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ON THE PROPERTIES OF AN INTEGRAL OPERATOR

ZBIGNIEW JERZY JAKUBOWSKI

The main aim of the paper is to examine the properties of the

rZ

integral operator I{f) = [ [f'(u)]adu , a € C , defined on
Jo

some classes of functions f{z) = z + a~z + ... univalent and

convex in the disc \z\ < 1 . As special cases we obtain results

of Kim and Merkes and of Kumar and Shukla.

1.

Let ^(3Q. r) = {s € (C : \z-z \ < r) , r > 0 , K = K(0, l) , Let U

be any fixed simply connected domain contained in the half-plane Re w > 0

and containing the point u = l , G = G[E,, r\ , n , ..., n ) - a given

function defined in a sufficiently large domain W c: C , with

G'(o, 0, 1, T\ , ..., n ) = 1 • Denote by F(G, U) the class of functions

(1) f(z) = s + a2z
2 + ...

holomorphic in K and satisfying in this disc the condition

(2) G[z, ftz), f'(z), ..., fM(z)) i U .

It is evident that, with the right specification of the domain U and the
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function G , we obtain from (2) the defini t ions of various well-known

c la s se s of functions of type ( l ) .

Let F*(G, U) be a subclass of functions of the family F(G, U) ,

l o c a l l y univalent in K . Then, for each function / € F*(G, V) ,

f'{z) # 0 in the disc K . Consequently, for any complex a , on the

family F* = F*(G, U) one can define an in tegra l operator of the form

tZ

(3) I(f) = [f'Mfdu , Ia = 1 .
Jo

Of course: in the case a = 1 , the operator I" maps F* onto F* ;

when a = 0 , J(F*) = z . Certain questions concerning the properties

of operator (3) seem natural. In particular: whether or not, and for

which a € <C , j(F*(c, yj) = I{T*[G, U^) .

In 197h Kim and Merkes 181 showed that, for each 0 5 o < 1 , if (l)

is any convex univalent function, then J(/) is also a convex function;

this interval cannot be enlarged in the class of all convex functions.

In the present paper, we consider the properties of operator (3) in

some classes of convex functions. As special cases we obtain the above-

mentioned result [81 and those of Kumar and Shukla {.101. We also give some

results concerning the extimations of coefficients.

2.

Let E = E u E where

Ex = {(s, p) € C x R : |s-l| < p, 0 < p 5 %} ,

E2 = Us, p) € C x R : |s-l| < p < Re s, p > %} .

Denote by £f(s, p) , (s, p) € E (see [4]), the class of functions of

form (l) holomorphic in K and satisfying the condition

(5) 1 + 3/"(s)//'(3) € K(s, p) , z € K .

Prom (k) we infer t h a t i f w € K(s, p) , then F e u > R e s - p > 0 .

Consequently, S°(s, p) c S° where S° i s the well-known family of

functions of the form ( l ) univalent and convex in the disc K •
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Since the homography

(6) h(z) = (l+az)/(i+bz) , z € K ,

where

(T) a = (pV^+sls-lDp"1 , b = Is-llp"1 < 1 ; y = arg(l-s) ,

s * 1 ; Y = 0 , 8 = 1 ,

naps the disc K onto X(s, p) , therefore condition (5) is equivalent to

(8) 1 + zf"(z)/f'(z)^ h{z) , z € K ,

(the symbol ~i stands for subordination). In papers [4], [6], the class

^(s, p) was considered when (s, p) € E , s = s . Also, other classes

of functions (starlike, Caratheodory and the like) satisfying the condition

of type G[z, f(z), f'(z), f"(z)) € K(s, p) were investigated when

(s, p) € E (for example, in [7], [5], [77]) or when (s, p) € E , s = s

(for example, in [7] to [3], [5] to [7], [9], [77]).

Let / € S?{s, p) , (s, p) € E , a € C and

(9) F = J(/) .

Then, from (3), we have

(10) F'{z) = [f'(z))a , z € X .

Consequently,

(11) 1 + zF"(z)/F'U) - a = a\l+[zf"(z)/f'(z))-s} , z € K ,

where

(12) a = 1 - a + as .

So, from (11), we get

(13) 1 + zF"(z)/F'(z) € X(a, /?) , 2 € £ ,

where

(1U) R = |a|p ,

while a is defined by formula (12).

Since (s, p) € E , therefore, for each a € (C , from (U), (12) and

(lU) we have |o-l| = |as-a| < |a|p = R ; so, for each a € C ,
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(15) 1 € X(o, B) .

In consequence, K(o, R) n K(s, p) $ 0 .

3.

Let us consider, for any fixed ( s , p) €2? , the following sets of

points a € <C :

(16) Z^ = D^s, p) = {a : | s - l | | a - l | + p | a | 5 p} ,

(IT) D2 = 0 2 ( s , p) = {ex :• | s - l | | a - l |+p < |ot|p} ,

(18) D3 = D3(s , p) = {a : | a | p s Re(l-a+ocs)} ,

(19) Du = ^ ( s , p) = C\[DX U D2) .

Evidently:

1° Dx{s, p) c ^ ( 1 , p) = {a : | a | 5 1} ;

2° the points 0, 1, a € ^ where a = - ( p - | s - l | ) ( p + | s - l | J " 1 ,

-1 < c^ < 0 ;

3° a € D, i f and only if a i D ;

k° the toundary of the set D. , in polar coordinates, is defined

by the equation

(20) r = rxU)

= (l-fc2)"1^ - b2 cos t - (2i2(l - cos t) - bk{l - cos2t))^| ,

0 £ t < 2ir ,

with r'U) < 0 for 0 < t < ir and r'(t) > 0 for

IT < t < 2ir , and b is defined by formula (7).

Moreover:

1° D2(s, p) c D2(l, p) = {a : |a| > 1} ;

2° the points 1, l/o^ € D2 ;

3° a € D if and only if I/a € 0 , a ?t 0 ;
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U° the boundary of the set D is defined by the equation

r = rAt) , 0 < t £ 2TT , where rAt) = r""^*) , and r^t)

is defined by (20).

It is also evident that:

1° DAl, p) = {a : |a| < p""1} ;

2° the points 0, 1, a , a € D where a = (p+l-Re s) ,

a3 = (l-p-Re s ) "
1 with a2 > l , a3 < -(2P)"

1 ;

3° the boundary of the set D is defined by the equation

r = rAt) = p'^ll+T coslt+Y)]"1 , 0 5 t < 2TT , where

£Yxpe = 1 - s , 0 £ T < l , 0 S Y < 2 i r ; moreover, we have

a^ 5 r (*) £ a where c^ = (p+ls-ll)"1 , a5 = (p-ls-ll)"
1 .

So, from (16-19) we get:

1° DAs, p) n D 2 ( s , p) = { l} when s # 1 , and

^ ( 1 , P) n £>2(1, p) = {3 : \z\ = 1} ;

2° 0 U ( 1 , p) = 0 ;

3° D2(l, P) n Z?3(l, p) = {a : 1 2 |a| < p"
1} ;

k° D2(s, p) r> D3(s, p) * 0 when s * 1 .

Let us also notice that

(21) \ «= £>3 .

Indeed, if there existed points (s., p.) € E and a € 0, such that

ou ̂  ZĴ  , then we would have, from (18),

I«O|PO > Re[(ao-l)(8o-l)]
 + Re s

0

Since a € D , therefore from (l6) there would be
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Po > Re[(ao-l)(flo-l)I + l a ^ l l V 1 ' + Re S0 •

This last inequality is a contradiction since from (U) it follows that

Re sQ - pQ > 0 .

So, from (12), (lU) , (15) and (16-19) we get, for any (s, p) € E ,

(22) K(a, R) c K(s, p) «=* a € D± ,

(23) K(s, p) cic(a, /?) <=»a € 02 ,

(2k) K(a, R) c T = {w : Re W > 0} *=> a € 0 ,

(25) K(a, 7?)\K(s, p) # 0 and

^(s, p)U(a, R) + 0 «=» a € D^ , (l € X(a, i?) n x(s, p))

As a consequence we obtain, from (21-25).

LEMMA. Let {s, p) S. E , a € C . T/zen

(26)

(27)

(28)

(29)

(30)

(31)

Kia,

K{a,

K{a,

Kia,

Kis,

Kis,

Kis,

R) ••

R) ••

R) ••

R) c

P) c

P),

= {1}.

= Kis,

-Kis,

j.K{a,

K(o,

^ Kis, p)

p) <= T

p) c T

p) <= T

R) c 1

R) c I ,

p)\K{a, R) # 0

c 1

Kia,

when

when

when

when

when

R)\Kis

when

a

a

|a

a

a

*

a

=

=

1
€

P)

€

0

1

=

Dl

*

j

1 ,

J 1

0 ,

UD

a * 1 /or s = 1 ,

1 , a # 0 ,

|a | ^ 1 ,

In the oases when a € £>2\£L or ^j,\^o > *?J0 d isc X(a, R) $ T ;

E, a, R, D1 - D^, T are defined by formalae (*0, (12), (lU), (16-19) and

{2k) respectively.

4.

For obvious reasons, we will confine our attention to a € D_ , that

i s , to cases (26-31). Then both the discs considered are subsets of the

half-plane T . We shall prove
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THEOREM 1 . Let ( s , p) $ E , a € Z?3 , o = l - a + as , R = | c t | p .

Then the operator (3) maps the class ST(s, p) c & onto the class

S ^ a , R) c 5° , where

(26') ^{a, R) = {z} 5 ^ ( s , p) when a = 0 ,

(27 ' ) S^a, i?) = ^{s, p) whew a = 1 ,

(281) ^ ( a , i?) = ^(s, p) when |a | = 1 , a t 1 /or s = 1 ,

(291) ^ ( a , i?) 5/(s, p) when a € ^ , | a | ^ 1 , a j f O ,

(30 1 ) ^ ( s , p) c 5 ^ ( 0 , i?) whew a € Z?2 n Z?3 , | a | t 1 ,

(311) S^Ca, R)\f(s, p) # 0 , ^ ( s , p ) \ S e ( a , i?) # 0 when a € Z^ u Z?3 .

Proof. Let / 6 S^Cs, p) and F = I(f) . Then from (9) and (3) we

get (ll) and, in consequence,

(32) \l+[zF"(z)/F'(z))-o\ = |a||l+(a/"(a)//'(a))-a| , z € -K .

So, from (5) and (lU) we obtain (13), and, thus, F € S°(a, R) . Since

a € D , we infer from (2U) that F i S° . Of course, f (. S° by the

definitions of the class £?(s, p) and the set 2? . In view of (10) and

(32), the converse is true, too. It remains to prove relations (26'-31').

So, if a = 0 , then to each function f € t> (s, p) there corresponds

a function ^(z) = z . Consequently, the class £>{a, R) reduces to the

function F which is, of course, one of the functions of the family

S°(s, p) .

If a = 1 , then F = I(f) = / , whence we get (271).

In case (28') we have a = e = 1 , i ? = p , and thus,

X(o, R) = K(s, p) . Hence the classes are equal. Obviously, here we do

not have to deal with the identity mapping, as in (27').

If a € D , |a| t 1 , a ± 0 , then from (29) we infer that (291)
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holds. Analogously, from (390) and (3l) we get (30') and (31 ' ) ,

respect ively .

Note that the solution f*(z) = z + . . . of the different ia l equation

(see (8))

(33) 1 + Bf"(z)/f'{z) = Hz) , z € K ,

where the function h is defined by formulae (6) and (7), has the form

(3«0 /*(*) =

f {l*bu){a-b)irldu for
Jo

e du for s = 1 .

Let F* = J(/*) . Then from (3) and (31*) we have

F*{z) =

| B { l + b u ) a [ a - b ) b ~ X d u f o r 8 * 1 t

r
Jo

paw,
e aw for s = 1 .

If s # 1 , we then obtain

(35) 1

Since the homography occurring on the right-hand side of formula (35) maps

the disc K onto the disc with centre at O = l - a + o t s and radius

i? = |a|p > therefore the results obtained in Theorem 1 cannot be improved.

Analogously, when s = 1 , we get

1 + zF*"(z)/F*'(z) = 1 + apz ,

whence a = 1 , - R = | a | « p ; so, also in this case, the results of

Theorem 1 are unimprovable.

From the main theorem we obtain

COROLLARY 1 [JO]. If f € ̂ {s, p) , s = s , a = a , then the

function F = I{f) € S°(s, p) if and only if -a 5 a 2 1 where

https://doi.org/10.1017/S0004972700009710 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700009710


An integral operator 63

P-(s-l)

(36) 5 =

when s > 1 ,

when s = 1 ,

P-(s-l)

In deed, the intersection of the set D with the real axis is the

interval {ot., l} where a = — (p— j s—X |) (p+|s-l |) , whence we

immediately obtain formulae (36).

COROLLARY 2. If f € S°(s, p) , s = s , then the function

F = I(f) € ̂ {s, p) for a € K[o, -aj .

This follows from the fact that min rAt) = -a, = r. (TT) where

r = rAt) is the equation of the boundary of the set D . In paper [73],

in the case under consideration, the disc K[o, Jgp (p-s+l)) with radius

less than -a was obtained. So the result from [73] in question is not

sharp.

COROLLARY 3 [«]. If f € S° , then the function F = I(f) € S13 for

each a € < 0, 1> . Moreover, the extremal function is of the form

f*(z) = I (1+w) 2du .
Jo

This corollary follows directly from (36), (35) and (3*0. One should

put s = p and pass to the limit with p ->• +00 .

In the case s = s and a = a , from Theorem 1 one can, of course,

also obtain more specific properties of the operator (3). For instance, if

s jit 1 and a € (l, ou) , then from (30') we deduce that, for each function

/ € S°(8, p) , F = I{f) € ̂ ( o , R) with S^s, p) c S°(a, R) c S° .

a > a? , F = I{f) does not have to be a convex univalent function.

For
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5.

Let S'i , 0 5 & < 1 (see [6]) , stand for the family of functions of
p

form ( l ) satisfying the condition

(37) Be[ l+(a /"(3) / / l (a ) ) ] > 0 , 2 € K .

Let a > 0 , / C S ? . Then from (3) and (9) we get

C o n s e q u e n t l y , f rom ( 3 7 ) a n d ( 3 3 ) we h a v e

THEOREM 2 . Let 0 < B < l J 0 5 a s ( l - B ) " 1 . Then operator ( 3 )

naps the class £& onto the class S^ where 6 = a 3 - a + l j where

(38) 5^ c s| when 0 2 a < 1 ,

(39) 5^ = 5g w^en a = 1 ,

(Uo) ^ i1 ^ when 1 < a - (i-^ 1 •

The extremal function is of the form f*(z) = | (H-u)^yJ~'L/du .
J0

Relations (38-U0) constitute another type of generalizations of the

result of [8].

6.

Let Sg , 0 < $ 5 TT/2 , denote the family of functions of the form

(l) satisfying the condition

(Ul) |arg / ' (2 ) l < 3 , 3 € K , arg 1 = 0 .

Proceeding analogously, we obtain, from (10),

THEOREM 3 . Let 0 < 6 s ^ i r J - l < a < 1 . Then operator ( 3 ) maps

the class Sv
n onto the class Sv, , o c So . The extremal function is of

p |a |p P
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f2 R
the form f*(z) = [ (1 -M) / (1+M)] P du .

J0

Indeed, as is known, functions of the class Su, [12] are

univalent; thus, for f € Sg , we have f'{z) ± 0 for z € K . Besides,

by (10), arg F'(z) = a arg f'(z) , whence, in view of (ill), we obtain the

assertion of the theorem.

7.

Let us take the functions

C*2) g(z) = I g,zk , g(z) = I g,zk ,

k=0 * k=o

holomorphic in the disc K , g = g. ? 0 , and satisfying in K the

condition

where h is of form (6) and (7), (s, p) € E . Then, proceeding as in

paper [4], we obtain the following theorem on coefficients.

THEOREM 4- For eaoh (s, P) € E and any pair of functions g, g

satisfying conditions (U2) and (U3), the following estimations

(UU) l̂ -iifj 2 \a-b\ = (p^ls-ll2)?"1 ,

(U5) \gn-9n\
2 ̂  k-^l2!^!2 - I Ak , n = 2, 3, ... ,

(U6) I A < k-b|2|3n|
2

tafee placej where

From (UU), (U5) and (U7) we get

COROLLARY 4. I/, for fixed g, g , [s , p) i E , all numbers 4fe

are non-negative, then
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(W) \9n~3n\ £ (p
2-|s-l|2)p X , n = 1, 2, ... ,

for a given n , equality holds only when A, = 0 for k = 1, ..., n-1 .

COROLLARY 5. If, for fixed g, g , (s, p) € E , there exists an

index B (N = 3, h, ...) such that A, < 0 for k = 1, 2, ..., N-2 and

A > 0 /or k = ff-l, iV, ... , then

\a-b\2\gn\
2 , n = 2 ,

n-2

0 k=l K

N-2
\a-b\2\g \2 - I A , n = ff+l, iV+2, . . . .

k=l

Let / of form ( l ) be long t o S°(.s, p) , ( s , p) € S . Put

ffU) = / ' ( z ) + zf"{z) , g(z) = f'{z) . Then from (6) t o ( 8 ) , (1*2),

( U 6 ) , (U8) and (U9) we o b t a i n t h e e s t i m a t i o n s of c o e f f i c i e n t s of func t ions

i n t h e c l a s s e s S> (s, p) . We have

THEOREM 5. Let f of form (l) be any function of the class

, p) , ( s , p) € E . If ( s , p) € C± , t hen

(50)

If ( s , p) € <?2 , then

an\ < , n = 2 , 3

(51)

and

n-2
\a\±±-TJ\eiyA-kb\, n = 2 , 3 , . . . , S ,

J
where

= p"1(p2-|s-l|2) , b = P^ls-ll ,
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C = {(s, p) € E : Re s < 2 and p 5 |s-2|}

C = {(s, p) € E : Re s > 2 or |s-2| < p}

Besides, we have

k=l

Estimations (50) and (51) are sharp.

We omit the proof of the above theorem (see, for example [4]). Of

course, in the case when p = s -*• +°° , from (51) we obtain the well-known

estimations of coefficients in the full family

S°(|anl £ 1, n = 2, 3, ...) .
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