here, the coefficients are
written ae(€),d.(€) so as to emphasize dependence on £. (In fact, a.(£) depends on wvq,b, ¢y, and
de(£) depends on wvg,b,£. Since the dependence on £ is the most significant, this is emphasized in
the notation.)

An analogous argument applies if Rg(r1,\) = +o00. The letter a will continue to be used to
denote the coefficients that depend on £. (The actual values will differ of course from the preced-
ing a.(£).) One first observes that Rg(r1,\) = +oo implies Ny = 0. Thus, the value of vy must
equal the sy axis intercept of the line Lo =gef{Masa + p2 = 0} (see (1.6)). As a result, v < 0,
which implies the exponent of |y| in (2.9) is larger than —1. So, the integral converges absolutely

215

https://doi.org/10.1112/50010437X04000922 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X04000922

B. LiCcHTIN

since limg . va(rin 4+ mg — ¢D’) = —oo. One next concludes by Lemma A.3, that

/ N ly[~2 ! logblyle(acy)‘I’(Ay)ldyl'

<C- Y pmtmeallv iy 4omy — gD')°
—co<g<[B]
b
= C - plrrtma=((BH+)D vz Zae(r{n +mgo — ([B] + 1)D")".
e=0
Since mn +mo — ([B] + 1)D’' = (e + {p) — D’ remains as above, the preceding argument applies to
complete the proof.
The proof of (ii) is similar, using (2.9), the fact that

rin+me — ([B]+1)D = 0ry + £ (£), 7in+me—[A]D =0"r + k"(0), (2.11)

and

(rin+mao—[A]D")v2 ‘—9"1)2 K" (£)va

p = |z P
Using (2.11) in place of (2.10), the proof of (ii) when Rg(r1,\) = 400 is the same as that in (i).
The proof of (iii) follows immediately from the fact that the a. only depend on vy, b, and the

assumption that 0"ry + " (£) = 0r1 + k(£). O

Remark 2.9. Since one does not a priori know whether, in Claim 1, | | ; [bjlas+1 = Ug, it appears to
be difficult to precisely evaluate the inner integral. To do so would require a better understanding of
the exponential sum Ejrzl x2(bj2)¥(p°Abj2) for each e such that e +ord A € [~y , —1]. One case
in which this is (fortunately) possible is discussed in § 4.2.

3. Decay rates for the integrals (1.8) and (1.9)

This section completes the proof of Theorem A by establishing the purely local bounds (1.8), (1.9)
for a given w = (1, M, b, x) € Vw. Recall that (f,g) = Po 8 — P of(x) when W = QU (x), and
Q= {X Al =[x}

THEOREM 1. We have the following.

(i) Ifx is a good point for (f,g), then M (X) = O:(|A|7"¢), where 0, = max j{cj-axis intercept
of T',}.

(i) If x is bad for (f,g), then for each k, [ My, (T)¥(X - G (7))|dT||q, = Oc(|\|72To#)Fe), where
o2(T', 1) is the oy-axis intercept of T', .

An immediate consequence of Theorem 1 is the following characterization of the local decay rate
a(W) for Gy (A) in terms of the geometry of the polygons I'(W), 'y (W) (see Definition 1.7).

THEOREM 2. We have the following.
(i) If x is a good point for (f,g), then Gy (\) = OE(|/\|0(F)+5)‘

(ii) If  is a bad point for (f,g), then for each k, Gy (X)|a, = O-(|\g|72T%)T2), where o5(Ty) is
the oq-axis intercept of I'y,(W).

Before proceeding to the proof, some remarks will be useful.

Remark 3.1. The proof of Theorem 1 is the same for parts (i) and (ii). It is based on the discussion
in § 2, which applied uniformly to the pair (f,g) in Qqo, (g,f) in Qi, or each (Fy,Gj) in .
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By Definition 2.2, it therefore suffices to prove part (i) in Q9 with the exponent given by oo(T,).
The extension to €27 is done by interchanging f with g, and using the fact that the oy-axis intercept
of the polygon

2
fL = 8( ﬂ {(0'1,0'2) € (—0070]2 : Myo1 4+ Njog > —,ul-}>
=1

equals the op-axis intercept of T',. The proof of (i) will therefore use the discussion of § 2 by
setting A = Ay, and t =t = (f,g) (i.e. (z,y) = (t1,t2)). The extension to 2; then follows by setting
A=M,t =1t = (g,f). To prove part (ii) in Q; one chooses A = A\, and t = 7 = (Fy,Gy)
(i.e. (z,y) = (11, 72)). In either case, € = —ord A — ¥y is unbounded in the appropriate cone. Set &’
to denote the complementary index to k in the sense that {k, &'} = {1, 2}.

Remark 3.2. For the reader’s convenience, It is useful to record here the expressions for the axis
intercepts of I',. This depends on the quadrant containing the intersection point v(= L1 N L)
(see (1.6) and Figure 1) as follows:

v; < 0,02 20 implies § < oo, o;(I',)=0;(L2), j=1,2,

and o, = max {v1 + Suo, % +U2};

V1,02 < 0 implies O‘1(FL) = O‘1(£1), UQ(FL) = O‘Q(EQ),

max{vl—i-avg,ﬂ—kvg} if B < o0
and o, = B

max {v1 + avg, v} if B = +o0;

L

vy =2 0,v2 <0 implies a >0, o;(I') =0;(L1), j=1,2,

U1
and o0, =max<{v] + quy, — + Vg o.
«

By Remark 2.7, for fixed j = 1,...,5, the set of possible r; = ord z values is partitioned into
the sets Si(e, £),S7 (€, £) for £ € Z;. For x € {!," }, define the following integrals (for simplicity, the
domain of integration in z is defined in terms of ord z) for part (i):

(A 0) = / |~ log [y (e 2) U (A )
ord €S (€,£)

x (/E@.)( )Iyl_”_1 logb?Iyle(acy)‘I’(Azy)ldm)Id:rl- (3.1)
77 (x,e
It is clear that

5
ML) =) D (LA + I (X 0))

7j=1 EEI]‘
where the sum is for j € {1,3,4} if No > 0 and j € {2,3,5} if N = 0.
For given k define for part (ii) (see (1.2¢)):

(A L) = / 2]~ log ™ [y (ac 2) ¥ (coha” + Aeth(2))
ord €S (ex,£)

. ( [N zogb2|y|><2<acy>w<xky>|dy|)|da:|. (3.2)
E(lj)(xv)‘k)
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It is clear that

/Mw(T)qJ(g A)|dT| = Z D (T 0) + I (A ).

Jj=1 LeI;

Thus, it suffices to show the bound in part (i) restricted to g, (respectively part (ii) in ) for a
single term I7(X, £) + I7 (X, £), whose summands are defined by (3.1) (respectively (3.2)).

Notation. If P is any predicate (an expression having a true or false value depending on the value
of a certain variable), then denote by dp the function that equals one if the expression is true and
equals zero if the expression is false.

Proof of Theorem 1. Throughout the discussion one works with any nonempty and fixed S;(e, £) =
{c+uL : u > 0} and uses the objects (and notations) introduced in Remark 2.7. To estimate I + I
from above, one uses Lemma 2.8(i) (respectively (ii)) for the inner integral of I} (respectively I7).
As a result, the values of the quantltles denoted by 6,60’,0” in the statement of Lemma 2.8, need
to be specified first, given that R 75 +00 and S} (¢, £) # 0. These are as follows:

j=1 implies=0"=p, 0 =qa, k) =r"¥)=—-r|¢),
j=3 implies =0 =0"=a, k(£

j=4 implies =0 =0"=73, k() =~r"(£)=—r)(L), (3.3)

where the indicated expressions for #(£) (in terms of ’;(£)) are determined by Lemma 2.5. If REJ ) =
+00, then j € {2,5}. If j = 2, then Lemmas 2.5 and 2.8(ii) imply ¢’ = a. Recall that S]/(e, £) = ()
(i.e. Uj = 00) can only occur if &« = 0 and j € {1,2}, or if j = 5. Moreover, Lemma 2.5 implies that
j = 3 (respectively j = 4) implies o > 0 (respectively [ < 00).

It now follows that
x| 7021 [og et ||| (3.4)

ord x=c+ulL | |
u€u;,00)

2
(A 8) + TN )] < 60— - {5]-:1 3 ane)

2
I SO0 A [y bl g el
e=0 Y

ord x=c+ulL
u€[u;,00)

00y {5]-6{1,3,4} S ao)- /)rdm:cm 2] =101 Log®1[a] daf

u€fu,,00)
b
A2 de(€) log |\l - /)rdm% 2|7 L log ¥ ||| da]
e=0 u€lu;,Uj]
b2
—v1 —0" vy —
A /Ordz:cwm v =62 1zoge+b1\m|\dx\}. O
e=0 u€lU;+1,00)

Remark. The improper integrals, whose integrands contain a factor |z|~*~?*2=1 9 € {6,0'}, and
are determined by the conditions u € [u;,00) and u € [U; + 1, 00), converge absolutely. This follows
from the fact that for any value of 6,60, vi + Ovy and vq + @'vy are axis intercepts of the lines
L1, Ly and, thus, must be strictly negative. As a result, if U; < oo, then the two contributions over
u € [u;,U;] and u € [Uj + 1,00) with integrand |z|~?179%271 [og¢+P1|2| can be added together by
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Lemma 2.8(iii) and (3.3) to equal one integral over {z : ordaz = ¢+ ul,u € [uj,00)}. The only
other type of improper integral occurs when j = 2, Uy = oo, and Sj(¢, £) is unbounded. Since these
conditions occur exactly when § = 400 and a = 0, it must be the case that v; < 0, so that
the integral does converge absolutely. Note that Lemma 2.5 ensures that if j = 5 then Si(e,£) is
bounded, so the integral is not improper.

One next estimates each integral in (3.4). To do so, one now uses Remark 2.7 to express ¢+ uL
in terms of €, o, 3 when u = u; or u = U; + 1. This earlier discussion implies the following:

CLo001) ifj=1,4

p
ctujl = §+O(1) if j =3
O(1) if j =2,5;

(3.5)

S4001) ifj=1,23and S #0
(6%

+(U;+ 1)L = %+0(1) if j =4 and S #10

00 if j =5 (since S} = 0),

where O(1) denotes a function (in particular, of € though there is also dependence on j, £, of course)
that is bounded uniformly in € as € — oo. Using Lemma 2.5, Remark 2.7, and (3.5), the estimates
for (3.4) are straightforward and are left to the reader to verify as a useful exercise. For convenience
they are organized into the following four claims.

Cram 3. For each j € {1,3,4} and i = 0,1,...,b; + bo,

— 01 —Ovo— i
oo Sjeriny [y, [ logellda| =
u€lu;,00)

O (|\[/Btvete)y if j =14
O-(|A[pr/atvate) if j =3,
Similarly,

— 01 —Ovo— .
5U1=oo ' [)rdx:c—l—uL |x‘ vt lOgl‘IL’Hd.T‘ - OE(|)\|v1/ﬁ+v2+a)'
w€[ug,00)

CrAM 4. For each j <4 and i =0,1,...,bq,

2
Bty<e - IN2 3 de(0) log N - [ a7 g |d|

e=0 u€[uj,Uj]
(max{|)\|v1/a+vz+57 |>\|v1/ﬁ+v2+a}) ifj=1
(max {|A[2FE, |A[o1/otetel) if j =2
(|A[r/eteate) itj=3
O (|A[1/Ptvate) if j = 4.

€

CrAM 5. For each j <4 and i=0,1,...,b1 + by,
{08(|A|v1/a+v2+€) if j=1,2,3

. —v1—0"va—1 i _
oj<os /)rdm%L'x' g e O (|A[7/Ftv2e) i j = 4.

ue[U;+1,00)
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CrAam 6. For each j € {1,2,5},

b
G0 ™ D de€) 109 - [ty 2]~ log ] da]
e=0

ord x=c+ulL
u€uj,00
O:(|A[r/FFezte) if j =1
oAt if j = 2,5.

Checking the expressions in Remark 3.2, one verifies that the exponent of |A| in the bounds of
each of these claims is always at most the oo-axis intercept of the appropriate polygon, I', or I 1,
plus an arbitrary . This completes the proof of Theorem 1.

4. Condition P® and an improvement of Theorem 2

The estimate in Theorem 2(i) will be O.(|A|71¢) if at least one side of I'(W) lies on the line
o1 = —1 or 09 = —1. The same occurs for the estimates in (ii) if the o9-axis intercept of either
polygon I'y (W) equals —1. For arithmetic purposes, this estimate is too weak to be used for any
global purpose. This section introduces a geometric property, which, if satisfied, can often help lead
to a significantly better decay rate in max {|\1|, |\2|}. Igusa identified a (local) property in the case
of one polynomial and called it ‘Condition P’ [Igu78, p. 154]. There is a natural analog of this
condition for two polynomials.

DEFINITION OF CONDITION P®). Let W = U (x) be a good P wedge. Assume that x is a good
point for (f,g)(= P o — P of(x)). Then Condition P is satisfied at z if and only if the matrix
A(z) (see Definition 1.7) contains at most one column vector proportional to
1 0
e=10 or €= |1
1 1
If a column vector ¢ of A(x) is proportional to €;, then, in fact, ¢ = é;.

If « is bad for (f,g) in the sense of Remarks 1.2(iii), and (F},Gx) — (f,g) is an amelioration,
then Condition P?) is satisfied at @ if the preceding property holds for the matrix Ag(x).

Remark. The argument in Appendix B shows that if Condition P holds for one value of k, then
it also holds for the other possible value of k.

Throughout this section W will be a good P wedge with presentation W = 6U(x), Condition
P® will be assumed to hold at «, and (f,g) =P 08 — P o f(x).

4.1 Statement of the main result

Let A denote the matrix A(x) if  is good for (f,g) (respectively Ay (x) if  is good for (Fy, Gi)).
By a permutation of local coordinates at x, one can always arrange the nonzero columns of the
matrix A so that if &; (respectively €2) is a column vector of A then it is the left-most (respectively
right-most) column. Let R be the number of nonzero columns of A, « = {i, R} € Zy (see (1.6)), and
w = (¢, M,b,x) € Vw. Set 0;(L;) to denote the oj-axis intercept of L;.

The principal result is as follows.

THEOREM 3. We have the following.
(i) Assume that x is good for (f,g), and L; is a nonvertical line. Set o (x) = max ;j{o;(L;)}.
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Let M,, be an asymptotic monomial for Fy, (see Definition 1.8). Then for any ¢ < 1,
ME(A) = O (A7 @)+, (4.1)
If £; is vertical, then MY, (X) =0 if max {|A1],[A2]} > 1.

(ii) Assume that i, : (Fi,Gr) — (f,g) is an amelioration at x, L; is a nonvertical line, and M,, is
an asymptotic monomial for the fiber integral Fyy . Then for any ¢ < 1,

/Mw(T)‘I’(A S Gr(T)ldT e, = O(| M|, (4.2)
If £; is vertical, then this integral equals zero if |\p| > 1.

As in § 3, Theorem 3 easily scales to bound Gy (A) in terms of a polygon from which one
or both of the lines {s; + 1 = 0},7 = 1,2, have been deleted. Using the above notation, define
U ={j € [1,R] : the jth column of A # &;,és}. Write the jth column as (N;, M;, p1;). Set

"= 5< m{(ffl,ffz) € (—00,0]2 : Njor + Mjog > —Mj}>,
Jjeu
and o(I™) (respectively o2(I'*)) to denote the maximum of the axis intercepts of I'* (respectively
the og-axis intercept of I'*, if it exists).

It can happen that o(I'*) or o9(I'*) is considerably smaller than —1. When this does occur,
the bound in Theorem 4 represents a nontrivial improvement of Theorem 2. Examples of this were
discovered in [Lic03].

THEOREM 4. Assume the hypotheses in Theorem 3.
(i) If  is good for (f,g) and T'* # (), then
Gw(X) = O=(IA[7+).
IfT* =0, then Gy (A) = 0 if max {|\1], [A2]} > 1.
(ii) If (Fy,Gk) — (f,g) is an amelioration, and A = Ay(x), then
Gw (Mo, = O=(|Me|720H).
If o3(I'*) does not exist, then Gy (A)|q, = 0 if [Ag| > 1.

4.2 Proof of Theorem 3
The proof of (4.1) will be given, and the very similar proof of (4.2) is left to the reader. The first
ingredient required for the proof is the following.

LEMMA 4.1. Assume that x is good for (f,g) and €3 is a column vector of A(x). Then by = 0 for
any w = (L)M7b7X) € Yw.

Proof. By [Lic00, Proposition 5.2] and condition P@ it follows that the polynomial § = 1—p—(1+52)
defines a component, with multiplicity one, of the polar divisor of the local zeta function for the
wedge W,

Zo(x.5) = / xa(ac f)xa(ac g)|£1°! gl 67 dl.
U(x)—{f-g=0}

Denoting the first two rows of A(x) by (Ny,...,Ng),(Mi,..., Mg) with indices chosen so that
(Ngr, Mg) = (0,1), it follows that M;/N; < Mr/Ng =get +00 for any j < R. Thus, the vector (0, 1)
is an ‘extremal vector’ of the lattice, denoted by C () [Lic00, p. 70]. Moreover, there exists a unique
index ¢ so that My/N; = +00. One can then apply Proposition 6.8 of [Lic00]. This ensures that the
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multiplicity of S does not increase beyond one in the partial fraction decomposition [Lic00, (5.2.1)]
for Zg(x,s). Since the partial fraction decomposition determines the set of vectors appearing in
Yw, according to the recipe of [Lic00, § 6], it follows that for any (:,M, b, x) € Yy it must be the
case that by = 0. [l

Remark 4.2. The same reasoning also shows that b; = 0 must occur if €; is a column vector of A (x).
The argument also applies to the case in which « is bad and (Fj,Gx) — (f,¢) is an amelioration.
In this case, the data in Yy are determined by a partial fraction decomposition for the local zeta
function for W of the map (Fy, Gy) (i.e. replace f, g by Fi, Gy in the above integral). The conclusion
is as follows: for any (1, M,b,x) € Vw, if € is a column vector of A(x), then by = 0.

The second ingredient in the proof of (4.1) is as follows. Set o to denote the trivial character
on Uy.

LEMMA 4.3. If (¢, M, b, x) € Vw is such that x2 # X0, then no side of T, lies on {09 + 1 = 0}.

Proof. By [Lic00, (5.6.1)], the formula for the inverse Mellin transform implies that the proof of the
lemma is a straightforward consequence of the following.

Cramm. If yo # xo then Zgz(x,s) is not polar along {so + 1 = 0}.

Proof. Using the expression and notations from [Lic00, (5.2.6)], Zg(x,s) is a sum of integrals
taken over finitely many cosets [c + (p©)"] whose disjoint union equals U(x). If the assertion is
false, it follows that the integral over at least one such coset, say [¢ + (p©)"], must be polar along
{82 +1= 0}.

Let (z1,...,2,) be the centered (at «) local coordinates on U(x), such that the first R columns
of A(x) are nonzero (only) and the Rth column equals €;. It then follows that the integral over
[ + (p©)"] equals the product of a nonzero constant C' = C'(¢/, x) (subsequently dropped since it is
not needed in the discussion) and

R
J I R O A
[ei+(P°)]

R—1
— / xa(ac zg)|zr|*2|dzR) - (H / xi“‘x%’(aczi>|zz-|Ni81+MiS2+“i—1|dzz-|).
[cr+(p9)] i=1 7 ci+(®°)]

Since x2 # Xo, the evaluation of the integral with respect to |dzg| (see [Igu78, p. 89]) shows that
this factor is an entire function in s,. Moreover, since Condition P is satisfied at «, the polar
locus of any other factor in the parentheses cannot be {sg +1 = 0}. Thus, the integral could not be
polar along {s2 + 1 = 0} whenever x2 # xo. This proves the claim. O

=1

To finish the proof of Lemma 4.3 set w; = p~®,7 = 1,2, and use the expression obtained in
[Lic00, (5.2.1), (6.6.1)]:

Za:(X7 w) = Z ur ('LU, X)/UL (’LU)

LcA{1,..,R} b b
- Y ¥ Z’Jlf.w’kX)JFZ e(wéx)7 (4.3)
2 Sri G , S
LcA{1,..,R} {i,j}€To i Mg 1,0 ]
{ijicL icL

where S; = 1 — p‘“iwiviwév[i, vr(w) = HJEL S;j, and each v; is a positive integer. If x2 # Xo,
then the claim ensures that Sg = 1 — p~tws is not a factor of any vy (w) whenever ur,(w,x) # 0.
Thus, x2 # xo implies that Sr cannot appear as a factor in the denominator of any nonzero term
on the second line of (4.3). Applying the operator Res y, —oRes y,—o(-wy "ty 4271) to each

fraction on the right-hand side determines the asymptotic monomials M,,(t). One concludes that
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if w=(t,M,b,x) € Vw, and x2 # X0, then R ¢ . In other words, no such I', can have a side that
lies on the line {02 +1 = 0}. O

One now completes the proof of (4.1) as follows. For any w such that « = {i, R} € Zy, b = (b1,0),
and x = (x1, x0), it suffices to bound MY, (A)|q, in terms of o9(L;). A similar bound in € is then
argued in the same way (see Definition 2.2 and § 3). Reindexing so that i — 1 and R — 2, the cone
C. = ((IN1,M1),(0,1))7, , with o = M; /Ny and 8 = +o0c. Using the notation in § 2.1, the elements
of each effective slice £ (71, \y), are determined in Lemma 2.3. Since (Ny, My) = (0,1) it follows
that D' = N{ =1 and Q(r1,€2) = rin + ma — € (recall that e; = —ord Ay — ¥y ). Thus, the set of
all possible g equals (—o0, Q(r1,€2)], and the set of all ro values equals [e2,00) N N. Furthermore,

when 3 = 400, this condition can only occur if j € {2,3,5} in Definition 2.4.

The next point is the crucial one. Recall from § 2.1 that the monomial map z € U(zx) — zM

determines the range of the second component of the map (f,g) =P o6 — P o6(x). Thus, the set
of angular component values of elements of the range of g|y(z) equals

{acy :y =g(z)} = {ud™ - udr sy, u, €U

Condition P and the choice of indexing above now states that us must be a factor of this

monomial on U). Thus, for any u € U, there exist units uy, ..., u, such that uiwl u2u§4' . uﬁ/[” = u.
Writing b; = (b;1,b;,2) in Claim 1, one concludes that the set {by,...,br} satisfies the following

property:

[bj2]25+1 = Up.

-

1

j
One now observes that if j € {2,5} and 7 € S}(eg,£) (satisfying Ny | r1 — my) is such that

ord x = rq, then the fact that v = —1 implies
/ o ROaldy = Y, > p 2w (prtord R, )
EY5(z,)2) eceli) (11 A9) bj2€Up (mod p20+1)
= [ vl = [ w(uw)del =0,
ezeg Uy (p°2)

since €3 4+ ord Ay = —ty < 0 (see Corollary A.2 below).

Thus, the inner integral for M, can only be nonzero if r1 € S (e2,£) for some j and £€Z;.
Since f = +o0, Lemma 2.5 shows that S7(ez,£) # () only occurs when o > 0 and j € {2,3}.
By Lemma 2.8(ii), the inner integral over E(i)(x, \y) is bounded (uniformly in \g) by |z|~®*2
> de(£) log©|z|. In addition, using the notation from Remark 2.7 to write the elements of S} (e, £),
it follows that if ordz € S}/ (e2,£€), then ordz = c+ulL for some u > Uj, where c+U; L = e2/a+O(1).
Thus, the estimation argument from § 3 shows that for any e one has:

/ | 77 log P | = O (Ao T72FE) = O (|Ag| 2V F),
ordz€S (e2,£)

If £; is vertical, this states that a = 0 so that S]’-’(EQ,E) = () for any £, j. By the above argument,
this ensures that M (A)|o, = 0 for €2 > 1. This completes the proof of (4.1).

Appendix A. Evaluation of some one variable oscillatory integrals

The evaluation of certain one variable oscillatory integrals are assembled here for the reader’s
convenience. First, one recalls the following result [Igu78, p. 56].
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LEMMA A.1. If R is any integer such that R < —ord A — 1 and a > —1, then

1_p—1)p—(a+1) 1 o
ew(n)d = po+t | ¢ -
| e = gt | ST Dy

A consequence of Lemma A.1 is important when o = 0.

COROLLARY A.2. If \ satisfies ord A\ < —R, then f(p)R U(tA)|dt| = 0.

A version of the above with an additional log®|t| factor in the integrands is also needed.
The following suffices. It is proved using Lemma A.1 and partial summation.

LEMMA A.3. We have the following.

(a) If R+ ord A\ > 0 and b, L > 1, then for any «,
b
/ [t log" [t W (tN)|dt] = > (ci(R+ L+ 1) p~ FBHEADOF ¢, pip=Flatl)),
(p)R_(p)R+L =0
where each ¢;, ¢; depends only on p,b, a. Assuming that o > —1 and letting L — oo, it follows

that
b

/( " |t log ®[t| W (tN)|dt] = Z(—Cz')Rip_R("‘*l),
P

=0
(b) If b, L > 1, then for any «, f(p)R_(p)R+L |t log®|t| W (t\)|dt| = 0 if R+ (L — 1)+ ord A < —1.

IfR+ L+ ordA >0 and R< —1—ordA\, then

/ 111° Tog [t} (1N |dt| = / 11° Log [t} (1N [de].
(p)E—(p)BH+L (p)~1-ordA—(p)R+L

Appendix B. Proof of the assertion Remarks 1.4(ii)

Although the argument is elementary, it is rather long, so it seems best to place the proof in this
appendix. One chooses indexing so that (i, k) = (1,2).
Assume that z are local coordinates on U(x) (centered at x) such that (see (1.1)):

B L; _ M; Ly ... L,\ _
Fy(z) = sz- ui(z), Ga(z)= Hzi uz(z), rank <M1 Mn> =2,
(2(Fy, G2) = (cF ,9(Fy) + Ga) = (f,g),  where ¢)(Fy) = cxF + cop1 Fy T + -+ e #0.
Since the rank of the matrix equals two, there exist coordinates w = (wi,...,w,) such that if

L=(Ly,...,L,) and M = (My,...,M,) then
Fy(w) =wrl, Go(w)=wM.

Since x is bad for (f, g) in the sense of (Remarks 1.2(iii)), it follows that w*t'|w™: that is, kL; < M;
for each i, but strict inequality holds for at least one i. Choosing indexing so that L; > 0, define
new coordinates v = (v1,...,v,) by setting

Conl Crro 1/kLy
v1:w1<1—|—iwL+iw2L+"'> , U= Wiyt = 2
Ck Ck

Writing w; = v1 (1 + ¢(v)), ¢(0) = 0, one then observes that
p(v) = 2(v"h).
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This is verified by induction by showing that for each integer ¢ > 1, there exists a polynomial y(t)
such that
p(v) = @o(v")  (mod (vr, ..., v,) ).
Y

Since ((v) is analytic, the sequence ¢, (v™) converges to an analytic ®(v) on some open compact

Ui(x). Thus,
F) = oM (1 + d(ol) P, ¢(Fa) + Gy = cov™ 1 + b - oM (1 4 @ (o)) M.
Next, define the coordinates y = (y1,...,yn), analytic in some Us(x), by setting
yr=v1 - [T+t - oM (14 M) MVl g — i > 2
It is then evident that g(y) = c.y". Now, writing
14 et oML (1 4 (b)) MM]Y/rb = 1 4 MR (e 4y (pl))
where ¢ + u(v¥) is a unit in Uy(x), it follows that
v =y (1 +yM MV (y), v =wi,i>2, V = an analytic unit in Up(x);
Fy) =y™ 1+ g™ V()" (14 2(0™) ™ ) 2y (1 gMorLy )
It is clear that one can write
(1 +yM Ly (y)) 5 = 1+ yM=* LY’ where V' is an analytic unit on some Us(x).

Either ®(vY) = 0, or there exists jo > 1 such that ®(v%) = > isio ejv’t and e, # 0. It also follows
by an elementary manipulation that if ® # 0, then
(14 @5 oy gty = 1+ D ey’ (L+ MV ()™
J=jo
— e(yL) + yM—(H—jo)L . V”(y),

where e(y%) and V" (y) are analytic units on some Uy(x).

Now define
. 0 ifd=0
10 —
jo if @ #0.
An additional manipulation then shows the existence of an analytic ¢ (¢)(# 0) of order vy such that
F;(y) _ 7[)1 (yL) + yM+(~/—n+z‘0)L Sy
where V" is an analytic unit on some Us(x). Setting F} = yU Gy = yMFTO—rwtio))b .y and
defining (i : (F1,G1) — (f,9) by
G (Fy,Gh) = (1 (F1) + Gh, e - FIT),

it is clear that (; is an amelioration of type 1 at x. In addition, note that the role of v in (1.2¢) is
now played by x = ord ;3(t).
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