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Summary , This pape r gives a l t e rna t i ve s t r a igh t fo rward and 
s i m p l e r p roofs of some of the r e s u l t s of L a u r e n t ' s [10], and L i k e s ' 
[11], [13]. The de r iva t i on of the r e s u l t s is s implif ied by using the 
t heo ry of D i r i c h l e t ' s mu l t ip l e i n t e g r a l and the t r a n s f o r m a t i o n used to 
d e r i v e this mul t ip l e i n t e g r a l . Some appl ica t ions of D i r i c h l e t ' s 
t r a n s f o r m a t i o n to o r d e r s t a t i s t i c t heo ry f rom g a m m a , and n o r m a l 
popula t ions , have been a l r e a d y given by Kabe [7], 

1. In t roduc t ion . A cons ide rab l e amount of r e s e a r c h work has 
r e c e n t l y been done in the d i s t r ibu t ion theory of l inear funct ions, or of 
r a t i o s of l i nea r funct ions, of o rde red s t a t i s t i c s f rom one or m o r e 
exponent ia l popula t ions , which s o m e t i m e s m a y be t r u n c a t e d . The 
exponent ia l m o d e l i s nowadays widely used in F a i l u r e Theory , see 
e . g . , E p s t e i n and Sobel [ l ] , Eps te in [2], Eps te in and Tsao [3], 
L a u r e n t [10], and Holla [6], and i t s p r o p e r t i e s a r e thoroughly 
explored e i the r f rom a m a t h e m a t i c a l point of view, see e . g . , Tanis 
[19], Hogg and Tan is [5], L ikes [11], [12], or f rom a mixed m a t h e m a t i c a l 
and applied point of view, see e . g . , Saleh [17], L ikes [13], and a lso 
Eps t e in et a l . The m a t h e m a t i c a l tools employed, in the de r iva t i on 
of the d i s t r i bu t ion p r o b l e m s , by above au thor s a r e va r i ed and 
s o m e t i m e s compl ica ted , see e . g . , L a u r e n t [10], and L ikes [11], [12], 
[13], [14]. A common tool that a p p e a r s to be f requent ly used by some 
of the above au tho r s i s a t h e o r e m of Eps t e in and Sobel ' s [ l ] which 
s t a t e s that x. . . - x, . i s d i s t r ibu ted as a ..2 v a r i a t e with two d e g r e e s 

( I ) ( l - l ) X B 

of f r eedom, w h e r e x. i s i - t h s m a l l e s t o b s e r v a t i o n in an o r d e r e d s a m p l e 

of s ize N f rom an exponent ia l popula t ion . D i r i c h l e t ' s t r a n s f o r m a t i o n 
which indeed is a v e r y powerful tool for deal ing with a subs t an t i a l 
p a r t of applied o r d e r s t a t i s t i c theory f rom the exponent ia l and 
function d i s t r i bu t ions a p p e a r s to have been neg lec t ed . Our p u r p o s e in 
th is p a p e r i s to use this tool to give s imp le , e legant , and s t r a igh t fo rward 
p roofs of some of the r e s u l t s of L a u r e n t ' s [10], and L ikes [11], [13] . 
A l t e rna t ive p roofs of some of the r e s u l t s of other au thors m a y be 
developed on s i m i l a r l i n e s . 

This p a p e r was w r i t t e n while the author held a s u m m e r (1967) r e s e a r c h 
fel lowship of the Canadian M a t h e m a t i c a l C o n g r e s s . 
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S o m e r e s u l t s w h i c h a r e found u s e f u l i n t h e s e q u e l a r e s t a t e d i n 

t h e n e x t s e c t i o n . We a s s u m e t h a t a l l t h e i n t e g r a l s o c c u r r i n g i n t h i s 

p a p e r a r e e v a l u a t e d o v e r a p p r o p r i a t e r a n g e s of t h e v a r i a b l e s of 

i n t e g r a t i o n . 

2- S o m e u s e f u l r e s u l t s . T h e D i r i c h l e t ' s m u l t i p l e i n t e g r a l , 

G i b s o n ( [4 ] , p . 4 9 2 ) , s t a t e s t h a t 

a . - 1 Q u - 1 Q ^ T - I 

R 

a - 1 a - 1 a - 1 
( i ) / y , y 2 . . . y N % , + • • • + y N ) d y . . . d v 

1 Y N 

a + . . . + a - 1 1 N 
= ( r « 1 r ^ . . . r o k / r ( a . 1 + . . . + < , N ) ) e N f(eN) , 

w h e r e t h e r e g i o n R of i n t e g r a t i o n i s d e t e r m i n e d b y t h e c o n d i t i o n s , 

v > 0, i = 1, 2 , . . . , N: v + y + . . . + V = 0 . H e r e f i s a s u i t a b l e y i ~ ' y l y 2 y N N 
f u n c t i o n and t h e i n t e g r a l i s to b e u n d e r s t o o d a s a p a r t of t h e v o l u m e 

i n t e g r a l o v e r t h e r a n g e , y. >_ 0, i = 1, . . . , N; 0 < y + . . . + y < G + d G . 

In c a s e f i s a s u i t a b l e d e n s i t y f u n c t i o n of t h e y ' s , t h e n o b v i o u s l y t h e 
r i g h t - h a n d s i d e of (1) i s t h e d e n s i t y f u n c t i o n of t h e v a r i a t e G . T h e 

i n t e g r a l (1) i s t h e n e v a l u a t e d b y u s i n g t h e ( D i r i c h l e t ' s ) t r a n s f o r m a t i o n , 

G i b s o n ( [4 ] , p . 147) 

(2) .= y i = ej Vi--- V j = 4-2 N-
1=1 J J 

T h e J a c o b i a n J of t h e t r a n s f o r m a t i o n f r o m t h e y ' s to t h e 6 ' s i s 

k n o w n to b e , G i b s o n ( [4 ] , p . 147) 

(3) j = e e 2 . . . eN" 2 e ^ 1 . 
V ' 2 3 N - l N 

We n e x t r e q u i r e a r e s u l t of P a t i l and W a n i ' s [ 1 5 ] , w h i c h m a y b e 
s t a t e d a s f o l l o w s . L e t x , x , . . . , x b e a r a n d o m s a m p l e of s i z e N 

f r o m t h e d i s t r i b u t i o n F ( x , 6) = p{x. <_ x} , and l e t t ( x , x , . . . , x ) b e 

a c o m p l e t e and s u f f i c i e n t s t a t i s t i c f o r 6 . T h e n p { x < a 11} i s t h e 

u n b i a s e d m i n i m u m v a r i a n c e e s t i m a t e ( U M V E ) of F ( a , 6), w h e r e a 
i s a k n o w n c o n s t a n t . I t m a y b e m e n t i o n e d t h a t in v i e w of T u k e y ' s 
t h e o r e m [ 2 1 ] , P a t i l and W a n i ' s r e s u l t a l s o h o l d s good f o r t r u n c a t e d 
p o p u l a t i o n s . F u r t h e r , i t f o l l o w s t h a t p { x < a , x. < a^, . . . , x, < a I t ) 

^ 1 1 2 2 k k 

i s U M V E f o r t h e p r o d u c t F ( a 6) F ( a 9) . . . F ( a , G), w h i c h s h o w s 

t h a t p o w e r s of F ( a , G) m a y b e e s t i m a t e d and h a v e U M V E ' s . 

Now w e p r o c e e d w i t h t h e a p p l i c a t i o n s of t h e r e s u l t s of t h i s 
s e c t i o n . 
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3. An Exponential Analog of Thompson's Distribution. Thompson 

[20] in his studies of rejection of outlying observations from a normal 

population showed that the variate (x. - x)/s has a beta (in fact a 

symmetrical beta) distribution. Here x. is the i-th observation x 

is the sample mean and s is the sample standard deviation. Laurent 
considers a two parameter exponential distribution 

(4) f(x;m,o-) = (l/V) exp{- (x-m)/cr} , x> m, o- > 0, 

from which a sample of size N is available with x. , as the smallest 
( 1 ) 

observation and x as the mean. If Y denotes x-x, JX, then it is 
(1) 

known that (x , Y) constitutes a complete and sufficient statistic for 

the pair (m, cr). He finds the distribution of (£, - x )/Y where £ 

is any other of the N observations. The distribution of (£ - x. .)/Y 

is a beta distribution termed by Laurent as an exponential analog of 
Thompson's distribution. He uses this distribution to estimate the 
survivor probability 

(5) s(a) = p{x > a} = / f(x;m,cr)d: 
«̂  a 

He also estimates powers of s(a). Laurent uses a very complicated 
procedure for finding the distribution analogous to Thompson's 
distribution. We give here an alternative proof. Since the distributions 
in which we are interested do not depend on m and cr, we take 
m = 0 , cr = 1. 

Let x, t ,, x . x . . . . , x be a sample of size N from the 
(1) 2 3 N 

density function 

(6) f(x) = exp{-x} , 0< x< oo, 

where x . denotes the smallest observation. Obviously, the 
(1) 

conditional density of x , x , . . . , x , given x , is 

-1 N 

(7) f ( x 2 , . . . , X
N I X

( 1 ) ) = N e x p { - 2 ( V X ( 1 ) ) } ' X i > X ( l ) * 
i=2 

Let n. = x. - x. ., i = 2 , . . . , k +1; 5 . = x. - x. , j = k +2 , . . . , N. 
i i (1) J J (!) 

Then we note that 

(8, N Y = ^ 2 + - ' + T ' k + l ) + ( 6
k + 2 + - - + 6 N ) -
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It follows that the jo in t dens i ty of rj's and Y, given x , i s 

(9) N " 1 / e x p { . ( T l 2 + . . . + r , k + 1 ) - ( 6 k + 2 + . . . + 6 N ) } ^ . . . d ô ^ 
R 

w h e r e the r eg ion R of i n t e g r a t i o n is d e t e r m i n e d by the condi t ion (8). 
However , the i n t e g r a l (9) is evaluated by using (1), and we find that 

(10) f ^ V n ' Y l ^ i ) ) = e * p { - N Y } ( N Y - T , 2 - . . . - ^ k + 1 ) N " k " 2 / r ( N - k - 1 ) . 

F u r t h e r i t i s ea s i ly shown that 

N-2 
(11) f ( Y | x ) = e x p { - N Y } (NY) / r ( N - l ) . 

Hence f r o m (10) and (11) we obtain that 

(12) f(T,2, . . . ^ k + 1 l x
( 1 ) . Y) = ( N - l ) ( N Y - 2 ^ . ) ( N " k " 2 ) ( N Y ) 2 " N / r ( N - k - l ) . 

Now by using (1Z) and the r e s u l t of P a t i l and Wani ' s we conclude that 

k TVT_2 

(13) / ^ . . . . . ^ J x Y)dr, dr, = ( ! - = ( a - x )/NY) " , 
^ J=l 

i s an UMVE of the s u r v i v o r p r o b a b i l i t y p r o d u c t S(a ) . . . S(a ). 

The r a n g e of i n t e g r a t i o n (13) i s ii > (a . - x. â , ) , i = 2 , . . . , k + 1 . 
& & 'i i - 1 (1) 

Inc identa l ly note that L a u r e n t ' s r e s u l t s ([10], p . 653, equat ion (6), and 
p . 655, equat ion (11)) a r e in e r r o r . In c a s e k = 1, then (12) g ives 

i N-3 2 -N 
(14) f ( r i 2 | x ,Y) = (N-2)(NY - TI2) (NY) , 0 < ^ < NY . 

The d i s t r i bu t i on (14) i s t e r m e d by L a u r e n t as an exponent ia l analogue 
of T h o m p s o n ' s wel l known be ta d i s t r i b u t i o n . Th i s , of c o u r s e , i s a 
s imp le p r o p e r t y of the exponent ia l popula t ion which s t a t e s that if x 

and x have exponent ia l (or g a m m a ) d i s t r i bu t i on then the condi t ional 

d i s t r i bu t i on of x , given x + x , i s a be ta d i s t r i b u t i o n . The 

m u l t i v a r i a t e g e n e r a l i z a t i o n s of this p r o p e r t y a r e a l so known, and a 
n u m b e r of such g e n e r a l i z a t i o n s have been given by L a u r e n t in a s e r i e s 
of p a p e r s , a b s t r a c t s , t e chn ica l r e p o r t s , and m e m o r a n d a s . 

4 . D i s t r i b u t i o n of r educed i - t h o r d e r s t a t i s t i c . Th is sec t ion 
i l l u s t r a t e s how we m a y p r o c e e d to obtain the d i s t r i b u t i o n s of the r a t i o s 
of l i nea r functions of o r d e r e d s t a t i s t i c s f r o m an exponent ia l popu la t ion . 
As an example we cons ide r the d i s t r i bu t i o n of the reduced i - t h o r d e r 
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s t a t i s t i c , see L a u r e n t ([10], p . 656, equat ion 20). Since the 
d i s t r i bu t i ons in which we a r e i n t e r e s t e d do not depend on the o r ig ina l 
p a r a m e t e r s , we a s s u m e that our m o d e l i s given by equat ion (6). Le t 
x . , < x . , < . . . < x . , be the o r d e r s t a t i s t i c s . Set 

(1) (2) (N) 
J 

x. = S y , j = 1, 2, . . . , N. Note that the Jacobian of the 
(J) i=l i 

t r a n s f o r m a t i o n f rom the x v a r i â t e s to the y v a r i â t e s is unity, and 
that the y v a r i â t e s a r e u n o r d e r e d . Now we a r e i n t e r e s t e d in finding 
the d i s t r i bu t i on of the s t a t i s t i c 

i N 
(15) W = ( x - x )/NY = ( S y . / S (N - j + 1 )y ) - (u /v) , 

[1) [1) j=2 J j=2 J 

w h e r e u and v denote , r e s p e c t i v e l y , the n u m e r a t o r and the denomina to r 
of third m e m b e r on the r igh t -hand side of (15). Obviously the jo in t 
c h a r a c t e r i s t i c function ( c . f . ) cf> ( i t . , it ) of the v a r i â t e s u and v i s 

i N 
(16) 4> (it , i t ) = Ni f e x p { i t 2 y. + it 2 ( N - j + l ) y . 

1 j=2 j j=2 J 

N 
- S ( N - j + l ) y . } dyd dy 2 . . . d y N 

j = 2 J 

i 
= { ( N - l ) i / ( N - i ) > . ( l - i t ) ""}{ TT [ ( N - k + l ) ( l - i t ) - i t ]} ~ 

Z k = 2 ^ 1 

i " 4 / „ T .x , / „ v k - l , . V 2 - N 

s (N- l ) 1 (-1) (1 - it) 
k = 1 (N-i) I (k-1) i ( i - l - k ) 1 [ (N- i+k) ( l - i t 2 ) - i t j ' 

On inve r t ing the c.f. (16) we find that 

( i l ) w„ v ) _ i - s ( N - l ) I ( - l ) k - d exp{-v) ( v - ( N - i + k ) u ) N " 3 

( 1 ? ) f ( U ' V ) ~ , A ( N - i ) 1 (N-3) I ( i - l - k ) I (k-1) •. 
k=l 

By using (17) we m a y eas i ly show that 

/ !«) fim - Ï ( N - l ) '• (N-ZU-i)k-\i-{N-i+k)Vf)N-3 

( 1 8 ) f ( W ) ~ k _ d (N-i) 1 (k-1) • ( i - l - k ) ! 

w h e r e the r ange of va lues of W is W > 0, and that the e x p r e s s i o n in 
the b r a c k e t containing W is p o s i t i v e . The r e s u l t (18) has been 
r e c e n t l y obtained by Likes [14] in a different way. 
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L i k e s [13 ] c o n s i d e r s t h e s t a t i s t i c s 

(19) ^ - ^ ( r , s ; p , q) = ( x ( g ) - x
( r ) ) / ( x

( q ) " x
( p ) > > 

l < p < r < s < q < N , 

i n h i s s t u d i e s of t e s t i n g o u t l i e r s f r o m a n e x p o n e n t i a l p o p u l a t i o n . We 
n o t e t h a t t h e d e n s i t y of ijj d o e s n o t d e p e n d o n t h e o r i g i n a l p a r a m e t e r s . 
S i n c e \\i i s a r a t i o of l i n e a r f u n c t i o n s of e x p o n e n t i a l p o p u l a t i o n s i t s 
d i s t r i b u t i o n i s of a b e t a t y p e , i n f a c t a f i n i t e s e r i e s of b e t a d i s t r i b u t i o n s 
of t h e t y p e 

m n - 1 m - 1 n - 1 m + n 
(ZO) f(x) = a b { B ( m , n)} x ( 1 - x ) / ( a x + b ( l - x ) ) , 0 < x < 1 . 

H o w e v e r , L i k e s [13] o b t a i n s t h e m i n a d i s g u i s e d i n t e g r a l r e p r e s e n t a t i o n 
f o r m . T h e d e n s i t y of I|J m a y b e e a s i l y o b t a i n e d b y t h e m e t h o d of c f . s 
a s w e h a v e d o n e i n t h i s s e c t i o n . T h e d i s t r i b u t i o n of t h e r e d u c e d i - t h 
o r d e r s t a t i s t i c o r t h e d i s t r i b u t i o n of \\j m a y a l s o b e o b t a i n e d f o r t h e 
t r u n c a t e d e x p o n e n t i a l p o p u l a t i o n by u s i n g t h e m e t h o d of c . f . s a s 
i n d i c a t e d i n t h e n e x t s e c t i o n . 

5 . T r u n c a t e d E x p o n e n t i a l M o d e l . I n c a s e t h e e x p o n e n t i a l m o d e l 

i s t r u n c a t e d , t h e n t h e m e t h o d of c h a r a c t e r i s t i c f u n c t i o n m a y b e a p p l i e d 

to s t u d y t h e d i s t r i b u t i o n t h e o r y of l i n e a r f u n c t i o n s of o r d e r e d s a m p l e 

v a l u e s . Now c o n s i d e r t h e m o d e l 

- 1 
(21) f(x) = (1 - e x p ( - x )) e x p { - x } , 0 < x < x 

T h e c . f . of x i s 

(22) (1 - e x p ( - x ) ) _ 1 (1 - e x p { - ( l - i t ) x } )(1 - i t ) " 1 . 

T h u s t h e c . f . of 6 = x, + x _ + . . . + x T i s 
k + 1 k+2 N 

(23) (1 - e x p ( - x ) ) " ( N " k ) ( l - e x p { - ( l - i t ) x } ) N ~ k ( l - i t ) " ~ ( N ~ k ) . 

On e x p a n d i n g t h e m i d d l e t e r m of (23) by t h e b i n o m i a l t h e o r e m and 
i n v e r t i n g (23 ) , w e r e a d i l y f ind t h a t 

N - k 

(24) f(6) = (1 - e x p ( - x ) ) " ( N " k ) ( ( N - k ) ) " 1 Z' ( N " k ) 
o r = 0 r 

e x p { - 5 } (5 - r x ) N ' ( - 1 ) , 

w h e r e ( 5 - r x ) i s p o s i t i v e , h e n c e r r e a l l y r u n s f r o m 0 to [ 5 / x ] . 
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By se t t ing k = 0 in (24) we get the dens i ty of the v a r i a t e 
t = x + . . . + x . Thus using (21) and (24) we find the joint dens i ty 

of x , x„, . . . . x , and 6 to be 
1 2 k 

(25) f ( X l , x 2 , . . . , x k ) f ( 6 ) = f(x1> x 2 , . . . , x k , 6) 

= (1 - e x p ( - X Q ) ) " N ( (N-k ) ) " 1 e x p { - ( x 1 + . . . + x k + Ô )} 

N-k 
1, .N-k . , „ .r / c . N - k - 1 
2 (-1 5 - r x ) 

r o 
r = 0 

F u r t h e r se t t ing 5 = t - x - . . . - x , and using (24) and (25) we have 
that 

(26) f(x . . . . , x It) 
1 k 

N-k 
N S ( N - k ) ( - l ) r ( t - x . . . . - r - u ) ^ - 1 

r 1 k o r = 0 

N r N-1 
(N-k) S C) ( - l ) r ( t - rx f 

r = 0 r 

Thus p{x > a , x > a , . . . , x^ > a | t} , which can be expl ic i t ly 
evaluated, i s UMVE of the su rv ivo r p robab i l i ty p r o d u c t 
s(a ) . . . s(a, ). Thus , e. g. , if t is held fixed in 0 < t < x , then 

I k o 
N-1 N-1 

sfa , ) . . . s(a, ) i s e s t ima ted by (t - a - . . . - a ) / t . In ca se 
I k I k 

k = 1, the r e s u l t (26) a g r e e s with the one given by Holla ([6], p . 334, 
equat ion (8)). Ho l l a ' s r e s u l t (9) is wrong . 

In c a s e only the f i r s t r o r d e r e d obse rva t ions a r e ava i lab le 
f rom (21), then we p roceed as has been done by Holla ([6], p p . 334-335) . 
Inc identa l ly note that we m a y show that Eps te in and Sobel ' s [ l ] 
t r a n s f o r m a t i o n 

(27) U. = (N- i+l ) (x - x ), i = 1, . . . , r ; x = 0, 
i ( i ) ( l - l ) ( 0 ) 

shows that U 's a r e independent ly and ident ica l ly d i s t r ibu ted when 
i 

x is infinite as Holla r e m a r k s ([6], p . 334, l a s t but one l ine . Since U., 
o i 

i = 1, 2, . . . , r , has exact ly the dens i ty (21), we see that Ho l l a ' s second 
r e s u l t ([6], p . 335, equation (13)) can be deduced from Hol l a ' s f i r s t r e s u l t 
([6], p . 334, equat ion (9)) by s imply s-ubstituting r for n and u for x . 
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S i m i l a r l y r e s u l t (14) of H o l l a ' s m a y b e d e r i v e d f r o m r e s u l t ( 1 0 ) , s e e 

H o l l a ( [6 ] , p p . 3 3 4 - 3 3 5 , e q u a t i o n s (10) and ( 1 4 ) ) . I t t h u s f o l l o w s t h a t 

if x = 0, i . e . , t h e p o p u l a t i o n i s t r u n c a t e d a t 0 , r a t h e r t h a n a t 

x . a s a s s u m e d by L a u r e n t , t h e n f r o m (13) w e n o t e t h a t a n U M V E of 

— r - 2 
t h e p r o d u c t ( s ( a ) s ( a ) . . . s ( a , )) i s (1 - S a . / r u ) , w h e r e o n l y 

1 2 k j = 1 j 

t h e f i r s t r > k o r d e r e d s t a t i s t i c s a r e a v a i l a b l e f r o m (4) , w i t h m = 0, 
and u i s t h e m e a n of t h e U . ' s g i v e n by ( 2 7 ) . O b v i o u s l y if k = 1 and 

t i s f i x e d b e t w e e n 0 and x , t h e n (26) i s L a u r e n t ' s e x p o n e n t i a l 
o 

a n a l o g u e of T h o m p s o n ' s d i s t r i b u t i o n f o r t h e t r u n c a t e d e x p o n e n t i a l 
d i s t r i b u t i o n . 

6 . P o w e r f u n c t i o n d i s t r i b u t e d . L e t x . , < x . _ . < . . . < x . T. 
(1) (2) (N) 

b e a n o r d e r e d s a m p l e of s i z e N f r o m the p o w e r f u n c t i o n d i s t r i b u t i o n 

(28) f(x) - k p - k x k ~ \ 0 < x < ( 3 . 

T h e n L i k e s [ l l ] o b t a i n s s o m e d i s t r i b u t i o n s of t h e p o w e r s of t h e p r o d u c t s 

and q u o t i e n t s of t h e o r d e r e d v a l u e s . F o r t h i s p u r p o s e h e u s e s t h e 

o r d e r s t a t i s t i c t h e o r y f r o m t h e e x p o n e n t i a l p o p u l a t i o n . I t m i g h t b e 

i n t e r e s t i n g to o b t a i n t h e s e d i s t r i b u t i o n s f r o m t h e f i r s t p r i n c i p l e s . If 

b o t h (3 and k a r e u n k n o w n , t h e n t h e p a i r (x . , log x - Z log X . . . / N ) 

c o n s t i t u t e s a c o m p l e t e and s u f f i c i e n t s t a t i s t i c f o r t h e p a i r ((3. k ) . 
T h e j o i n t d e n s i t y of t h i s p a i r m a y b e e a s i l y o b t a i n e d by t h e p r o c e d u r e 
w e s h a l l o u t l i n e i n t h i s s e c t i o n . S i m i l a r l y w e m a y o b t a i n t h e d i s t r i b u t i o n s 
of p r o d u c t s and q u o t i e n t s of t h e o r d e r e d v a l u e . We s i m p l y t r a n s f o r m 
t h e o r d e r e d x v a r i â t e s to t h e u n o r d e r e d 6 v a r i â t e s b y t h e r e l a t i o n 

(29) X
( J ) = j / i = VJ+I-V j = 1 - 2 N-

T h e J a c o b i a n J of t h i s t r a n s f o r m a t i o n i s g i v e n b y ( 3 ) . A s f i r s t 
e x a m p l e w e s h a l l f ind t h e c o v a r i a n c e of x and x i < j , 

I1) (j) 
i = 1, 2 , . . . , N - l . O b v i o u s l y t h e c o v a r i a n c e i s 

j - 1 N N N 
(30) p { E ( TT e. IT e . ) - E ( IT e„) E ( TT e n 

1=1 J=J 1=1 J=J J 

2 J ~ d N 2 2 
= p IT E ( e ) { TT [ E ( 0 - ( E ( e . ) n > , 

i= i 1 j= j J J 

w h e r e t h e d i s t r i b u t i o n of 0 ! s i s 
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(3i) f(e , e . . . . , 0 j = N'."kN IT e l k " d , o < e < 1, i = 1, . . . , N . 
1 2 N . , i l 

i = l 

By using (31) we m a y eas i ly p rove that 

(32) E(et) = i k / ( i k + t), i = 1,2, . . . , N. 

i t follows that 

j - 1 N 
( 3 3 ) COv(x , X ) = TT IT , . , ? w . . , . . 

(i) (j) . = 1 ik+1 . = . (kj+2)(jk+l) 

As second example we cons ide r a r e s u l t of Likes ([11], p . 270), 
who shows that the s t a t i s t i c 

(34) 2kN/k = 2kN log U2 = 2kN log(x ( / (x } . . . x ( N ) ) d / N ) ^ 

2 
ha s a x d i s t r i bu t ion with (2N-2) d e g r e e s of f r e e d o m . H e r e k 
r e p r e s e n t s the m a x i m u m likelihood e s t i m a t o r of k. Now we note that 
the d i s t r i bu t ion of k does not depend on p , and thus i t amounts to 
finding the d i s t r ibu t ion of the s t a t i s t i c 

N - l 
(35) z = x ( N ) / ( x ( 1 ) . . . x ( N ) ) = ( ^ G. ) , 

w h e r e the 6 !s have the joint dens i ty (31). The m o m e n t s of z d e t e r m i n e 
i t s d i s t r i bu t i on uniquely . The ( s - 1 ) - t h m o m e n t of z, or the Mel l in 
t r a n s f o r m of the dens i ty function of z, i s 

q- \ N- \ N- i 
(36) E(z ) = (Nk) /(Nk + l - s ) . 

On inve r t ing the Mel l in t r a n s f o r m (36), we find that 

N- 1 
(37) f(z) = ( - j ^ — - exp{-Nk log z} (log z) , 1 < z < oo . 

2 
Thus 2kN log z has a \ d i s t r i bu t ion with two d e g r e e s of f r e e d o m . 

D i r i c h l e t ' s mul t ip le i n t e g r a l (and the t r an s fo rma t ion ) has 
s e v e r a l appl ica t ions in p robabi l i ty theory and it m a y not be out of 
p l a c e to show some of i ts appl ica t ions to p robabi l i ty theory in this 
p a p e r . It migh t p e r h a p s be of at l e a s t pedagogica l i n t e r e s t . 

7. Some o ther app l i ca t ions . Take for i n s t ance the following 
example cons ide red by Takacs ([18], p . 107, example 5), who 

2 7 1 
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e s s e n t i a l l y eva lua te s the i n t e g r a l 

r N 
(38) J dx dx . . . dx = (x - r a) / N i , x > r a, 

R 

w h e r e the r ange R of i n t e g r a t i o n i s d e t e r m i n e d by the condi t ions 

(39) 0 < x + . . . + x < x, x. > a, i = 1, 2, . . . , r . 
1 N l 

The i n t e g r a l i s , of c o u r s e , evaluated by using (1). T a c k a s 
([18], p p . 107-108) gives an app l ica t ion of i n t e g r a l (38) to the 
d i s t r i bu t i on of a l inea r function of s a m p l e va lue s f r o m un i fo rm 
d i s t r i b u t i o n . The i n t e g r a l (38) m a y be applied to many c l a s s r o o m type 
p r o b l e m s in p robab i l i t y and p a r t i c l e counter t h e o r y . As an i l l u s t r a t i o n 
cons ide r the following example , K a r l i n ([9], p . 264, example 16). If 
N po in t s a r e chosen acco rd ing to the un i fo rm d i s t r i b u t i o n on a line of 
length L, then the p robab i l i t y that no two poin ts wil l be c l o s e r toge ther 

N 
than the d i s t ance d, 0 < d < L / ( N - 1 ) , i s (L - (N- l )d ) . If 

0 < x < x < . . . < x . < L a r e the po in t s , then obviously the 

r e q u i r e d p robab i l i t y i s 

(40) ( N 1 / L N ) / d x ( 1 ) . . . d x ( N ) , 
R 

w h e r e the r e g i o n R of i n t e g r a t i o n i s d e t e r m i n e d by the condi t ions 

(41) 0 < x ( 1 ) < . . . < x { N ) < L , x ( i ) - x ( i l ) > d . 

j 
By using the t r a n s f o r m a t i o n x , . = S y , j = 1, . . . , N, we find 

( J ) i=i i 

that the i n t e g r a l (40) i s equiva len t to the i n t e g r a l 

(42) ( N i / L N ) fdYi . . . dyN > 

the r a n g e of i n t e g r a t i o n d e t e r m i n e d by the condit ion, 0 < y + . . . +y < L, 

and y. > d, j = 2, . . . , N, which i s evaluated by using (38) and gives 

the r e q u i r e d p r o b a b i l i t y . 

S o m e t i m e s the D i r i c h l e t ' s i n t e g r a l m a y appea r in a d i sgu ised 
fo rm, like the following i n t e g r a l in P a r z e n ([16], p . 142) 

t - t - . . . - t t - t - . . . - t t 
(43) G(t) = N! f dx f N dxQ f dx^T 

\ X l + t 2 X N - l + t N 
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= NI fdx, . . . dx , 0 < x - t < x - t - t < . . . < x - t - . . . - t < 
J 1 N 1 1 1 1 2 N I N 

t - t - . . . - t 
1 N 

= NI fàzÀ . . . dz . 0 < z < z^ < . . . < z < t - t - . . . - t 
« / I N 1 2 N I N 

= Ni fdW . . . dW . 0 < W + . . . + W < t - t - . . . - t . W. > 0, 
J 1 N 1 N I N i 

i = 1, . . . , N 

which, of c o u r s e , i s a D i r i c h l e t ' s i n t e g r a l and can be evaluated by 
using (1). 

Some other appl ica t ions of D i r i c h l e t ' s i n t e g r a l to p a r t i c l e counter 
t heo ry m a y be found in Kabe [8] . Wilks [22] gives some i n t e r e s t i n g 
appl ica t ions of D i r i c h l e t ' s i n t e g r a l to d i s t r ibu t ion p r o b l e m s of o r d e r e d 
s t a t i s t i c s f rom an a r b i t r a r y continuous d i s t r i bu t ion . 
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