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Abstract

We develop a theory of parabolic induction and restriction functors relating modules over Coulomb branch algebras,
in the sense of Braverman-Finkelberg-Nakajima. Our functors generalize Bezrukavnikov-Etingof’s induction and
restriction functors for Cherednik algebras, but their definition uses different tools.

After this general definition, we focus on quiver gauge theories attached to a quiver I'. The induction and
restriction functors allow us to define a categorical action of the corresponding symmetric Kac-Moody algebra gr
on category O for these Coulomb branch algebras. When I" is of Dynkin type, the Coulomb branch algebras are
truncated shifted Yangians and quantize generalized affine Grassmannian slices. Thus, we regard our action as a
categorification of the geometric Satake correspondence.

To establish this categorical action, we define a new class of ‘flavoured” KLRW algebras, which are similar to the
diagrammatic algebras originally constructed by the second author for the purpose of tensor product categorification.
We prove an equivalence between the category of Gelfand-Tsetlin modules over a Coulomb branch algebra and the
modules over a flavoured KLRW algebra. This equivalence relates the categorical action by induction and restriction
functors to the usual categorical action on modules over a KLRW algebra.
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1. Introduction
1.1. Categorification and affine Grassmannian slices

Let Gr be a semisimple complex group with Dynkin diagram I'. In recent years, following ground-
breaking ideas of Khovanov, there has been great interest in constructing categorifications of tensor
product representations of Gr.

Khovanov-Lauda [KL09] and Rouquier [Rou] introduced a family of combinatorially defined dia-
grammatic algebras for this purpose. Their work was later extended by the second author, who defined
KLRW algebras T;l, foralistd = (41, ..., 4,) of dominant weights and a weight u of Gr [Web17a]. The
categories of modules over these algebras carry categorical gr actions [Web17a, Theorem B.]. Recall
that a categorical gr action assigns a category to each weight space (in this case, T,% -mod) and a functor

€ : Ty-mod — Tio -mod  F;: T -mod — Ty, -mod (1.1)
for each i € 1. We require that EBMKC(T,% -mod) = V(1;) ® --- ® V(A,,) as representations of gr, with
&;, F; categorifying the Chevalley generators of gr. Joint work of this author and Losev shows that
these categories are the unique tensor product categorification for the tensor product above [LW 15,
Theorem A]. Thus, other categorifications of tensor products appearing in the literature will typically
be equivalent to T,% -mod. The most notable of these is defined by translation functors on category O,
based on the original work of Bernstein-Frenkel-Khovanov [BFK99] in the case where gr = sl5.

In [KWWY 14], we began a project to construct categorifications using affine Grassmannian slices

and their quantizations. Affine Grassmannian slices Wﬁ are defined for pairs of dominant weights 4, u
where u < A. In [BEN19], these were generalized to arbitrary weights u. These generalized affine
Grassmannian slices are affine Poisson varieties with symplectic singularities [KWWY 14, Wee22, Zho,
Bel], defined using the affine Grassmannian of the Langlands dual group GIY. The main feature of these
varieties is that they contain the Mirkovi¢-Vilonen cycles as the attracting loci of their fixed points
[KWWY14, Kryl18].

Generalized affine Grassmannian slices admit natural quantizations Y, 1 called truncated shifted
Yangians, defined for dominant y in [KWWY14] and for general y in [BFN19]. Motivated by the
geometric Satake correspondence of Mirkovi¢-Vilonen [MV07] and the philosophy of Braden-Licata-
Proudfoot-Webster [BLPW 16], we conjectured in [KW WY 14] that category O for these algebras could
be used to construct a categorification of tensor product representations. More precisely, these algebras
appear as a family over a space of quantization parameters, which in this paper are called flavours; we
letY /f-OZ be the category O over this algebra for a generic integral flavour.

We expected the existence of exact functors

&Y -0, > Y00,  Fi:Y}-0, >V, -0, (1.2)
along with isomorphisms @,,KC(YIf-(’)Z) = V(1) ® -+ ® V(1,) of gr-representations, for A funda-
mental weights satisfying A = A; +--- + 4,,.

In [KTW*19b], we made a decisive step in this direction by constructing equivalences of Abelian
categories Y /f-OZ = T,% -mod. In this way, we are able to define the functors (1.2) using the functors
(1.1). However, this left the following question, which we will resolve in this paper:

Question 1.1. Can we define the functors (1.2) directly using truncated shifted Yangians?

1.2. Restriction functors for Coulomb branches

In this paper, we will construct these functors (1.2) by realizing them in the larger context of Coulomb

branches. For any reductive group G, a representation N and a normal subgroup G C G, such that
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F = G/G (the flavour group) is a torus, Braverman-Finkelberg-Nakajima [BFN18] constructed an
affine Poisson variety M¢ (G, N) and its deformation quantization A(G, N). In the notation of [BFN 18],
this second algebra would be denoted A; (G, N)/ (% — 1), but since we will be interested primarily in
this noncommutative deformation or specializations of it, we will drop the subscript. We note that
A(G, N) carries a filtration whose associated graded gr A(G, N) is isomorphic to the coordinate ring
of Mc (G, N). Following the physics literature:

o The variety Mc (G, N) is called the (flavour deformation of the) Coulomb branch of the gauge
theory defined by G, N.
o The algebra A(G, N) is called the Coulomb branch algebra.

An important feature of the Coulomb branch construction is that it comes with a complete integrable
system Mc(G,N) — t/W = §//G, where  is a Cartan subalgebra of § = Lie(G). The quantization
of this integrable system yields a maximal commutative subalgebra (Symt*)"V < A(G, N), which
we call the Gelfand-Tsetlin subalgebra, since it generalizes the usual Gelfand-Tsetlin subalgebra
of U(gl,,).

We consider modules over A(G, N), which are locally finite as (Sym £*)" -modules. We call these
Gelfand-Tsetlin modules, and let A(G, N) - '] be the category of Gelfand-Tsetlin modules (Definition
6.1). Modules M in this category have decompositions into generalized eigenspaces for the action of
the Gelfand-Tsetlin algebra:

M= W,m).

vet/w

Throughout this paper, we will only study modules on which the centre of A(G, N) acts semisimply,
though we include discussion of how our results can be modified to account for more general modules.

The category of Gelfand-Tsetlin modules contains a category O for A(G, N)-modules, denoted
A(G, N)-O, consisting of modules satisfying a local-finiteness condition with respect to a C*-action
(cf. Definition 4.7). When G, N are constructed using ADE quiver data, then by [BFN19, Wee]:

o The variety Mc (G, N) is a generalized affine Grassmannian slice.
o The algebra A(G, N) is a truncated shifted Yangian Y, /;l

See Section 3.3 for the precise versions of these statements. Our main insight in this paper is that
the relationship between Y, lf and Y, ;fw,— can be studied as a special case of a more general ‘parabolic
restriction’ of Coulomb branches.

Let £ : C* — T be a coweight of the group G. This determines a Levi subgroup L of G (its
centralizer) and an L-subrepresentation N(f (the subspace of invariants for the cocharacter £). When

G, N are chosen so that A(G,N) =Y ljl (Section 3.3), there is a particular choice of ¢ (see Theorem
1.4) yielding A(L/C%,N{) = Y},

+a;
A(L/C%, Nof) in the more general setting. Geometrically, dim M¢ (L/C%, N0§) = dimMc(G,N) -2

and so one might expect to obtain M¢ (L/C%, N(';C ) by Hamiltonian reduction of M¢ (G, N) by the action
of an additive group. In the finite ADE quiver situation, it is possible to achieve this (see [KPW?22] and
Remark 3.2) but not in a way compatible with the above-mentioned integrable systems. Thus, in this
paper, we pursue a different approach.

Our first main result (Theorem 2.14) describes the relationship between the four algebras
A(G,N), A(L,N), A(L, N(‘;’:) and .A(L/CX,N(‘;E). The exact statement is a bit complicated, but most
importantly for our purposes, the maps between these algebras are compatible with their Gelfand-Tsetlin
subalgebras, and allow us to prove the following result (Theorem 5.8).

. This inspired us to examine the relation between A(G, N) and
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Theorem 1.2. There is a restriction functor A(G,N) -T'1] =, A(L, N(‘f ) - 'L, such that
W, (res(M)) =W, (M)

for all v € Y)Wy, satisfying a condition called &-negative (which can be achieved by subtracting a
sufficiently large integral multiple of £).

Finally, the algebra .A(L/C><,N0§ ) is the quantum Hamiltonian reduction of A(L, Nof ) by the
‘monopole’ operator 7. The Hamiltonian reduction functor also preserves the category of Gelfand-
Tsetlin modules. The effect of this functor on weight spaces is described in Proposition 5.11.

1.3. Relating the functors

In this paper, we will consider any quiver I with vertex set / and edge set E. If I" has no edge loops,
then it has an associated symmetric Kac-Moody Lie algebra gr. For the time being, we include the
case where I'" has edge loops, but of course any statement that uses gr can only apply in the case of no
edge loops. Note that this is more general than our previous work [KTW*19b], where only simply-laced
types with bipartite Dynkin diagrams are studied. We will write M¢ (v, w) for the Coulomb branch, and
A(v, w) for the Coulomb branch algebra, defined using I" and dimension vectors v, w € 7! . This means
that we are using the gauge group and representation defined by

G= ]_[ GL(v;) N-= EB Hom(CY,C%) & EB Hom(CY, C").
i

i—jeE i

We can consider the extended group G = G x (C*)E x [],(C*)", where the second and third factors
act by scaling on the summands of N. When I" is of ADE type, then .A(v, w) is isomorphic to Y, where
we define A = ), w;@; and u = A — ), v;; (see Section 3.3 for details).

We introduce a family of diagrammatic algebras which we call flavoured KLRW algebras fT :,p ,
generalizing the metric KLRW algebras studied in [KTW*19b], and closely related to the weighted
KLRW algebras introduced in [Web19b]. These depend on a choice of dimension vectors v, w, and also
a choice of flavour ¢: a choice of complex number for each edge of the Crawley-Boevey quiver I'™" (cf.
Section 3.1 for the definition of the Crawley-Boevey quiver). We write fo -wgmod for the category of
weakly gradable modules.

By the Coulomb branch construction, we can also think of ¢ as a central character of A(v, w). We
generalize the main result from [KTW*19a] to give a precise description of the category A, (v, w) - 'Ll
of Gelfand-Tsetlin modules over A(v, w) with integral weights and integral central character ¢ (in the
main body of the paper, we do not restrict to integral weights, but we do so in the introduction to make
the statements simpler).

Theorem 1.3 (Corollary 9.6). There is an equivalence of categories
Ag(v,w)-T1l; = fT¢ -wgmod .
Our answer to Question 1.1 is given by the following theorem.

Theorem 1.4 (Theorems 9.12 & 9.17). Assume that I" has no edge loops.

1. If we choose & to be the first fundamental coweight of G L(v;), the restriction functor from Theorem
1.2, combined with a Hamiltonian reduction, gives a functor

res;

Ap(v,w)-Tly — Ay (v —e;,w)-T1.
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2. We have a commutative diagram:

1esS;

Ap(v,w) -Tlly —— Ay(v—e;,w)-T'ly

1 | : (13)

fT ‘VP -wgmod — T f—ei -wgmod

where the vertical equivalences come from Theorem 1.3, and &; is a version of the functor (1.1)
3. The functors res; preserve A, (v, w)-O,, and with their adjoints ind; give functors as in (1.2) which
define a categorical gr-action on @, Ay (v, w)-O,,.

1.4. Cherednik algebras

Similar induction and restriction functors were defined by Bezrukavnikov and Etingof [BE09, Section
3.5] in the context of category O for rational Cherednik algebras. It’s natural to compare these with the
restriction and induction functors we define, since in the case where G = GL(n) and N = Hom(C",C")&
Hom(C", C‘)), Kodera and Nakajima [KN 18] (see also [BEF20, Web19a]) have shown that the Coulomb
branch algebra A(n, {) = A(G, N) is isomorphic to

o the spherical trigonometric Cherednik algebra H(n, 0) of S,, if £ = 0, and
o the spherical rational Cherednik algebra H(n, £) of G(¢, 1,n) = S, ¢ Z/€Z otherwise.

In this paper, we will only consider the case ¢ > 0. Let & denote the first fundamental coweight
of GL(n), as in Theorem 1.4. Then Theorem 2.14 yields a restriction functor res : A(n,£)-O —
A(n - 1,¢)-O, while Bezrukavnikov and Etingof have defined a similar functor between category O’s
for the full Cherednik algebra M(n, £). As shown in [GL14, Section 3.5.2], these preserve the subcategory
of aspherical modules and thus induce functors resge: H(n,£)-O — H(n - 1,¢)-O, thought of as
quotient categories of category O for H(n, £).

Note that unlike in Theorem 1.3, we are not assuming any integrality of parameters, since the most
interesting cases for the Cherednik algebra involve rational but nonintegral parameters. On the contrary,
we assume that 7 ¢ Z, though we expect that the result below is true (and, in fact, easier to prove) in the
case where t € Z.

Theorem 1.5. If t ¢ Z, there is an equivalence H(n,€)-O — A(n, £)-O for each n which intertwines
the functors res and resgg.

The proof of this will be given in Section 9.5. Given the discussion of the isomorphism H(n, ) =
A(n, €) above, the reader might imagine that this is how the equivalence above is constructed. That is not,
in fact, the case. Rather, the equivalence of Theorem 1.5 is constructed by comparing both categories to
a flavoured KLRW algebra. This equivalence is far from unique; it depends on several choices, and, at
the moment, it is not clear how to tweak all the choices involved to assure that we obtain the equivalence
induced by the isomorphism of [KN18]. This is a question we will return to in future work.

Remark 1.6. Readers familiar with the rational Cherednik algebra might wonder about the relationship
between Theorems 1.4 and 1.5, and the categorical action on category O for rational Cherednik algebra
constructed in [Shal 1]. The reason we need to have ¢ ¢ Z is so that we can use Lemma 7.2 1 to show that
when one compares A(n, £)-O with the category A(¥, W)-O for a different Coulomb branch A(¥, W)
corresponding to a graph I'™ with no loops; the equivalence of Theorem 1.5 will send Shan’s action on
H(n, £)-O to the action from Theorem 1.4 on A(¥, W)-O. The dependence on parameter is an artefact
of a somewhat roundabout proof; however, there should be a proof of Theorem 1.5 which doesn’t use
Theorem 1.4 or Lemma 7.21.
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1.5. Generalized geometric Satake

In [BEN19, Conjecture 3.25], Braverman, Finkelberg and Nakajima propose a generalization of the
geometric Satake theorem to all symmetric Kac-Moody types, which is further developed in the affine
type A case in [Nak]. For each character G — C*, there is an induced Hamiltonian C* action on
Mc (v, w). Choose this character to be given the product of the determinants, and let A(v,w) C
Mc (v, w) be the attracting locus for this C* action. If I is of finite ADE type, then A(v,w) is a
Mirkovié¢-Vilonen locus in the affine Grassmannian of GF by [Kryl8, Lemma 4.4].

Conjecture 1.7 [BFNI19, Conjecture 3.25(3)]. The sum of the top Borel-Moore homologies
b, Hgf)\” (W (v,w)) carries an action of gr, making it isomorphic to the irreducible representation
with the highest weight Y, w; ;.

In the finite-type case, this conjecture follows from the geometric Satake correspondence of Mirkovié¢-
Vilonen [MVO7]. It also holds in affine type A by the results of [Nak]. In general, we expect that
dimA(v,w) = d, where we define d = % dim M¢ (v, w); this is again known to hold in finite type by
[MVO07, Theorem 3.2], and affine type A by [NT 17, Proposition 7.33].

This conjecture was an important motivation for us, since there is a close relationship between the
category O of A(v, w) and the top homology appearing here. For any module M in category O, there is
an associated characteristic cycle class CC(M) € Hf dM (A(v,w)). As in [BPW, Proposition 6.13], we
can define this cycle by taking any good filtration of M (compatible with the above-mentioned filtration
on A(G, N)), and then summing the Borel-Moore classes of the d-dimensional components of gr M,
weighted by the generic rank of gr M on the component. This is well-defined by a standard argument
of Bernstein [Ber, Lecture 2.8]; see also [Gin, Theorem 1.1.13]. Since we have fixed the degree of the
Borel-Moore class here, this class will be insensitive to the multiplicity of our characteristic cycle on
components of complex dimension < d.

This induces a map Kc (A, (v, w)-O) — HfdM (A(v,w)). This map is not an isomorphism in most
cases, since if the Gelfand-Kirillov dimension of M is less than d, then CC(M) = 0 by Lemma 4.11.
The kernel of this map also depends in a sensitive way on the choice of ¢.

Assume that ¢ is integral, and let O (v, W) be the quotient of A, (v, w)-O by the subcategory
of objects with GK dimension < d. By Lemma 4.11, the characteristic cycle map descends to a map
Kc(Ouwp(v, W) — HEM (A(v, W)).

On the other hand, by Corollary 9.20, the sum €B, Kc(Oyop(V, W)) is an irreducible representation of
ar, with the action induced by the induction and restriction functors &;, F;. Note, there is no dependence
on g in this result, beyond requiring it to be integral. This shows that, unlike the rest of the category O,
this quotient is not sensitive to ¢. Thus, Conjecture 1.7 reduces to a proof that:

Conjecture 1.8. We have an equality dim W(v, w) = d and for any integral ¢, the characteristic cycle
map P, Kc(Owp(v, W) = P, HfdM (W (v, w)) is an isomorphism of vector spaces.

In finite-type ADE cases and in affine type A, the domain and codomain of this map both carry gr-
actions, but it is not clear that this map intertwines them. We know that the two sides are isomorphic
as irreducible gr-modules, so if the characteristic cycle map is equivariant, it must be an isomorphism.
On the other hand, outside of the finite-type and affine type A cases, we have no preexisting action on
the codomain, and thus we wish to use this conjecture to define one.

2. Relating various Coulomb branch algebras

2.1. Coulomb branch algebras and their partial flag versions

Let G be a reductive group. Let 7 C B denote a fixed maximal torus and Borel subgroup, and let W
denote the Weyl group. We write K = C((z)), O = C[[z]], and we consider the groups G (K) = G((z))
and G(O) = G[[z]]. We will study the affine Grassmannian Grg = G(K)/G(QO). Recall that for any
dominant coweight A, the G (O)-orbits Gr* = G(O)z* partition Grg.
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Let P denote any parabolic subgroup of G containing 7, and L its Levi subgroup. Let Wy, be the Weyl
group of L. There is a corresponding parahoric subgroup Ip € G(O), which is defined as the preimage
of P under the evaluation map G(QO) — G. In particular, if P = B, then /p is the usual Iwahori; on the
other hand, if P = G, then Ip = G(O). We have the corresponding partial affine flag variety G (KC)/Ip.

We fix an extension

1G>G —>F—1,

where F is a torus. Following the physics literature, we call F the flavour torus of this extension.

Let T denote the maximal torus of G containing T'. Similarly, for any parabolic subgroup P of G, let
P be the parabolic subgroup in G, such that G N P = P and Ip its preimage in G (O). Note that the Levi
L of P is an extension of F by L. We also have that L(O) c Ip.

Throughout, we will regularly need to use the cohomology rings with complex coefficients of the
classifying spaces of these groups, and so we write

A6 = H'(BG) = Hg(pr) = (Symt") ",

and similarly for L, F, G,T, etc.

We define the group G,(g to be the preimage of F(©) under the map G (K) — F(K). This subgroup
contains G (0O), and the quotient G /G (O) is isomorphic to the affine Grassmannian Grg. We have an
action of C* on GNI(g by loop rotation, given by (¢ - g)(z) = g(¢z) forr € C* and g(z) € G',(g. There is an
action of the semidirect product G~,(g = C* on Grg.

Let N be a representation of G. We will typically construct G by starting with a representation of
G, and letting G be the product of G and a torus which acts on N commuting with G; for convenience
later, we will not assume this action is faithful.

Following Braverman-Finkelberg-Nakajima [BFN 18], we will now define the spaces used to construct
the Coulomb branch. Let N(O) = N®C|[[z]] and N(K) = N®C((z)); these are naturally representations
over G(0) = C* and G,(g = C*, respectively. We can consider the vector bundle

To.v = G(K) Xg(0) N(O) = G Xg(0) N(O) = Grg.

Note that the subscript G(O) (respectively, G(©)) indicates the quotient by a natural group action.
There is a projection map p : Tg. v — N(K) given by [g,v] — gv.
Let

Rg.n =p ' (N(O)) ={([g].w) € Grg X N(O) : w € gN(O)}.
Following Braverman-Finkelberg-Nakajima [BFN 18], we form the convolution algebra
An(G,N) = HE O™ (Rg ).

We will use 7 throughout for the equivariant parameter corresponding to the loop C*-action. We include
it in the notation here to emphasize that we have left it as a free variable, whereas later, we will usually
consider the quotient where we set 7 = 1. A great deal of care is required to define the equivariant
Borel-Moore homology for an infinite-dimensional space and group (see [BFN18, Section 2(ii)] for a
detailed discussion). We will refer to Az (G, N) as the spherical Coulomb branch algebra.

Remark 2.1. If we specialize 7 to 0, then the resulting algebra is commutative, and is the coordinate
ring on a Poisson variety Mc (G, N). The inclusion H.(pt) — An(G,N) gives rise to a morphism
Mc(G,N) — f. The fibre over 0 € { is usually called the Coulomb branch, and this family provides a
Poisson deformation.

We will also need the partial flag variety version of the BFN algebra.
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Definition 2.2. Let P be a parabolic subgroup of G. We define

TL = G(K) X7 N(O) = G2 x;, N(O) 25 N(K)
RG n = Pp (N(0) = {([g],w) € (G(K)/Ip) X N(O) : w € gN(O)}.

The parabolic Coulomb branch algebra is the convolution algebra
AP (G.N) = HI""(RE ).

These algebras depend on the choice of G, but we leave this implicit in the notation. In the special
case where P = B, then we will call Af the Iwahori Coulomb branch algebra. The spherical Coulomb
branch algebra is an example of a principal Galois order, as defined, that is in [FGRZ20]. The idea of
replacing principal Galois orders by flag orders (defined in [Weba, Lemma 2.5]) played an important
role in [Weba, Webb]; the algebra Ag is an example of a flag order in this case.

Note that the space Rg,N contains a copy of (G(O)/Ip) x N(O) = G/P x N(O). We have vector
space isomorphisms

HIPP(G/P x N(0)) = HP*®(G/P) = HO® ((G/P)?) 2.1

(here, we use G /P = G /P to get the action of G on G/P).
Now, H*C*((G/P)?) has a convolution structure of its own, and Poincaré duality shows that it is a
matrix algebra:

HS*®((G/P)?) = Enda,__,(HS*®(G/P)) = Endp,_, (Aryox)-

C

When P = B, then this is the nilHecke algebra of W.

Lemma 2.3. The inclusion (G(O)/Ip) X N(O) — Rg’N induces an algebra map
HO((GIP)’) = AF (G,N).

Let ¢/ € HOC'((G/P)?) = HP*®*(G/P) be the primitive idempotent in this matrix algebra that
projects to the W-invariants. We can formulate the usual Abelianization isomorphism (see, for example,
Proposition 1 in [Bri98]) as the statement that for any G-space X, we have e’Hf (X) = HY (X), where
H f *C*(G/P) acts by convolution.

Applying this fact, we find that:

Proposition 2.4. For any parabolic P C G, we have isomorphisms
A;I;e' = H,{‘MCX (RG.N) e'A,f = H*G(O)XCX (RZ’N) Ap = e'.A;:e’. 2.2)
The bimodules Ag e’ and e'A;; define a Morita equivalence between .A}}; and Ay,

The first two isomorphisms of (2.2) are related by the map from Ip-orbits on RGN to G((’)) orbits
on RE,  sending ([g],v) = ([g7'],¢7'v).

Proof. This follows the same proof as [Wee, Theorem 2.6]. O

The algebra A5 (G, N) contains a subalgebra given by the equivariant parameters

He 0y (PD) = Aixox:
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Braverman et al. [BEN18, Section 3(vi)] call this the Cartan subalgebra, but we prefer to call this
the Gelfand-Tsetlin subalgebra, since it is a generalization of this subalgebra in U(gl,,). Similarly,
AP(G,N) contains H: __ (pt) = Apyeox.
lp>‘1(c><

The Gelfand-Tsetlin algebra Ag, < of Ax(G, N) contains the subalgebra Z := Apxcx = Sym{*[7],
which is central in A (G, N) (here, { is the Lie algebra of our flavour torus F). In fact, an application of
[FO10, Theorem 4.1(4)], using the fact that A;(G, N) is a Galois order as shown in [Weba, Theorem
B], shows that Z is the full centre of A;(G, N).

2.2. Inclusion of Coulomb branch algebras

One advantage of considering these parabolic Coulomb branch algebras is that they allow us to study
the relation with Coulomb branch algebras defined by Levi subgroups.

The inclusion L(K) c G(K) gives rise to an inclusion Gry, < G (K)/Ip. Moreover, it is easy to see
that the restriction of Rg’ n 0 Grp coincides with Ry, . This leads to the following result.

Proposition 2.5. There is an inclusion of algebras Aj(L,N) — Ag’ (G, N), which respects their
Gelfand-Tsetlin subalgebras N ,cx.

Proof. The inclusion Ry, y C Rg N Zives an inclusion

L(O)=C* (Ry. L(O)=C* (

¢ H, N) < H! RE ) (2.3)

To see the compatibility of this inclusion with multiplication, we use an argument similar to that in
[BEN18, Section 5(ii)]. Consider the analogue of the diagram [BFN18, (3.2)]:

p _ q _ m
RS,N XRLN 4——p 1(Rg,,\, XRp.N) — q(p 1(R£,N XRLN)) — RS,N

where p : Rg’N X L(K) — Rg,N X Tp N is given by ([g2], w, g1) — ([g2], w, [g1,w]). This diagram
defines a right action of Ay (L, N) on AP (G, N). In fact, this diagram is a special case of the auxiliary
action diagram (27) from [HKW], where Z =RP G.N and G = L, except with all factors reversed. Thus,
from [HKW, Proposition 4.13], we can deduce that it defines a right module structure of A;(L, N) on
.A;f (G, N) commuting with left multiplication.

As in [BEN18, Lemma 5.7(1)], we can see that 1 x b = «(b). More generally, we must have
a x b = au(b). This shows that for any b, b’ € A;(L, N), we have:

Ubb') = 1% (bb') = (1 % b) x b’ = 1(b) x b’ = 1(b)u(D").

Thus, (2.3) is an algebra map.
The inclusion L(Q) C Ip leads to an isomorphism

L(O)=C* =
HE " (RE ) = HIPZ(RE ).

Composing this with (2.3) gives the desired injection. O

2.3. Abelian theories and monopole operators

Letv : C* — T beacentral coweight. Since v is central, z7” € Grg isa G(O) orbit. Weletr,, € A;(G, N)
be the homology class of the preimage of z” in R, . These elements r,, are called monopole operators.
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When G is Abelian, all coweights are central, and the elements r,, form a basis for A; (G, N) as a left
(or right) module over As, cx, where v runs over all coweights of G. Their relations are known explicitly
by [BEN18, Section 4(iii)]:

d({p.€).{n.v)) d({p.&).(u.v)) -1
rerv= | ] [T wrcwer-pn ] [T (w+cwey+ pnres.

(1, &)>0>(u,v) J (1, &)<0<(u,v) Jj=0

Il
—_

2.4)

Here, the first and third products range over weights u of N, with multiplicity. These are weights for the
action of G, and the products above lie in the Gelfand-Tsetlin subalgebra Az ox. Alsod : ZXZ — Zxg
is the function defined by

d(a,b) = 0, if a, b have the same sign,
@)= min{|al, |b|}, if a, b have different signs.
It will also be useful to have an inverted version of these formulas:
d({p, &), (u,v=£)) 1 d({p, &), (u,v—£&))-1
re'ry = [ e [ e @)
(1, &)>0>{pu,v-§&) J=1 (1, &)<0<(pu,v-§) Jj=0

This version follows by rearranging (2.4) for the product r £7,_¢, using in addition the fact that for any
weight u € Az, ox, we have

rep = (u+u,E)rg

by [BEN 18, (4.8)]. Note that this implies r;] w=(u—{u, f)h)r?.

Remark 2.6. Note that equation (2.4) differs slightly from [BFN 18], as we do not follow the convention
from [BEN18, Section 2(i)] of shifting the weights of the loop rotation action on N(KX) by 1/2.

We now recall some algebra homomorphisms defined in [BFN 18], which will play an important role
in this paper.

For general G, there is an Abelianization map (t,)~! : As(G,N) — Au(T, N)jpe described in
[BEN18, Remark 5.23]. Here, Ay(T, N);o denotes the localization of A; (T, N) at the multiplicative
set generated by 7, @ + m#, where @ runs over roots of G and m € Z.

Next, recall from [BFN18, Remark 5.14] that for any two representations Ny, N,, there is a natural
injective map A;(G, Ny & N,) — A;(G, N>). For G Abelian, this map is given by [BFEN18, Section
4(vi)]:

-1
e [T T w+im e 2.6)

() <0 j=(u,v)

Here, the product is over the weights of N;. Also, since it is potentially confusing, we note that we have
written r,, for the monopole operators in A; (G, N1 & N,) and A;(G, N,), respectively.

Finally, assume there is a coweight ¢ : C* < T which acts on N, by scalar multiplication of weight
1 and on N; with weight O; this is always possible if we extend the flavour torus F. By [BFN18, Section
6(viii)], there is a ‘Fourier transform’ isomorphism

An(G,N; ® Ny) — A(G, N, ® N;), 2.7

which is the identity on the Gelfand-Tsetlin subalgebra A5, . In the Abelian case, this isomorphism is
defined by the map
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rve (D)%Y, e u i, 9), (2.8)

where 6(v) = X, ,y>0(#, ). In this sum, u ranges over weights of N, (if we use the conventions of
[BEN18], as discussed in Remark 2.6, then this shift by ¢ is unnecessary).

For general G, the isomorphism is defined using the Abelian case, via the Abelianization map
[BEN18, Lemmas 5.9-5.10].

2.4. Passing to invariants

For A a dominant coweight of G, let Ré  denote the preimage of the G (O)-orbit closure Grt under

the map Rg . n — Grg. We write Az (G, N)* for the subspace of the Coulomb branch algebra coming
from the homology of Ry, ;. We can restrict the injective algebra map Az (G, N1 @ Nz) — Au(G, N2)

to an injective linear map A, (G, N ® N>)* — A (G, Ny

Lemma 2.7. Let A be a dominant coweight for G. Suppose that, for all [g] € GrY, we have g(N»® ©) C
Ny ® O. Then we have A (G, N; & Nz)’l = Ah(G,Nl)/l.

Proof. The map Aj(G, Ny @ N»)* < A, (G, N1)* comes from pullback along the map

— RA

1
R G.N, -

G,N1 &N,

A

However, by the hypothesis, this map is a vector bundle (with fibre over ([g],w) € R{; N

being
g(N>® O0)). u]

Definition 2.8. For any coweight ¢£: C* — T, we let Ng , Nf,Ng , NE be the sum of weight spaces
where the weight of £ is zero, positive, negative, nonnegative or nonpositive, respectively.
Note that we always have

N=Nf@N; @ N =N: &N =Nf o NS,
We will assume that the coweight £ is central. Recall the monopole operator ¢ from Section 2.3.

Theorem 2.9. Assume that N¢ = 0. The natural map An(G,N) — Au(G, Nof ) gives an isomorphism
An(G.N)[rg'] = An(G.NY).

For the proof, we appeal to the following basic fact about Ore localizations:

Lemma 2.10. Let S be a multiplicative set in a domain A. Suppose that ¢ : A < B is an injective
homomorphism into a ring B, such that:

(i) forall s € S, the image ¢(s) is invertible in B,
(ii) for all b € B, there exist s € S and a € A so that b = ¢(s) " ¢(a).

Then S satisfies the left Ore condition in A, and ¢ gives an isomorphism S™'A = B.

Proof of Theorem 2.9. We will verify the stipulations of the lemma. Since C§ acts trivially on N ‘f, the

element r¢ is invertible in A (G, N('f ) (with inverse r_¢). Thus, it remains to check Condition (ii) above.
This will be implied by the following statement:

(1) For all dominant A, there exists m € Z, such that r'g”Ah(G, Nof)’l c An(G,N)yHme,

Given a dominant coweight A, let m = max{u, 1), where u ranges over all weights of the representation
Nf. A standard reasoning shows that for all [g] € Gr!, we have g(Nf ®0) c z‘m(Nf ® O).
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Thus, szg(Nf ®0) c Nf ® O (as the weights of Cé on Nf are positive). So by Lemma 2.7,
An(G, NYH™E = A3 (G, NG Y™,
Now we observe that r’gAh(G, Nof)’l = Ax(G, N(')f)’“mf and thus we have established (7). m|

2.5. Hamiltonian reduction

Note that the operations we’ve discussed thus far only relate groups with the same rank, so the dimension
of the Coulomb branch will be unchanged. When we change the matter from N to N, ¢ the action of the
central subgroup Cé becomes trivial. So we can consider N(jf as a representation of the quotient group
G /C’;. This invites us to consider the relationship between Aj; (G, Ng ) and Ax(G/C%, N(‘)f ), which
decreases the dimension of the Coulomb branch by 2. '

Let A be an algebra, and b € A. Recall that the quantum Hamiltonian reduction of A by b (at
level 1) is defined in two stages. First, we form the right A—module A/(b — 1) A. Then, we construct the
quantum Hamiltonian reduction by considering

A [y b:=Enda (A/(b-1)A) = {[a] € A/(b- DA | a(b-1) € (b—-1)A}.

Thought of as an endomorphism ring, A /, b has a natural algebra structure, which may equivalently be
defined on equivalence classes by [a] - [az] = [a1a2]. Geometrically, this algebra is the quantization
of the operation of passing to the level set b = 1, and then dividing by the flow of the Hamiltonian vector
field associated to b.

Theorem 2.11. Assume that ¢ : C* — G is central and primitive (i.e. it is not an integer multiple of
any other cocharacter), and that Cé acts trivially on N. Then we have

Ah(GaN) //1 reg EATZ(G/C%7N)

Proof. For the purposes of this proof, let us write G’ = G/Cé. Consider Rg . This space has an
action of G () which factors through the map G(©O) — G’(O). On the one hand,

HY O™ (Rgr, N) = An(G,N)/(re = 1) An(G, N)

as a module over A;(G, N). To see this, we note that Rgr.n = RG n /Z, where the generator of Z acts
by translation by the element z¢, since & is primitive.
On the other hand,

H:;(O)xCX( Hf’(@)xcx

Ro/ N) = (RG',N) ®pg A
as a A;(G’, N) module. Therefore, we have that
An(G,N)/(re = 1)As(G,N) = A(G',N) @, AG.
Note that Ag = Ags[a], where a is a character of the Lie algebra g splitting the derivative of £. The

action of r¢ on the RHS above commutes with Ags, and satisfies [r¢,a] = rg. This shows that the
kernel of r¢ — 1 is A(G’, N). m|

Remark 2.12. The hypothesis of primitivity is needed here. For example, if we reduce A5 (C*,0) by
the square ry = r%, then the result will be C[rl]/(r% -1)zC.
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Remark 2.13. One can also consider the ‘right’” quantum Hamiltonian reduction
Ends (A/A(b - 1))°" = {[a] € AJA(b-1) | (b-1aeA(b-1)}.
With the same assumptions as in the previous theorem, the right Hamiltonian reduction of A;(G, N)

by r¢ is also isomorphic to A (G/C%, N).

2.6. Combining all the steps

Now, we will see how to combine the above results.
Let G be areductive group, N a representation, & : C* — T any coweight. Let P, L be the parabolic
and Levi subgroups corresponding to &, and let Nof be the invariants for the action of CE on N.

Theorem 2.14. The algebras
An(G,N), AP(G,N), Ap(L,N), Au(L,N), and An(L/C%,NE)

are related as follows.

1. There is a Morita equivalence between

Ai(G,N) and AL (G, N).
2. There is an inclusion of algebras

Aw(L,N) — AL (G, N).
3. There is an isomorphism

An(L N [rg'] = An(L,NY).
4. If € is primitive, there is an isomorphism
An(LNG) [y re = A(L/CENS).

All these maps are compatible with the maps between the Gelfand-Tsetlin subalgebras

A = Np < /\E/Cg-

Proof.

1. This follows immediately from Proposition 2.4.

2. This follows immediately from Proposition 2.5.

3. Note that because £ is central in L, all the subspaces from Definition 2.8 are invariant subspaces for
the action of L. By (2.7), we have an isomorphism

An(L,N) = Ay(L, (N¥)" @ N%). (2.9)

Since N¢" @ N g has nonnegative weight vectors for the action of C*, we can apply Theorem 2.9
to give an isomorphism

An(L.N " @ N2 [rz'] = An(L.NY).

Finally, we recall that map (2.9) is not the identity on the integrable system Aj;; it involves a
shift by a cocharacter p. However, this cocharacter acts trivially on N, f, and so A (L, No'f ) carries
an automorphism shifting the integrable system A; by —7g, and leaving all monopole operators
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unchanged. Thus, if one considers the composition of the map (2.9) with the map of Theorem 2.9,
and then finally the automorphism discussed above, the composition will give the desired map.
4. This follows immediately from Theorem 2.11. O

Remark 2.15. If we swap & and —¢, then the algebras appearing in Theorem 2.14 are unchanged. How-
ever, the subspaces N$, Nf are swapped, and so we will use a different map A, (L, N) — Ax(L, Ng),

which will induce a different isomorphism A (L, N) [r:lg] = An(L, NOf ).

Remark 2.16. The assumption that £ is primitive appears only in part (4) of the theorem. In fact, we
may safely make this assumption throughout: for any & and any integer k > 1, the coweights & and k&
determine the same subgroups P, L, and determine the same subspaces NOf = N(I; ¢ and Nf = N’J_f'f.
Moreover, rrg = ré‘ by (2.4), so Au(L,N) [r,;é] = Au(L,N) [r?]. It follows that parts (1)—(3) of
the theorem are identical for both & and k¢, and for this reason we could assume that £ is primitive
throughout.

3. Quiver gauge theories

In this section, we focus on quiver gauge theories, and identify important special cases of the algebras
which appear in Theorem 2.14.

3.1. Quiver data

Let I be a quiver with vertex set I and edge set E(I"), and dimension vectors v, w: I — Zs( (we allow
loops and multiple edges). For an edge e € E(T"), we write h(e) for its head and ¢(e) for its tail.
Consider the group and representation

N= @ Hom(C" @ ,C*®) @ @Hom(@vi,CWi) G= ]_[ GL(v;).

ecE(I) iel iel

We consider also the larger group

G =G x| @) x (@)D,

iel

where the middle factor is the product of the diagonal matrices inside each GL(w;). We have a
(nonfaithful) action of G on N. We’ll use Ay (v, w) := A(G, N) to denote the Coulomb branch algebra
attached to these dimension vectors.

This is slightly cleaner if we use the ‘Crawley-Boevey [CBO1] trick’ of adding a new vertex co and w;
new edges from i to co to make a larger quiver I'. We extend v to this new vertex by setting v, = 1. Then,
we can think of an element of N as a representation of 'V, using Hom(CY, C*) = Hom(C, C">)®Wi,
soN =P, ce(rwy Hom(CY (), Ce)) - Also, from this perspective, G is obtained from G by adding a
scaling along each edge of I'.

3.2. Relating algebras

As in the general case, we want to consider a coweight £: C* — T. This is the same as choosing a
Z-grading on the vector spaces C"; to correct some later sign issues, we let the degree k elements be
those with weight —k. Thus, for each p € Z, we have a dimension vector vl(p ), such thatv; = 3, pez vl(p ).

In this case, L is the set of grading preserving automorphisms of these vector spaces, so L =
[Ipez L) where LP) = [],¢; GL(vfp)). The subspace Ng is just the grading preserving quiver

representations, where C" is given degree 0. That is, Ndf = @p aN (P) | where
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(p) (p)
P Hom(c"@, ) p#0
N(p) — eeE(I)
@ Hom(C"), CYho)) @ @Hom(cv ,C¥) p=0.
ecE()

By [BEN18, (3(vii).(a))], we immediately deduce the following.

Proposition 3.1. We have an isomorphism of algebras
AL NG) = @ (v, 00 @ (v wy e (v 0) @ -

where each factor on the RHS is again the Coulomb branch of a quiver gauge theory of the same
underlying quiver, all but one of them unframed.

Thus, for a quiver gauge theory, Theorem 2.14 relates the algebra 4;(v, w) to the tensor product
appearing in this proposition.

3.3. Truncated shifted Yangians

Assume that I" is a Dynkin quiver, and let gr- be the corresponding simply-laced simple Lie algebra. The
dimension vectors w, v, encode a pair of coweights A, u, for gr, where 1 = Y w;@; and A — u = ) v;a;.

LetY l;l denote the corresponding truncated shifted Yangian (with formal parameters and with 7) as
defined in appendix B(viii) of [BFN19]. In [Wee], the fourth author proved that there is an isomorphism
An(v,w) = Yl’}, building on the results in appendix B of [BFN19].

(p) (p)

The splitting v; = X,z v, gives us a list of u'P), where u?) = -y v;"’a; for p # 0 and
/l u®=3 v( ) a; (in partlcular we have u = 3 u(P)). Thus, Theorem 2.14 and Proposition 3.1 relate

w1th Y’l(o) ® X p20 Y (p) For example, we can relate Y+, 104D with ¥4 L) Y’ R

An important specml case is when we take u(! = —q; for some i and all other u'P) = 0. This
corresponds to taking & to be the ith standard coweight £ = @, ; (i.e. we map C* into G by sending it to
the upper left matrix slot of GL(v ;). In this case, (L/ CX ,N f) is the quiver gauge theory corresponding

toAand u+a;, so Az (L/C%, N, ) = #m . Thus, Theorem 2. 14 relates Y’l and Y;}m In Section 9.2, this

will allow us to construct functors between category O for these algebras giving a categorical gr-action.

Remark 3.2. In [FKP™" 18], half of the authors, along with Finkelberg, Pham and Rybnikov, constructed

a comultiplication map Y 1O () = Y u @ Y w0 We believe that the comultiplication descends to
420 12© ®Y’l()

0
OGS w0 ©L00 T R ! o) ®Y - In [KPW22], we
partially proved thls statement in the case that u(! = —a;. However, we don t currently understand the

relationship between comultiplication and Theorem 2.14. In particular, the comultiplication map is not
compatible with the integrable systems.

maps Y4 and, in particular, to a map Y+,

4. Modules for Coulomb branch algebras
4.1. Gelfand-Tsetlin modules

We wish to understand the representation theory of the algebra A;(G, N), following the approach of
[Webb, KTW*19b, Weba]. In particular, we will focus on the Gelfand-Tsetlin modules.

Now, and for the remainder of the paper, we specialize to 7i = 1, and we will write A(G, N) for the
result of this specialization’. Later in the paper, we will further specialize at a point ¢ € f = MaxSpec Z,
and consider A, (G, N) = A(G,N)/A(G,N)m,, where m, C Z is the corresponding maximal ideal.

n [KTW*19a, KTW*19b], we considered the specialization 7i = 2 in order to match the conventions of some earlier papers.
In any case, all nonzero 7 give isomorphic specializations.
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Giveny € t/W = MaxSpec(Ag), let m, C Ag be the corresponding maximal ideal. Consider the
weight functors W, : A(G, N) -mod — Vect defined by

Wy, (M) ={meM | m;\’m =0 for some N > 0}.

The reader might reasonably be concerned about the fact that this is a generalized eigenspace. In this
paper, we will always want to consider these, and thus will omit ‘generalized’ before instances of
‘weight.” These spaces W, (M) are called Gelfand-Tsetlin (GT) weight spaces.

Definition 4.1. An A(G, N)-module M is called a (Z-semisimple) Gelfand-Tsetlin module if it is
finitely generated, M = P yel/w ‘W, (M), and the centre Z acts semisimply on M. For the rest of the
paper, we let W,, denote the restriction of the weight functor to the category of Z-semisimple Gelfand-
Tsetlin modules.

The support of a Gelfand-Tsetlin module is the set

Supp(M) = {y € t/W | W, (M) # 0}.

Remark 4.2. In this paper, we will always assume that Gelfand-Tsetlin modules are Z-semisimple but
will periodically add comments about how our results would change if we allowed the centre Z to act
with nontrivial nilpotent part.

Remark 4.3. For the parabolic Coulomb branch algebra A” (G, N), we also have a Gelfand-Tsetlin
subalgebra A; . In a similar way, we can speak about Gelfand-Tsetlin weight functors PW,, and Gelfand-
Tsetlin modules. In this case, the weight v lies in t/W;, = MaxSpec(A;).

4.2. Morphisms between weight functors

Gelfand-Tsetlin modules can be classified using the approach of [DFO94], which is based on under-
standing the space of natural transformations Hom(W,,, W,). Observe that

Hom(W,, W,,) = liLnA/(Am;V +m) A+ Am,) = 1(i£1A<,,/(A¢mny +myAy),

for v,y € t/W with common image ¢ € f. If 7,7’ don’t have the same image in f, then
Hom(W,,,W,,) = 0.

Remark 4.4. Note that this calculation of natural transformations is only valid for the restriction of W,
to the category of Z-semisimple modules; on the full category of A(G, N)-modules, each element z € Z
defines a natural transformation. Under our convention of Z-semisimplicity, this element z acts on W,
by the scalar ¢(z), but there are Gelfand-Tsetlin modules which are not Z-semisimple where this does
not hold.

The space Hom(W,,, W,) has a natural weak operator topology, where a sequence converges if and
only if it is eventually constant on W,, (M) for all M. This is the same as the inverse limit topology.

These spaces Hom(W,,, W,) can be organized into the algebra End(&W,,), or alternatively, into the
category whose objects are weight functors. Since t/W is an uncountably infinite set, End(eW,) is a
very large algebra. Luckily, it naturally decomposes into summands: consider the partition of /W into
the disjoint union of the images of orbits of the extended affine Weyl group W = Ngo)(T)/T = Witz
on f. As discussed in [Weba, Section 2.5], the space of natural transformations Hom(W,,,W,) is
nonzero if and only if y and y” lie in the image § ¢ t/W of a W-orbit & c . Thus, an indecomposable
Gelfand-Tsetlin module must have weights concentrated on the image of single orbit & and the category
of all Gelfand-Tsetlin modules decomposes as a direct sum subcategories of modules with weights
concentrated on the image of single orbit.

https://doi.org/10.1017/fms.2024.3 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.3

Forum of Mathematics, Sigma 17

Consider a set S C 1, and its image S ¢ t/W. We define? A(G, N)-Tllg to be the category of
Gelfand-Tsetlin modules modulo the subcategory of modules killed by W,, for all y € S. In the case
where S = & is a single W-orbit, A(G, N) -Tllg is just the subcategory of modules with support in &.

Consider the algebra F(S) = End(®, g Wy). More generally, given two sets S, S’ C t, we let

F(S,S’) = Hom ( P w,.P Wy/), (4.1

veS v'eS
which is an F(S’), F(S) bimodule.

Proposition 4.5 [DFO94, Theorem 17]; [Weba, Theorem 2.23]. The functor Wg := eayegwy gives an
equivalence of categories between A(G, N) - I'llg and modules over F(S) continuous in the discrete
topology.

We recall the following definition from [Weba, Definition 2.247].

Deﬁn_ition 4.6. Let & = T be a W-orbit. A finite set S c & is called a complete set for &, if for every
v € &, thereisay’ € S, such that W,, = W,,.

By [Weba, Corollary 4.16], a complete set S always exists. In this case, A(G, N) - I'llg is equal to
A(G, N) -TIl. Moreover, if S, S” are both complete sets for &, then F (S, S’) gives a Morita equivalence
between F(S) and F(S’). Note that the existence of a complete set shows that A(G, N) - I'LL is Artinian,
since the functor Wg is an equivalence and any module in its image is finite-dimensional.

4.3. Category O

The Coulomb branch A(G, N) has a Hamiltonian action of the torus K = (G/[G, G])", so we have a
Hamiltonian C*-action on A(G, N) for each character y of G.

More precisely, the map y: G — C* induces a map Grg — Grex. Since Grex = Z, this gives a
Z-grading to A(G, N), and thus an action of C*. By abuse of notation, we let y also denote the derivative
of the character y, interpreted as an element of (t*)". Then by [BFN18, Lemma 3.19], we have the
quantum moment map relation: for « € A(G, N) an element of weight k € Z (with respect to y), we
have [y, a] = ka.

Definition 4.7. The category A(G, N)-O for y is the full subcategory of finitely generated A(G, N)-
modules on which

o Z acts semisimply, and
o x acts locally finitely, with finite-dimensional generalized eigenspaces with eigenvalues whose real
parts are bounded above.

Remark 4.8. A module in A(G, N)-O is necessarily a Gelfand-Tsetlin module, so this is equivalent
to asking that elements of nonnegative weight for the grading induced by y act locally finitely (see
[BLPW16, Lemma 3.13]).

As discussed in [Webb, Theorem 4.10], we can realize category A(G, N)-O using the same algebraic
approach that we used to understand the category A(G, N) - I'Ll;. The set § is divided into finitely many
equivalence classes by the relation y ~ v’ if W,, = W, as functors. On each equivalence class, either:

o Thought of as a function on &, the function y — R(y(y)) attains a maximum, and attains it at a
finite number of points. In this case, we call the equivalence class bounded.

o On &, the function y — R(y(y)) either has no maximum, or it attains its maximum on an infinite
set. In this case, we call the equivalence class unbounded.

2Since English-speaking readers may not be familiar with these letters, the cyrillic I'L] is pronounced roughly ‘geh-tseh.” These
are the first letters of the names ‘Gelfand’ and ‘Tsetlin’ in Russian.
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Proposition 4.9. Every module in category A(G,N)-O is a Gelfand-Tsetlin module. Conversely, a
Gelfand-Tsetlin module M € A(G, N) - 'Ll lies in category A(G, N)-O if and only if W, (M) = 0 for
all y in an unbounded equivalence class.

Thus, let A(G, N)-O denote the subcategory of A(G, N) -T'll¢ given by objects in A(G, N)-O.
Forany S c f, let .# c F(S) be the two-sided ideal generated by the identity on W, forall y € S whose
equivalence class is unbounded (alternatively, this is the span of the natural transformations that factor
through such W,).

This gives us the following modification of Proposition 4.5:

Proposition 4.10. Let S € § be a finite complete set. The functor &, .gW, gives an equivalence of
categories between A(G, N)-O g and modules over F(S)/.F continuous in the discrete topology.

As mentioned above, this is a rephrasing of [Webb, Theorem 4.10]: in the notation of that paper, the
algebra F(S) would be denoted As and the ideal .# by J_, .

4.4. Gelfand-Kirillov dimension

Let k be a field. Consider a k-algebra A which is generated by a finite-dimensional subspace Ag, and
a left A-module M which is finitely generated by a finite-dimensional subspace M. In this context, the
Gelfand-Kirillov dimension GKdim4 (M) is defined by:

GKdim4 (M) = lim sup log,, dimy (AjMp). “4.2)
It’s a standard result that this number is independent of the choice of Ag and My, and only depends on
the structure of M as an A-module.
Given a Gelfand-Tsetlin module M for A(G,N), let M B denote the corresponding module of
the Morita equivalent algebra A® (G, N) (see Theorem 2.14(1) and Section 5.1 below). Recall that
AB(G, N) contains A(T,N) as a subalgebra, by Proposition 2.5.

Lemma 4.11. Let M be a Gelfand-Tsetlin module for A(G, N). Consider:

The Gelfand-Kirillov dimension of M over A(G, N).

The Gelfand-Kirillov dimension of M® over A(T, N).

The dimension of the Zariski closure of the support of M in t/W.

The Krull dimension of gr M as a gr A(G, N) module, for any good filtration of M.

Then (1) = (2) = (3) > (4).

NS

Proof. (1) > (2): This is a consequence of:
GKdim 4(G,n) (M) = GKdim 4z (G ) (M?) > GKdim 47 ) (MP).

Here, the equality on the left is due to the Morita equivalence of A(G, N) and AZ(G, N), while the
inequality on the right comes simply from the fact that A(T, N) ¢ A®(G, N) is a subalgebra.

(2) = (3): This follows from the same argument as [M V98, Proposition 8.2.3]. In fact, if the action of
T on N is faithful, then by [BFN18, Section 4(vii)], the algebra A(T, N) is precisely one of the algebras
BX considered by [MV98].

(3) > (1): As noted above, we may equivalently look at the Gelfand-Kirillov dimension of M? over
AB(G,N). Now, if a € AB(G,N) is any element, then there exist elements wy,...,w, € W of the
extended affine Weyl group, such that

p
a-Wa(MP) € > Wy, (MP) 4.3)
i=1
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for every weight A € 1. This claim follows from the results of [Weba] (see also [FO14, Lemma 3.1(4)]).
Explicitly, the localization of .AB (G, N) at the fraction field of Az is isomorphic to the smash product
Frac(/\f)#W. The image a +— Zf’: , aiw; in this localization is then a finite sum, where a; € Frac(Az)
and w; € W. These are precisely the desired elements w;.

Choose any finite-dimensional generating subspace Ay of AB(G, N), which exists by [BENIS,
Proposition 6.8]. Then we can choose w1, ..., wp € W, such that (4.3) holds uniformly for all a € Ay.

Now, fix any W-invariant norm on . Note that each w; above is given by an element of the finite
Weyl group times a translation v;. Let € be the maximum of the norms of the these elements v;. Thus,
by the triangle inequality, the ball B(¢) of radius ¢ around O satisfies w; - B(t) C B(t + €) for any ¢ > 0.
Consequently, by (4.3), we have

Ag - @ W,l(MB)C @ W,](MB).

A€B(t) AeB(t+€)

Next, choose any finite-dimensional generating set My for M 5. It is contained in a sum of finitely
many weight spaces, so we can choose f so that My C @leg(,o)WA(MB). Thus, we find that

dim A? My < Z dim W (M5).
A€B(typ+ne)

We conclude that the Gelfand-Kirillov dimension satisfies:

lo dim W, (M5B
GKdim 45 () (M”) < lim 2 ZAEB(’iOgt A7)

Consider the equivalence relation 4 ~ A’ iff W, = W).. By [Weba, Corollary 4.16], each W-orbit
only contains finitely many equivalence classes, called clans, and each is the W-orbit of an intersection
of a tz-coset with a convex polyhedron. Each indecomposable Gelfand-Tsetlin module is supported on
a single W orbit (this follows from (4.3); see also the discussion before Proposition 4.5), so by finite
generation, Supp(M?) is contained in a finite union of W-orbits. Thus, there are only finitely many
equivalence classes {U1, ..., U,} in Supp(M?).

The Zariski closure Supp(MB) is thus the union of the Zariski closures U;. Thus, if we define
d = dim Supp(MB), then d = max_, dim(U;). Similarly, we have an equality

logdim P, 5, Wa(MP) — hx lim log |U; N B(¢)| + log m;

lim
1 > 10g t

t—co IOgl i

’

where m; = dim W (M?) for any A € U; (these dimensions are constant by the definition of Uj;).
Since U; is a finite union of the intersections of tz-cosets with convex polyhedra, this latter growth
rate is exactly the dimension of its Zariski closure. This shows that

. logdim@ﬂeBm Wa(MB)
lim =d
1—00 logt

which completes the proof that (3) > (1).
Finally, (1) > (4) is a general property of passing to associated graded algebras and modules. Indeed,
if the Krull dimension of gr M is g, then by Noether normalization, there are g algebraically independent

elements ay, ..., a, of gr A(G, N), and which act on some element v € gr M with no relations beyond
commutativity. Thus, if v, ay, ..., a, are preimages of these elements, and Ag the span of ay, ..., ay,
then we have dim Ajj - v > (”;‘51), so this shows that GKdim 4G, n) (M) > gq. m]
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Let us include here a closely related result:

Lemma 4.12. Let M be a Gelfand-Tsetlin module for A(G, N). Then
GK-dim(A(G, N)/ann(M)) = 2 GK-dim(M).

Proof. In the case G =T, this proven by Musson and van der Bergh in [MV98, Corollary 8.2.5].

Thus, in the general case, exactly as in the proof of Lemma 4.11, we can consider M5
over the Morita equivalent algebra AZ(G,N). Let A = AB(G,N)/annAB(G’N)(MB) and Ar =
A(T,N)/ann 47 n) (M®B). The Abelian case proves that

GK-dim(A7) = 2 GK-dim(MB),

where the latter is regarded as an A(T, N) module. By the previous Lemma, we have GK-dim(M) =
GK-dim(M®) and so it suffices to prove that

GK-dim(A) = GK-dim(A7).
Since A(T, N)/ann 41 n)(M?®) is a subalgebra of AB (G, N)/ann(M?®), we thus have
GK-dim(A) > GK-dim(Ar).

Thus, we need only prove the opposite inequality. For w € W, let Rg’ n (< w) be the preimage
of the Schubert variety Twl/I in Rg’ N Let AB(< w) be the homology of this subspace; this is a
Mg - Ar-subbimodule of AZ(G, N). Consider AB(< w)/AB(< w). This quotient is the homology
HI=C*(Iwl/I), which is a free module of rank 1 over Az as a left module or as a right module, with
the two actions differing by the action of w. The image of A in A is a quotient of this polynomial ring.
Note that for a simple A(T, N) GT-module M’, the kernel of the map Az — ann 4 n)(M’) is the
intersection of the maximal ideals associated to the nonzero weight spaces, and is thus the radical ideal
of polynomials vanishing on Supp(M’); for example, this follows from [MV98, Proposition 3.1.7].

This implies that the kernel for an arbitrary A(7, N) GT-module lies in the product of finitely many
such ideals. In particular, the image of the map Ay — A is a not-necessarily-radical quotient, whose
support as a coherent sheaf is Supp(M5).

Thus, the same is true of any subquotient of A as a left or right Ar-module, considered as a quasi-
coherent sheaf. In particular, taking the corresponding quotient A(< w)/A(< w), we thus obtain a
Ar - Ar-bimodule whose support as a left and a right module must be in Supp(M 8). Since these actions
differ by w, the support as a left A7 module must lie in Supp(MZ) N w - Supp(MB). Now, note that
all the components of Supp(MB) are affine subspaces which are < d- dimensional, since the Zariski
closure of a clan has this form; now, for any two affine subspaces E|, E, of an n-dimensional affine
space, modelled on vector subspaces Vi, V, which are m;- and m,-dimensional. The set of elements x,
such that E1 N E, # 0 is an affine subspace itself, modelled on the span V| + V>, and this intersection is
an affine subspace modelled on V| N V5. If we apply this with E;, a component of Supp(M2), and E,,
the image of such a component under an element of the finite Weyl group, we find that the intersection
Supp(MB) Nw - Supp(MB) is > k-dimensional only for extended affine Weyl group elements whose

translation parts lie in a 2d — k-dimensional variety, where d = dim Supp(MB).

Choose a generating set of the extended affine Weyl group containing the simple reflections, let
fo(w) > €(w) be the length function of with respect to these generators (since G is not usually
semisimple, we will need extra generators). Let A® (< n) be the span of AZ(< w) for all elements w
with £y(w) < n. Now, consider the span Ay of

1. the degree 1 elements t* ¢ Ay and
2. generators of AB (< n) as a left Ar-module for some large n.
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For n sufficiently large, this will be a set of generators of A (G, N) as an algebra. Let Ay be the image
of Ap in A. We need to show that the dimension of Af" does not grow too quickly in terms of m; in order
to obtain this bound, we use the filtration A(< w) discussed above, and the loop filtration F,, A induced
by the homological grading before we specialize 7 to 1.

In particular, we let D be the smallest integer, such that Ay ¢ FpAB.

Thus, we have A7 ¢ AB (< nm) N FppA.

If dim Supp(MB) Nw - Supp(MB) < k, then we must have that the dimension of F, A(< w)/F,A(<
w) must be bounded by D"’ p* for all p for some constant D”’; since this intersection is a union of affine
spaces, whose number of components is bounded by the number of pairs of components, we can choose
one D’ which works for all w. Combining our estimates, we find:

1. The number of w € W with £y(w) < nm, such that dim Supp(MB) N w - Supp(MB) = k is bounded
above by D’m?dk,
2. The dimension of (A(< w) N AJ")/(A(< w) N Af') is bounded above by D" (Dm)* if £y(w) < nm .

Thus, summing over k = 1, ..., 2d, we have dim A" < D’D”D*¥m*?_ Thus, we have
log(2dD’'D")D*
log,, (dim A") < 2d + og( )
logm
so taking the limit, we have GK-dim(A) < 2d, completing the proof. O

5. Functors from parabolic restriction
5.1. Restriction and induction functors
The relations of Theorem 2.14 induce a number of functors.

1. The Morita equivalence of Proposition 2.4 gives us an equivalence of categories
A(G,N)-mod = AP (G, N) -mod.

This functor A” (G, N) -mod — A(G, N) -mod can be writtenas M + e¢’M.Let MY = APe’@ 4 M
be the inverse equivalence.
2. Restriction induces a functor

AP (G, N)-mod — A(L,N)-mod.

This functor has a left adjoint given by AP(G,N) ®4.n) — and a right adjoint
Hom 4(z,n) (A" (G, N), -).
3. Tensor product A(L, N§ ) ®A(L,N) — induces an exact functor

A(L,N)-mod — A(L, N(’)f) -mod .

This has a right adjoint given by restriction.

Definition 5.1. We define the functorres; = res: A(G,N)-mod — A(L, Ndf ) -mod as the composition
of the above three functors

A(G,N)-mod — AP (G, N)-mod — A(L,N)-mod — A(L,N{)-mod.

Lemma 5.2. The functor res: A(G,N)-mod — A(L, Nof) -mod is exact and admits a right adjoint
coind: A(L, N(';c) -mod — A(G, N)-mod.
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Proof. The right adjoint is just defined by composing the right adjoints of the functors (1-3) above.
The Functor (1) above is exact since it is a Morita equivalence. The Functor (2) is exact since it is the
same underlying vector space, and the Functor (3) is exact since it is a localization of the action of a
polynomial ring. O

5.2. Functors on Gelfand-Tsetlin modules

Lemma 5.3. The functor res preserves Gelfand-Tsetlin modules.

Proof. 1t’s clear that the Morita equivalence (1) preserves Gelfand-Tsetlin modules. Similarly, the
restriction functor in (2) above clearly does so by compatibility with the Gelfand-Tsetlin subalgebras. The
functor of tensor product with A(L, No'f ) ®.4(L,N) — preserves local finiteness under Az since A(L, N(jf )
has the Harish-Chandra property as a bimodule over A; : the subbimodule generated by any finite set is
finitely generated as a right module (and also as a left module, though that is not relevant here). For any
element v € A(L, N('f) ®.4(L,N) M, the subspace A; - v lies in the image of a tensor product B ®,; C
of a finitely generated sub-A; - Aj-bimodule B and a finite-dimensional A;-submodule C. Since B is
finitely generated as a right module, B ®,; C is finite-dimensional, showing the local finiteness. O

Let us examine a little more carefully the effect of res on weight spaces.

5.2.1. Morita equivalence on GT weight spaces

The effect of the Morita equivalence from Proposition 2.4 on weight spaces is covered in [Weba, Lemma
2.8]. Let v € t/Wy, and y its image in t/W. The preimage of v in { is a single orbit of the Weyl group
W, and v corresponds to an orbit of Wy, within this larger orbit. Generically, both these orbits are free,
but there are degenerate cases where they are not. The effect of the Morita equivalence on weight spaces
is a bit subtle in the latter case. Let A € T be a preimage of v, let W be its stabilizer in W and WZ' its
stabilizer in Wp..

Lemma 5.4. Let A, v,y correspond as above. Let M be an A(G, N)-module, and M® the corresponding
AP (G, N)-module. If Wt = W,’j, then PW,, (M) = W, (M); more generally, we have a functorial
isomorphism PW,, (M) = W, (M)®*, where k = [W : Wﬁ].

Proof. Let e’(1) be the symmetrizing idempotent for W+ and e} (1) be the symmetrizing idempotent
for Wi, Let M® be the corresponding module over A®. By [Weba, Lemma 3.2], we have that

Wy (M) = ' (1) - BWa(MP)  W)(MP) = e} (1) - PWa(MP)
and BW,(M?®) is a free module over C[W*]. Since er (1)C[WA] = Ck, the result follows. O

5.2.2. Restriction on weight spaces
The inclusion of A(L, N) into A¥ (G, N) from Proposition 2.5 identifies their Gelfand-Tsetlin subalge-
bras A; . In particular, restriction from A? (G, N) to A(L, N) leaves weight spaces unchanged.

5.2.3. Inverting r - and weight spaces
Finally, we wish to consider the effect of inverting r+. This can be computed separately on the sum-
mands of any decomposition into C[r]-submodules. A Gelfand-Tsetlin module has a natural such
decomposition, given by the sum of weight spaces in a single Z¢&-coset.

Let v € t/Wy. Note that v + & is well-defined since ¢ is invariant under the action of Wy. Let M be a
A(L, N) module. We consider the directed system

];’(M) WLN(M) WLN(M) ) (5.1
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Let WL ‘N (M) denote the direct limit hm WL (M ) of this system (here, [v] denotes the image of v
in (t/WL)/Zf).

Lemma 5.5. Let M be a Gelfand-Tsetlin A(L, N)-module. Then A(L, N§)®A(L,N) M is also a Gelfand-
Tsetlin module, and for any v € /Wy, we have

NE
U (ALN) ©awn) M) = WEN (M),

In particular, this functor is exact on the category of Gelfand-Tsetlin modules.
Proof. Let M’ = A(L,Nog) ®4(L,N) M. We have an obvious map p: M — M’ which leads to maps
r;k p: Wﬁ’_’,\(’ P (M) — Ws’NOE (M’), which are compatible with the directed system (5.1). This induces
a map \/_)V[Lv?] (M) — Wf’N‘)g (M").

Since A(L, Ng) = A(L,N) [r;l], for any v € Wf’N"g(M’), we have that r’é
for k sufficiently large. This shows that the map va?] (M) — Wé’NOf (M) is surjective.

v is in the image of M

On the other hand, if there is an element of the kernel, it is represented by some w € Wf_]Z P (M) for

some k. Since this element is killed by p, we have that rlgw = 0 for some k’. Thus, w has trivial image
in the directed limit. This shows injectivity. ‘ O

However, the limit VV[LV?] (M) is already isomorphic to a weight space of M but possibly for a different
v. To see this, recall that in A(L, N), we have by (2.4) that

(&) —(u,&)-1
rere=| [ [lw-n ] ] w+n
(u,€)>0 j=1 (u,€)<0  j=0
~(.£) (,€)-1
rer-g = 1_[ H (=17 I_] (+J) (52)
(1,€)<0 =1 (1,€)>0  j=0

where the products both range over subsets of the weights y of the representation N, counted with
multiplicity.
These formulas motivate the following definition.

Definition 5.6. 1 € 1 is called £-negative, if

1. there is no weight u of N, such that (u, &) > 0 and (u, A) is a positive integer and
2. there is no weight ¢ of N, such that (u, &) < 0 and (u, A) is a nonpositive integer.
3. The stabilizer W1 lies in Wy, that is WA = W’1

Since ¢ is invariant under Wy, and the set of weights of N is invariant under Wy, the set of £-negative
elements of t is invariant under Wy . Thus, it makes sense to speak of £-negative elements of /W .

Lemma 5.7. Assume that v € Y)W, is &-negative.

1. Forall k € Zxo, r¢ gives an isomorphism of functors
L,N L,N
W ke W (k+1)&°

LN _ AOL.N . . .
2. The natural map W,"' — le | isan isomorphism of functors.

https://doi.org/10.1017/fms.2024.3 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.3

24 J. Kamnitzer et al.

Proof. Let M be a Gelfand-Tsetlin .A(L, N)-module. Let k € Z>o. We consider the composition r_ 7 ¢
as a linear operator on W, _i ¢ (M). By (5.2), the eigenvalues of this operator on this weight space are
given by the set

{(,u,v)—k(,u,f)—j : <:u’§> >O’ 1S.] < <,Ll,f>}

U vy —k(u&) +j @ (u, &) <0, 0 < j<—(u,é}.

The hypothesis of £-negativity ensures that none of these eigenvalues vanish. Thus, r_sr ¢ is an isomor-
phism. Similarly, we see that rzr_¢ is an isomorphism on W,,_(x41) £ (M).
So we conclude that r¢ is an isomorphism. Then the second part follows immediately. O

5.2.4. Combined effect of res on weight spaces
Combining the results above, we conclude the following.

Theorem 5.8. Consider a Gelfand-Tsetlin A(G, N) module M. Let v € t/Wy, and let y € 1/W denote
the image of v. Assume that v is é-negative. Then there is a natural isomorphism

WE (res(M)) = W, (M).
Corollary 5.9. Let v, v’ € t/Wy, be £-negative, and lety,y’ € t/W be their images. There is a morphism
Hom(WZ%, W) — Hom(W,, W,).
Proof. By Theorem 5.8, we have
WE(res(M)) = Wy, (M) WE (res(M)) = W, (M).

Given any x € Hom(W’;,W’;,), the map WE (res(M)) 5 Wﬁ,(res(M)) gives us our desired map
W, (M) = W, (M). m]

5.3. Algebraic description of the res functor

We will now combine Proposition 4.5 with Corollary 5.9 to obtain an algebraic description of the functor
res.

Consider a W-orbit & c 1. As before, we let A(G,N)-T'Ll be the category of Gelfand-Tsetlin
modules supported on the image of this orbit in /W. Since & is closed under addition by &, Lemma 5.5
shows that if M is supported on &, then res(M) is supported on & as well.

The set & is a finite un10n of WL-orbits. We will fix attention on a single one of these WZL-orbits,
which we denote S Let res . AG,N)-TILy — A(L, N, f) I'l ¢z be the functor given by applying

res and then taking the summand supported on & L
Let S, ST be finite complete sets in §, ST, respectively, and without loss of generality, assume that
st cs.

NE
Since r¢ is invertible in A(L, Nf) as in Theorem 2.9, we have W Mo o Wv+§° for any v € t/Wy.

Thus, without loss of generality, we can choose all elements of S to be &-negative.
By Proposition 4.5, we have equivalences

A(G,N)-Tllg = F(S)-mod  A(L,N})-TIlg = FE(SE) -mod.
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We can define natural FX(S’), F(S)-bimodules corresponding to the restriction and induction
functors:

I(St,8) = @ Hom(WE ores, W,)  I(S,S*) = @ Hom(W,,, Wk ores),  (5.3)
v'eS y'eS
vesL vesSL

where S denotes the image of S in t/W and SL denotes the image of ST in t/Wy.

Recall that by construction, each v € ST is &-negative. Thus, by Theorem 5.8, we can choose
an isomorphism WL o res = 'W,,, where vy is the image of v in t/W. This induces a vector space
isomorphism F(S,S%) = I(S,S%) (see (4.1) for the definition of F(S,Sr)). The right action of
F(SY) on F(S,S%) and the right action of FX(S¥) on I(S, St) are related by the homomorphism of
Corollary 5.9.

Let e& € F(S) be the idempotent obtained by summing the identities on elements of S’. In this
case, el F(S)el = F(SY) and I(S, ST) = ¢L'F(S). Note that for M € F(S)-mod, we have functorial
isomorphisms

1(S,8%) ®F(s) M = ¢“M = Homp(s)(I(S%, S), M). (5.4)

Theorem 5.10. We have a commutative diagram

1(S,8%) ®p(s) —

F(S) -mod > FL(SY) -mod
Ws TW&
A(G,N)-Tl — > A(L,NS)-TTls

Note that (5.4) allows us to construct left and right adjoints to res on the category of GT modules:

I(SE,S) ®FrL(sL) —

F(S)-mod ¢ FL(St) -mod
W TWL
A(G,N)-Tllg < — A(L,N{)-Tlig

HOII]FL (st) (](S, SL), —)

F(S) -mod < FL(ST) -mod
W ,I\WL
A(G,N)-TTi < . A(L,NG) -TTose

coind

The right adjoint coind is well-defined on all modules, based on the definition in Section 5.1. Note
that it’s not clear that ind is well-defined for all modules, though it seems likely that it agrees with
coind for the coweight —¢. We can also construct ind from coind by using duality on the category of
Gelfand-Tsetlin modules.
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5.4. Hamiltonian reduction

In this section, we consider Part (4) of Theorem 2.14, and the corresponding functors on modules
induced by quantum Hamiltonian reduction.

LetAbeanalgebraandb € A, andrecallthat A /;b = Ends(A/(b—1)A). Thereis anatural A/, b, A—
bimodule structure on A/(b—1)A. In particular, there is a natural functor A -mod — A /b -mod defined
by

M — A/(b-1)A®s M =M/(b-1)M,

which has right adjoint Hom 4y 1, (A/(b - 1)A, -).

An instructive example to think about is when G = C* and the action on N is trivial (in this case, the
algebra A(C*, N) does not depend on N). By [BEN 138, Section 4(iv)], the resulting algebra is generated
by x = r_;,x~! = r; and a with the relation [a,x] = x, where a is the equivariant parameter coming
from I\CE . We can either think of this algebra as a ring of difference operators on the polynomial ring

Cla], with x acting by translation, or as differential operators on the torus C* with coordinate x, with
a= x% (the isomorphism relating these two realizations is called the Mellin transform). In this case,
the quantum Hamiltonian reduction is simply A(C*, N) /, x = C.

The representation theory of A(C*, N) is not trivial, but it is simple. A Gelfand-Tsetlin module M
over A(C*, N) is one on which a acts locally finitely, and can equivalently be thought of as a D-module
on C* on which a = x% acts locally finitely; this implies that M corresponds to a regular local system.
Thus, a simple module of this type must be a 1-dimensional local system with monodromy ¢ € C*. This
module is isomorphic to A/ A(a — m) for any m, such that "™ = c.

For a general module M, M /(x — 1)M is the fibre of the local system at x = 1. In particular, for
a Gelfand-Tsetlin module, the number of simple composition factors is the dimension of this fibre. In
order to reconstruct M, we need to also remember the action of the monodromy map exp(27zia) on this
quotient (which is well-defined).

Now, consider the situation of Theorem 2.11: Assume that CE C G is the image of a primitive
cocharacter £: C* — G which acts trivially on a representation N. Recall from Theorem 2.11 that, in
this case, A(G,N) [, re = A(G/C%,N).

Let t = t/Cé&, where we use & to denote the derivative of the cocharacter £. That is, t’ is the Lie
algebra of a maximal torus of G’ = G/Cé. Thus, we have a map C[Y']V c C[t]"Y — A(G,N); the

composed map commutes with 7 ¢, so C[¥]" maps into the Hamiltonian reduction. This induces the
usual map Agr = C[t']Y — A(G’,N).
We have a Hamiltonian reduction functor on left modules:

Mw— M[(re - 1)M.

Proposition 5.11. Let M € A(G,N) -T'Ll, Then M [ (r s —1) M is a Gelfand-Tsetlin module for A(G’, N),
and for vy’ € t' /W we have

Wy (M/re-)M) = W),
[yle(y+C&)/Z&

where the direct sum ranges over a set of representatives modulo Z¢ for the preimage of v’ in t/W.

For vy a Z&-coset representative, the weight space W, (M) can be written more canonically as the
limit of the directed system (5.1). Since (C§ acts trivially on N, every map of this directed system will
be an isomorphism.

Proof. For any y € t/W, the weight spaces W, (M) and W, ¢ (M) are canonically isomorphic by
r.ke. Since all weight spaces of M are finite-dimensional, it follows that 5, ., Wy1r¢ (M) is a free
module of finite rank over the Laurent polynomial ring C[r ¢, r_ ], which is freely generated by W,, (M).
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Since M is finitely generated, the support of M is a finite union of orbits of the extended affine Weyl
group of G, and so there are only finitely many cosets of Z¢ in any given coset of C¢ that lie in the
support of M.

Given y’ € t'/W, we have that M/, := @ye CE W, (M) is also a free module of finite rank over
Clrg,r—g]: there are only finitely many cosets [ ] e (y + C¢&)/Z¢ for which W, (M) # 0, and we
may apply the above argument on each coset. We can choose free generators for M )’, by fixing one
representative y from each such coset [y], and thus

M(re - 1M =@M /(re - )M}, = P ( D WY(M)). .
L

v lyle(y'+Cé)/Z¢

Since ¢ is primitive, we can find a € f% with £(a) = 1. Choose a logarithm map log : C* — C
inverse to m — e2™ For simplicity, we can uniquely fix this by requiring its image to lie in [0, 1) +iR.

The adjoint action of a on A(G, N) integrates to a C* action and thus has only integer eigenvalues.
Thus, the module M is the direct sum of submodules

@ Wlogc+k(M)’ (5.5

kezZ

where W¢(M) denotes the generalized x-eigenspace for the action of @ on M, and where ¢ ranges
over C*.
We use a to splitt =1’ @ C£. For ¢ € C*, define

(M/(re =1)M))e = Wit, (M) = D) Wyigogere (M)
v'et /W

Via Proposition 5.11, we can identify (M /(rg — 1)M)). with a subspace of M/(rg — 1)M.
This gives a decomposition

M[(re =DM = PM/(rs = OM)e = P Mc/(rs = DM, (5.6)

ceCx ceC*

into A(G’, N)-submodules by reducing the decomposition (5.5).

To connect this to the D-modules on the punctured line described above, note that a, r% ¢ generate
a copy of D(C*) inside of A(G, N). The module M can be viewed as a D-module on C* via this
isomorphism. Then the left-hand side of (5.6) is the fibre of this D-module at 1 and the right-hand
side is the decomposition of the fibre (or equivalently, the nearby cycles at the origin) into generalized
eigenspaces for the monodromy around the origin.

6. Geometric description of weight modules and functors
6.1. Recollection on earlier results

By Proposition 4.5, spaces of natural transformations between weight functors control the category of
Gelfand-Tsetlin modules. In the papers [Weba, Webb], the third author gave a geometric description of
these spaces. We will now recall this description; it will be phrased as an equivalence of categories. We
begin by defining the two categories involved.

In this section, we will only work with integral weights. Here, 17 = Hom(C*, T) ct.

6.1.1. Category of weight functors
Definition 6.1. We call a Gelfand-Tsetlin module over A(G, N) or AZ(G, N) integral if its support

lies in 1z.
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Let Q?Z(G, N) be the category with objects tz/W and morphisms given by
Homﬁz(c,w)(V’V,) = Hom(W,, W,,).
Similarly, let Q?g (G, N) be the category with objects T and morphisms given by
Homgs g ) (4.4) = Hom(BW,, W),

where, as before, W is a weight functor on the category of .A® (G, N)-modules.

Remark 6.2. The reader might naturally wonder about the relationship between ,Q’f\z(G,N) and
dg(G, N). They are not equivalent: for example, in the pure case where N = 0, if y is a W-orbit

with a single element, the endomorphism algebra of y in a (G, N) has a single 1-dimensional discrete
irreducible representation, and no object in &/ (G, N) has this property. On the other hand, by Lemma
5.4, there is an equivalence between the Karoubian envelopes of these categories, sending 1 € tz to
the direct sum of W+ copies of its image in fz/W. The inverse functor thus sends an element of /W
corresponding to a nonfree orbit to the image of the symmetrizing idempotent e’(1) in W* acting on a
preimage A.

6.1.2. Steinberg category
Next, we will define certain Steinberg-type varieties, which will be the building blocks of our second
category.

First, given coweights y,y’ € fz/W, as before, let 1, 1" be the antidominant lifts of v, y’. As above,
N ’Sl is the subspace in N on which A has nonpositive weight, and let P, C G be the parabolic subgroup
on whose Lie algebra A has nonpositive weight (and similarly for 1”). Let:

Yy = (Gx N2)/Py = {(gPy,n) | ncgNi} (6.1)
yYy =Y, XN Y, = {(g1Pa,g2Py,n) | n e glNi N gZN’SY}. (6.2)

Let HC (yY,) denote the completion of the equivariant Borel-Moore homology of , Y, with respect
to its grading.
We will also need a full flag version of this construction. Let:

Xi=(GxNYH/B  Xy=Xaxny Xy ={(g1B.g2B,n) [ne giN2ngxN¥}.  (63)

Note that B C P, and if A is the antidominant lift of y, we have a natural morphism X, — Y, which is
a P,/B bundle.

We can easily extend the definition of these spaces when A, 1" are not antidominant. To this end,
we define B, to be the Borel subgroup whose Lie algebra consists of those root spaces g, for all «,
such that either (1, @) < 0, or (1, @) = 0 and « is negative. Then N’Sl will be invariant under B, and
we define X; = (G X N’Sl) /B . Note that this space would be the same for any other Borel contained in
P ,; any two such Borels are conjugate in P,, and any element in P, conjugating between them induces
an isomorphism by (g,n) — (gp~!, pn). More generally, this assignment of spaces to coweights is
equivariant for the action of the Weyl group. Even though wB,w~! # B, in some cases, we still
have wBw™! c P, 1, and so X3 = X, Finally, we extend the definition (6.3) of Xy to the case of
arbitrary 4, " € 1.

Let HC (21X y) denote the completion of the equivariant Borel-Moore homology of X ;- with respect
to its grading.

Remark 6.3. When there is an ambiguity, we will write Yf N ete. to keep track of the group G and
representation N.
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Definition 6.4. Let (G, N) be the category with objects tz/W and morphisms
Homgz g ) (r:7') = HO ( ¥).
Similarly, let B (G, N) be the category with objects tz and morphisms

Homf

ZB(G,N) (/L /ll) = ﬁG (/IX/I')'

Composition in these categories is defined by convolution, as defined in [CG97, (2.7.9)], viewing
Xy € X3 X Xy (in the notation of [CG97], M| = X, M> = Xy ). The associativity of the convolution
product is given by [CG97, Section 2.7.18].

The category B (G, N) is a variation of the Steinberg category, defined in [Webb, Section 2.4]. The
definition from [Webb] involves assigning a subspace in N to each element of fz, which we have done
here by the assignment A — N’<l; in [Webb, Section 2.4], this subspace is encoded as a sign sequence
on a basis of N representing which basis vectors lie in N ’Sl and which do not.

6.1.3. The equivalences
Following [Webb, Definition 4.2], we will now construct equivalences between the weight functor
categories and the Steinberg categories. Our strategy will be to begin with x (T,N), .52?2(T, N), then
study (G, N), 42(G,N) and finally Z (G, N), /z(G, N).

Recall from Section 2.3, that the algebra A, (T, N) is generated over As by the elements r, (for
v € tz), with relations given by (2.4).

For A,2" € tz, we define ®y(1,1") € Ar by the following formula, where the product ranges over
the weights u of the representation N, counted with multiplicity:

@1, =] | (= J)- 64

[T S iy B )

Note that the polynomial ®(4, A”) acts invertibly on the functor Wy, so we can define morphisms in
dz(T, N) by

1
A= ————rp W Wy.
w(4,4") ‘Do(/l,/l’)m/l 1= Wa

T,N
]

Note that AIX?N is a vector space. We also let w(4,4") denote its fundamental class [ X,

which is a morphism in .‘;??(T, N).
A special case of [Webb, Theorem 4.3] is that:

Theorem 6.5. There is an equivalence E : Z (T,N) = JZ(T, N) which is the identity on objects. On
morphisms, this functor sends an element of t* C Ar to the nilpotent part of the action of the same
element in A7(T, N), and takes w (A, A’) to the same-named morphism.

From Proposition 2.5, we have an inclusion A, (T,N) — Ag(G,N). This leads to a functor
JZ(T, N) — eszyf (G, N) which is the identity on objects. Describing the additional generators needed
to generate Ag (G, N) is tricky when working purely with the algebra A, ; this process is simplified by
considering the extended category introduced in [Webb, Section 3]. Here, we proceed a little differently.

Let L denote the fraction field of A7 and L the fraction field of the completion E Recall from
[Weba, Proposition 4.2] that A, (T, N) is a principal Galois order inside the skew group algebra L > tz
for the usual action of tz on L by translations on t. Similarly, A, (G, N) is a principal Galois order
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inside the Weyl invariants of (L = tz)". The algebra Ag (G, N) is the corresponding flag order in the
skew group algebra L > W. That is, in particular, these inclusions induce isomorphisms:

L& Ag(T,N) =Lxtz, LY &, Ay(G.N) = (Lxtz)V, L&y AS(G,N)=L=W.
By [Weba, Lemma 2.11(4)], the Hom space
Hom gs ;) (v, V') = Ag/(Agmy) +m AQ),
is isomorphic to

N & { D) aww e AB(G,N) cLxW | a, =0if wy #v'}. (6.5)

wew

Applying the same result with G = B = T and the product decomposition W =tz - W, we obtain an
isomorphism:

L ®s HongB(G’N)(v, V) = @ L®; HomﬁZ(T,N)(wv, V) -w. (6.6)
weWw

On the other hand, we also have a functor x (T,N) - B (G, N), which is the identity on objects and
which acts on morphisms by

H (N —» HTGXGN) = HEGXGN) —» HO(x§N), (6.7)

the composition of pushforward in 7-equivariant homology, followed by G-saturation, the map HB (X) =
HY((G x X)/B) — HY(X) which ‘averages’ B-equivariant cycles under G.
We can write

Homgs g n) (v, v') = HB({(gB.n) | n € Nt ngN'})

~ ﬁT({(gB, n)|ne N’Sl N gN’Sl/}).

The fixed points of T on the space are given by {(wB,n) | w € W,n € NT }. Applying localization in
T-equivariant Borel-Moore homology, we find that we have a natural isomorphism:

L O Hom.%AZB(G,N)(V’ V) = @ L ®5 Homjz(T’m (wv,v') - w. (6.8)
weWw
By [Webb, Theorem 4.3], we have the following result.
Theorem 6.6. There is an equivalence E: B (G,N) —» .sz?f (G, N) compatible with the isomorphisms

(6.6) and (6.8), making the following diagram commute

Z(T,N) —— dz(T,N)

l l

ZB(G,N) — dB(G,N).

Let A, 2’ be the antidominant lifts of y,y’ € tz/W. The P,/B fibre bundle X; — Y, implies that
the convolution algebra HC (X, Xy, Xa) is a copy of the nilHecke algebra for W4, By [CG97, Theorem
8.6.7], this algebra acts on the pushforward of the constant sheaf from X,. Since the nilHecke algebra
is a matrix algebra on the commutative algebra H(,(pt), this shows that this pushforward is a sum of
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#W copies of the constant sheaf on Y,,. Thus, any primitive idempotent in this nilHecke algebra (in
particular, the symmetrizing idempotent e’(1) € CW*) gives this constant sheaf. This shows that:

H"(,Y,) = ' (DH" (X p)e’ (V). (6.9)
By [Weba, Lemma 2.8] (also discussed in the proof of Lemma 5.4), we have a similar formula
Hom(W,, W,,) = ¢’(1) Hom(BW,, BWy)e’(X). (6.10)
Thus, comparing equations (6.9) and (6.10), we have that:

Corollary 6.7. There is an equivalence E: ef?(G, N) — .Q/Y\Z(G, N).

Remark 6.8. In [Weba, proof of Theorem 4.4], following a suggestion of Nakajima, the third author
gave a sketch proof of Theorem 6.6 and Corollary 6.7 using Abelianization in equivariant homology.

Remark 6.9. The effect of requiring Z-semisimplicity is encapsulated very cleanly in this theorem.
If we consider the weight functors W£ on the category of all modules (rather than restricting to Z-

semisimple ones), we obtain a different category, temporarily denoted JZ(G, N)f, whose morphism
spaces are given by

Hom(Wj, W!,) = lim A/ (Am) +m A).

A simple Gelfand-Tsetlin module over .4 will factor through one of the quotients .4, but there can be
extensions of such modules where the centre Z acts nonsemisimply, and thus don’t factor through any
such quotient.

In order to fix Corollary 6.7 to work in this setting, we define X (G,N)! by working with
G-equivariant cohomology instead of G-equivariant so that

Homz g vyr (7)) = HO (Y).
With these definitions, essentially the same argument gives us an equivalence of categories
Z(G,NY — (G, N) .

The additional equivariant parameters for the larger group G capture the action of the nilpotent part of
Z, which as we mentioned above might be nontrivial.

6.2. Geometric viewpoint on parabolic restriction

Now, let us consider how to understand Corollary 5.9 in the context of the geometric description provided
by Corollary 6.7.

Let v,v’ € /W, be &-negative, and let y,y’ € Tz/W denote their images. From Corollary 6.7, we
have an isomorphism

HC(,Y,) = Hom(W,, W,,).
On the other hand, from Corollary 5.9, we have a morphism

Hom(W£E, Wﬁ,) — Hom(W,, W,,),

where WE, Wﬂ, denote the weight functors on the category of A(L, NOf )-modules.
We begin with the following observation, which follows immediately from Definition 5.6.
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L 6.10. If v i tive, then YEN = YEN s N€. This ind ; hism ,YEN =
emma 6.10. If v is £é-negative, then Y, =Y, i This induces an isomorphism Y ;" =
L,N®
Ve &
Sy X NEL

Now, the map L — G induces a map Y- — Y, and thus we have a map
HE(YE) — HP(,Y,) — HO(,Y,) (6.11)

via G-saturation of P-equivariant cycles after pushforward as in (6.7); note that any parabolic P with
Levi L will give the same result.
Equivalently, we can use the identifications

HO(,Y,) = H({(gPy.n) | n € N:ngN%})
HY(,YL) = AP ({(gP%.n) | n e NAngNYY),
where 4, 1" denote the antidominant lifts of y,y’. Since v is £-negative, W4 c Wi, and so P/Il‘ and P,

have the same reductive quotients. Thus, the map (6.11) is simply the pushforward in homology for the
map

{(gPv,n) |ne N ngN¥} — {(gPh,n) | ne NingNty.

The functor E is far from the only equivalence between the corresponding categories. In order
to compare the restriction functors with geometry, it is convenient to use a variation of the functor
Er: L(LNS) — dz(L,N).

For each A € fz, we define x; € L by the following product over the weights y of N, taken with

multiplicity:
(p, )1
[T ] w-»
s
u,A)>
Ky = T (6.12)
[T [] w=+n
(u,£)<0  j=0
(u,1y<0

Note that x, acts invertibly on W5 since this assignment is Wy -equivariant, this induces a natural
transformation on the functor W, where v is the image of A in t/W . Let

E, =«,'ELky: ﬁi(VYf,) — Hom(W£%, W)
be the twist of the functor E;, from Corollary 6.7 by the maps «,,.

Lemma 6.11. Assume that L is Abelian. The functor E| sends

, 1 , , L.,N* , J# V')
w(v,v') — erfv” D (v, V') =@ (v,v') H a —. (6.13)
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Proof. By definition, this functor sends

_ 1
w(v,v') - K —F Fy—y Ky
;0 (v,v)
—(u,v')-1 (u,v')-1
l_[ ﬂ (+7) l_[ ]_[ (1=1J)
(u,£)<0  j=0 (u,£)<0 j=1+{u,v'-v)
(u,v')<0 (1, v)>0
= Ty_yr.
(I)L,N(;f (v,v") (pv)-1 —{p,v')-1 vTv
o T w-n ] ] w+n
(u,€)<0  j=1 (1, €)<0 j=(u,y—v")
(uv')>0 {uv) <0

For any weight y, its contribution to this product depends on the signs of {(u, v) and {u, v’).
If (u, v) > 0, {u, v") <0, then the contribution of u to the denominator is trivial, and its contribution
to the numerator becomes

—(u,v')-1 —{(u,v'-vy-1
w+p ] w+n=[]  u+h.
Jj=0 J=—{(u,v" )+1 j=0,..., (u,v—v')-1

JE= (V")

Dually, if (u, v) <0, (u,v’) > 0, the numerator is trivial, and the denominator is

(u,v')-1 (u,v'=v)
w-n [] w-n=T] (-5
Jj=1 J=(u, v )+1 Jj=lLe.,—(u,y—v")

JEWY')

On the other hand, if (u, v) > 0, {u, v’) > 0, respectively, (u, v) < 0, {u, v’) < 0, then these contribu-
tions are:

(u,v')-1 —(u,v')—1

(= J) [T @w+p
Jj=l+{u,v'=v) tivel Jj=0
, respective .
(u,v')-1 P y —{(u,v')—1
[] w-» [T w+p
J=1 J=(uv=v")
Applying the obvious cancellation gives the desired result. O

Recall that in Theorem 5.8, we fixed a natural isomorphism of functors Y, : W’; ores = W,.
Also recall the map Y : Hom(W%, WE) — Hom(W,, W,,) from Corollary 5.9. By definition, for
x € Hom(WE, Wﬁ,), we have Y (x) = Y,xY;!.

We will use these factors «,, to twist these maps, and define

Y, =Y,«;'  and  Y'(x)=Y,x(Y,). (6.14)

Theorem 6.12. Assume that v, v’ € t7/Wy are both &-negative. Let y,y' be their images in tz/W. Then
we have a commutative diagram
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(6.11)

I:I\L(VYf,‘/) ) EG(YY),/)

Er Ec
Hom(WZ%, WE) — > Hom(W,, W,).

Here, WL denotes the weight functor on the category of A(L, Nof ) modules and W, denotes the
weight functor on the category of .A(G, N) modules.
We’ll complete this proof in a couple of steps. First, we consider the Abelian case:

Lemma 6.13. Theorem 6.12 holds in the case where G =T is Abelian.

Proof. Note that, in this case, L = T as well, and v = y,v’ = y. We can equivalently show the
commutativity of the diagram:

—~ 6.11) —~
H'(,Y,)) ———— H'(,Y,))

E, £y (6.15)
Hom('W,,,'W,) f) Hom(W,,,W,,).

The morphism Y from Corollary 5.9 comes from the functor res: A(T, N) -mod — A(T, Ng ) -mod
and sends the morphism r,,_, to r;k Ty_y+k¢ Tor k > 0, which is well-defined by the £-negativity, and

the map (6.11) sends w(A, 1”) to w(A, 2’). In the left-hand square of (6.18), going right and then down
sends

Jj=0,..., (u,v—v')—1
7 l j¢</1’vl> _k
w(v,v') - e —Ig Py—yaké-
Dy (v, v') <0 [T w-»
j=l..., —(u,v—v")
JEY')
Now, we must apply (2.5):
d({p.k&), (p,v=>")) 1 d((p.k&), (u,v—r"))-1 1
r_kr rrkE = l—[ E—— Fy—y!
éf V=V 7 . — .
.k )50 (,v—v') i1 H =T ke y<0<uv—vy J=0 st
Note that for k > 0, this is the same as
—(u,v=v") 1 (u,v=v")-1 1
r;krv—v’+k§ = I—[ e Fy—y's (616)

— 7 +
(w.&)>0> vy j=t PTG eyco<uv-vy gm0 BT
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which is, as promised, independent of k. On the other hand, we have that

LN%

o0 (v,v)
o= L M1 e
= 1. (6.17)
LN ,
o V) )40 o1 (-
J#Eu,A)
Combining equations (6.16) and (6.17), we have the commutativity of this square. O

Lemma 6.14. Under the hypotheses of 6.12, we have a commutative diagram

(6.11)

H- (%5, > HO(,X,)
Er Ec
Hom(BWk, BWE) — Hom(3W,, BW,).
Proof. As in the previous proof, we can equivalently show the commutativity of the diagram:

(6.11)

ﬁL(/lX/Lir) ) ﬁG (yXy’)

= Eg
Hom(ng, BW/I{,) — Hom(BW,,BW,,).

The morphism Y from Corollary 5.9 comes from the functor res, which involves passing between
modules for the algebras AZ (G, N), AJ: (L, N) and AZE (L, Ndf).

As we did earlier, let us write By, = By, and BLW/%’N for the weight functor on the category of
.AgL (L, N)-modules.

In order to prove the commutativity of the diagram, we break it into two squares

~ L,N¢ B ~ —~
HE(X,™) s HE(X5EN) > HO(,%,)

" l | lEG (6.18)

Hom(Br W, BLWL) ——— Hom(Br Wi BrwhNy — 5 Hom(BW,, BW,).

The map « at the bottom of the left square is induced by the fact that B2 W"N (M) = Br Wﬁ(M[r;‘ D,
so a natural transformation f: 52W, — BL'W,, applied to M [r;] induces a map

a(f): BrwhN (M) — BrwhN (m).

&
The top isomorphism S is induced by the isomorphism HE ( AXj,’N" ) = HL ( AX/LI,’N ), which comes
from Lemma 6.10. Note that all the maps in this left-hand square are isomorphisms.

We will reduce proving the commutativity of the left square to the Abelian case. The ring Ar acts
freely on the morphism spaces in both categories, so we can check the commutativity after tensor product
with L without loss of generality. Since & is Wy -invariant by definition, all the maps in the diagram
(6.15) will be Wy -invariant. Thus, by Lemma 6.14, the back square of the cube below commutes:
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EB E@AAT Homﬂ,ﬁz(T’Ni)(wv, vy w — @ IE@AAT Hom&:z(T’N)(wv, V) -w

weWp weWy,
Homf?z(L,Nf)(v’ V') 5 Homjz(L,N)(v, V')
|
@ IE@E Hoij(T’Nog)(wv, vy -w —|— @ E@Af; HomQZZ(T’N)(wv, v)-w
weWwy weWwy
/ /
Hong(L’Nog) (v,v') > Homy;z(L!N) (v,v').

The horizontal maps along the sides are injective by (6.6) and (6.8), and the sides commute by the
compatibility of these isomorphisms. Thus, the front commutes as well, establishing the left-hand
square of (6.18).

Now let’s concentrate on the right-hand square of (6.18). We will establish this commutativity for all
A, A’, not necessarily antidominant. To this end, we define a functor B (L,N) — B (G, N) which is
the identity on objects and on morphisms is given by the natural map

HE (L) — HE ().

When we compare this with the isomorphism (6.8), we find that it is induced by the usual map Wy, — W,
since fixed point classes pushforward to fixed point classes.
Next, recall the inclusion of algebras AgL (L,N) — Al;(G, N). This map is compatible with the

natural map L =W, — LW and leads to a morphism
Hom (8- Wi BrwhNy — Hom(BWGN, BWGN) (6.19)

as in Corollary 5.9, based on the description (6.5). Thus, we obtain a functor ng L(L,N) — .Q/f\f (G,N)
which is the identity of objects and given on morphisms by (6.19). When G = L = T, this map is the
identity, and after applying the isomorphism (6.6), is induced the inclusion Wy, < W, and the identity
map on Hom g . (wv,v’) for each w € Wr. That is, the top and bottom squares of the cube below
are commutative:

@ Loy Hom%(r’m(wv, vy ew — @ Legm HomQZ(T’N)(wv, v)-w

weWr, weWw
Homfz(L’N)(v, v’) > HomQZ(G’N)(v, v’)
|
@ E@ﬂ HovaZ(T’N)(wv, v)yew —|— @ E@ﬂ HovaZ(T’N)(wv, V) -w
weWr wew
/ /
Hom&;Z(L’N)(v, V') > Homdjz(G’N)(v, v').

The commutation of the back square is immediate. This implies that the front square is commutative as
well. This is exactly the right-hand square of (6.18), completing the proof. O
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Proof of Theorem 6.12. Now, we wish to reduce from the diagram (6.18) to the corresponding diagram
for the spherical algebras:

~ L,N? ~ ~
HE(Y)0 ) ———— HE( YD) —————— HOGYy)
e

Ll \LEL \LEG (6.20)

L,N agL,N
Hom(Wﬁ,Wﬁ,) — Hom(W,"" , W>") ——— Hom(W,,,'W,,).

First, note that the top line of (6.18) sends e’(v) to ¢’(v), so the top line of the right-hand square in
(6.20) is just obtained from the top line of (6.18) by multiplying on the left and right by idempotents as
in (6.9). On the other hand, the same is true of the bottom row, using (6.10). m]

7. Flavoured KLRW algebras

In this section, we study two variants of KLR algebras which we will later connect to Coulomb branch
algebras associated to quiver gauge theories. We briefly discuss weighted KLRW algebras (there is
already a significant literature on them, for example [Web19b, Web17b, Web19a, BCS17, Bow]). It will
be more convenient for us to work with a slight variation on these algebras, which we introduce here,
and which may prove to be of independent interest. We call these flavoured KLRW algebras, since
they allow us to more easily incorporate the flavour parameters of the Coulomb branch, and make a
statement more uniform in these parameters. These are close analogues of the metric KLRW algebras
which we introduced in [KTW*19b] but apply to more general quivers. In Section 8.1, we’ll introduce
a more general notion of ¢-flavoured KLRW algebras, which include both the weighted and flavoured
algebras defined in this section as special cases.

7.1. Reminder on weighted KLRW algebras

In this section, we remind the reader of the definition of (reduced) weighted KLRW algebras.

LetT" = (I,E) be a quiver, and let w € ZI>O be a dimension vector. Recall that foran edge e =i — J,
we set t(e) =i and h(e) = j. Recall the Crawley-Boevey quiver I'¥, defined in Section 3.1. Its vertex
set is 7 LI {oo} and its edge set is the union of the ‘old’ edges E(I") and w; ‘new’ edges oriented from i
to co. Assume we have chosen a weighting of this graph, that is, a map ¢: E(I'Y) - R, e — 9.

Definition 7.1. A loading is a function £ : R — I U {0} which is nonzero at finitely many points.
Equivalently, a loading is a finite subset of the real line and a labelling of its elements with vertices of I".

We call a point a € R corporeal for the loading ¢ if £(a) # 0, and call £(a) its label. We call a point
a € R ghostly for this loading if £(a — J,) = h(e) for some old edge e, and call e its label. We call the
points ¥, for the new edges e red; these do not depend on the loading.

For our purposes, it will be more convenient to organize this information differently. Let /| < I, <

- < I,, be the full list of corporeal values /; € R (i.e. points where £(/;) # 0). Let iy = £(ly), giving
a sequence i = (iy,...,i,). This identification of the corporeal points with the integers C = [1, n]
identifies each ghostly and red point as image of an element of the sets G and R, where

G={(k,e) e CXE|ix=h(e)} R={(xe)|eecE(I™),c0=h(e)} (7.1

under the map

i x=keC
a(x)=9L+9. x=(k,e) eG
D x = (x,e) €R.
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We can think of this map a;: CGR — R as defined on the union CGR = C U G U R. We call a loading
or loaded sequence generic if all the values of a, are distinct. Throughout the rest of the paper, we
will only consider generic loadings. For a generic loading, we can think of G and R as identified with
the set of ghostly and red points of the loading. Since we think of red points as ghosts attached to the
Crawley-Boevey vertex, we will sometimes want to consider the red and ghostly points together in the
set GR =G UR.

For a generic loading, the map a, induces an order on CGR, which carries all the important information
of the loading. In particular, for different values of ., different orders are possible. We’ll call the
resulting triple ((i1,...,i), (I1,...,1,), <) aloaded sequence.

Definition 7.2. A weighted KLRW diagram is a collection of finitely many oriented smooth curves
in R x [0, 1]; we call these curves strands. Each strand must have one endpoint on y = 0 and one on
y = 1, at distinct points from the other strands. These diagrams satisfy the following:

o There is a red strand for each new edge e, with endpoints at x = ¢, and labelled by 7(¢) € 1.

o There are black strands which are not constrained to be vertical but whose projection to the y-axis
must be a diffeomorphism onto [0, 1]. These are also labelled with vertices in I, and are allowed to
carry a finite number of dots.

o For every edge e € E(I") with i(e) = i, we add a ‘ghost’ of each strand labelled i shifted 9, units
to the right (or left if 9, is negative). The ghost is labelled by e and is depicted with a black dotted
line. When we need to contrast the original strands with ghosts, we refer to the original strands as
‘corporeal.’

We require that there are no tangencies or triple intersection points between any combination of
strands (corporeal, red or ghostly), and no dots on intersection points. We consider these diagrams up
to isotopy (relative to the top and bottom) which preserves all these conditions.

For example, if we have an edge i — j, then the diagram a is a weighted KLRW diagram, whereas
b is not since it has a tangency between a strand and a ghost, and two triple points:

Definition 7.3. The degree of a weighted KLRW diagram is the sum of:

1. 2 times the number of dots,

2. -2 times the number of crossings of corporeal strands with the same label and

3. 1 for each crossing of a corporeal strand with label 7/ and a red or ghostly strand with label e, such
that t(e) = i.

Reading the positions of the corporeal strands along the lines y = 0 and y = 1, we obtain loadings,
which we call the bottom and top of the diagram. There is a notion of composition ab of weighted
KLRW diagrams a and b: this is given by stacking a on top of b and attempting to join the bottom of
a and top of b. If the loadings from the bottom of a and top of b don’t match, then the composition is
not defined and by convention is 0, which is not a weighted KLRW diagram, just a formal symbol. This
composition rule makes the formal span of all weighted KLRW diagrams over C into a graded algebra
77, For each loading £, we have a straight line diagram e, € i , where every horizontal slice is £, and
there are no dots.

We will need the notion of equivalent loadings, defined in [Web19b, Definition 2.9]. Informally, two
loadings are equivalent when they are isotopic without passing any strand through a relevant ghostly or
red point.
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Definition 7.4. Let £,£’ be two loadings with associated sequences of nodes i,i’. We say £, £’ are
equivalent if there is a bijection o: C — C, such that for all r € C, we have that:

1. ¢ =i
or) 7

2. for every (x,e) € GR, such that i, = 7(e), we have that r < (x, e) if and only if o (r) <’ (o7(x), €)
(by convention o (x) = %).

Definition 7.5. The weighted KLRW algebra 77 is the quotient of 77 by relations similar to the
original KLR relations but with interactions between differently labelled strands turned into relations
between strands and ghosts.

We give the list of local relations below (note that i, < 0 in all these pictures). Some care must be
used when understanding what it means to apply these relations locally. In each case, the LHS and RHS
have a dominant term which is related to each other via an isotopy through a disallowed diagram with
a tangency, triple point or a dot on a crossing. You can only apply the relations if this isotopy avoids
tangencies, triple points and dots on crossings everywhere else in the diagram; one can always choose
isotopy representatives sufficiently generic for this to hold.

Another important subtlety is that the relations below are only correct for ¢ generic. If, for example,
?. = 0 for some edge, causing a corporeal strand and its ghost to coincide, then these relations change
(but the nongeneric relations can be found by applying a small perturbation to i}, and applying the
relations below). For example, the usual bigon relation in a KLR algebra (i.e. [KTW*19b, (3.1¢)]) is a
limit of (7.2c—7.2g) below, as #, — 0 for all edges.

>< = >< fori # j (7.2a)

l J l J

XX KX

i i i i i i

(7.2b)

~.

= (0 and = . (7.2¢)

i i i

N
.

In all the diagrams below, we assume that i and j are vertices with an edge e: i — j, and the ghost
shown is that attached to e for the strand with label j shown:

= , fori # k (7.2d)

fori # k (7.2¢)
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= - (7.2f)
i J i J
= ‘ * - (7.2g)
1 i j 1 ; j
i i J J i J J
(7.2h)
. (7.2)

N
NS

For the relations (7.2j) and (7.21), we also include their mirror images. We also include isotopy
through all triple points not shown as relations.

~
~
~
~
~

~.
~

~
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Given v € ZI>0, we let Tvﬂ be the subalgebra containing v; black strands labelled i, for i € 1. Since
the relations (7.2a—7.21) are homogeneous with respect to the grading induced by the degree of KLRW
diagrams given in Definition 7.3, this makes 7. into a graded algebra.

We’ll also be interested in the so-called steadied quotients of these algebras. A loading is unsteady
if there is a group of black strands we can move right arbitrarily far without changing the equivalence
class of the loading.

The steadied quotient 7,7 is the quotient of 7,7 by the two-sided ideal generated by e;, as £ ranges

over all the unsteady loadings ([Web19b, Definition 2.22]).

Remark 7.6. A reader comparing with the definition of unsteady in [Web19b] might have trouble seeing
why this is equivalent. In this paper, we are only interested in the special case discussed in [Web19b,
Section 3.1]; that is, we are using the charge ¢ which assigns c(i) = 1 +1 for all old vertices and i — }; v;
to co. The equivalence in this case exactly follows the proof of [Web19b, Theorem 3.6].

Note the contrast in notation here to that introduced below Remark 3.2 in [KTW*19b], which used
_r for the analogous quotient; since we only use the choice of charge discussed above, we don’t need to
contrast with ;7 which is the steadied quotient for a different charge.

7.2. Flavoured KLRW algebras

We now turn to introducing flavoured KLLRW algebras, which can be thought of as variations on the
weighted KLRW algebras, that can more aptly describe the representation theory of Coulomb branch
algebras A (v, w). In this and the following sections, we will also explain the parallels and differences
between flavoured KLRW algebras and weighted KLRW algebras. In particular, this will allow us to
appeal to results for weighted KLRW algebras which have been developed in [Web19b].

Definition 7.7. A flavour on the quiver I'V isamap ¢: E(T'VY) — C, e — ¢,.. A g—flavoured sequence
is a triple (i, a, <) consisting of:

o An ordered n-tuple i = (iy,...,i,) € I".

o An ordered n-tuple a = (ay,...,a,) € C" of complex numbers; we call these the longitudes of the
corresponding vertices in i.

o A total order < on CGR (as defined just below (7.1)) extending the usual comparison order on [1, n].
As before, we refer to elements of C as corporeal, elements of R as red and elements of G as ghostly.

A red/ghostly element g = (x,e) € GR is endowed with the longitude a, = ax + ¢, if x € C, and a
red element is endowed with the longitude a, = ¢, if x = x. We require the following properties to be
satisfied:

i. The real longitudes R (a,), for g € CGR, are weakly increasing with respect to <.
ii. If g € GR,m € C and R(ag) = R(am), then g < m.

Remark 7.8. Note that we had previously used ‘flavour’ to refer to an element of the Lie algebra
f = Lie(F), which gives a choice of quantization parameters for A(v, w); as discussed in Section 3.1, in
the case of a quiver gauge theory corresponding to the data I, v, w, we have F = (C*)E™) 50 a flavour
in the sense defined above is indeed an element of f.

For the remainder of the section, fix a flavour ¢. A pair of flavoured sequences (i, a, <), (i’,a’, <’)
corresponding to ¢ are equivalent if there is a permutation o € S,;, such that:

’

1. Forall m € C, we have i,,, = io_(m).

2. For any corporeal m € C, and (k, ¢) € GR, such that t(e) = iy, we have that m < (k, e) if and only
if oc(m) <’ (o(k),e).

3. For any corporeals k,m € C with iy = i,,,, we have that R (ay) < R(a,,) if and only if ‘R(a’(r(k)) <
‘K(a’u_(m)).
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We’ll sometimes want to think about the elements of a flavoured sequence one vertex at a time.
Fixing a flavoured sequence (i, a, <), we’ll refer to the set {k € C | iy = i} as the corporeals with label
i. Suppose there are v; corporeals with label i; this gives a dimension vector v € Z’Z. The longitudes a
can then be organized into a point of t := [];¢; C".

On t, we have an action of the Weyl group W =[] S,,. A point y € t/W will be regarded as a tuple
of multisets y; of complex numbers, with y; of size v;. Conversely, we can produce flavoured sequences
from points of t/W.

Lemma 7.9. Let y € t/W. There is a p—flavoured sequence, unique up to equivalence, for which vy; is
the multiset of longitudes ay., such that iy = i.

Proof. We have fixed the multiset of corporeal longitudes (aj, . . ., a,) for each vertex i, and the equation
ag = ay + ¢, fixes the longitudes on ghosts associated to the edge e. Choose an order on the union of
the multisets y; so that the real parts are weakly increasing, and denote the resulting list a. Define i so
that the kth element in order comes from the set y;, .

We now have the associated set CGR, and we let < be any order on this set so that the real longitudes
are weakly increasing compatible with Property (ii); that is, amongst elements of a fixed real longitude,
we put the ghostly/red elements first and then corporeals, using any order within each group. Any two
such orders are related by a permutation that only permutes pairs of corporeals with the same real
longitude, or elements of GR with the same real longitude. This is manifestly an equivalence. O

Example 7.10. Let I" be the Kronecker quiver with cyclic orientation and w = 0. We label vertices by
0 and 1, and edges by e and f:

e
a B.
\f){

Suppose we choose constant flavour ¢, = ¢y = 1. Let’s consider possible flavoured sequences corre-
sponding to i = (e, B8) ori = (B, @). Note that for either choice of i, there is a unique ghostly element
corresponding to each edge, so we may label the ghostlies by e and f. Let a be the longitude associated
to vertex a (respectively, b the longitude for ). Then the longitude of the ghost labelled e is a + 1
(respectively, of f is b + 1). Thus, we can have the following patterns of sequence and longitude:

Sequence Longitudes Inequalities
(a,e,B, 1) (a,a+1,b,b+1) Ra+1) <R(b)
(a,B,e, f) (a,b,a+1,b+1) R(a) < R(b) <R(a+1)
(a,B, f,e) (a,b,a+1,b+1) R(a) = R(b)

B, a,e, f) (a,b,a+1,b+1) R(a) =R(b)
B,a, f,e) (b,a,b+1,a+1) R(b) <R(a) <R(b+1)
B, f,a,e) (b,b+1,a,a+1) R(b+1) <R(a)

Any other sequence cannot be flavoured.

Definition 7.11. A flavoured KLRW diagram is a collection of finitely many oriented smooth curves
(which, as before, we call ‘strands’) whose projection to the y-axis must be a diffeomorphism to [0, 1],
labelled with vertices in /. Each strand must have one endpoint on y = 0 and one on y = 1, at distinct
points from the other strands.

The strands are divided into three sets: the corporeal (which are drawn as solid black lines), the red
(which are drawn as solid red lines) and the ghostly (which are drawn as dashed black lines). These must
satisfy the usual genericity property of avoiding tangencies and triple points between any set of strands.

In addition, a flavoured KLRW diagram carries the data of ¢-flavoured sequences (i, a, <) and
(i’,a’, <) corresponding to the lines y = 0 and y = 1. These induce bijections between the set of strands
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and the sets CGR and CGR’, respectively, by matching the order < with the left-to-right order of strands
at y = 0, and matching <’ with the left-to-right order at y = 1. We require that:

1. These bijections are compatible with the division of CGR, CGR’ into C, G, R and the set of strands into
corporeal, ghostly and red subsets. In particular, the bijection CGR — CGR’ induces a permutation
o € S, of corporeal strand which respects their labels: i, =i/ (m)*

2. The bijection GR — GR’ between ghostly/red elements in the flavoured sequence is given by
(k,e) — (o(k),e), that is, it is induced by the bijection on corporeals.

3. The longitudes satisfy a,,, — € Z, that is, the difference between the longitudes at the top and
bottom of each strand lies in Z 1 this holds for corporeal strands, then it automatically follows for
ghostly/red strands.

We consider these diagrams up to isotopy, which preserves all these conditions. Note that unlike in the
weighted case, we allow the points at y = 0 and y = 1 to move in these isotopies, as long as their order
is preserved. Corporeal strands are allowed to carry a finite number of dots.

Let us now describe our conventions for drawing flavoured KLRW diagrams. Strands corresponding
to corporeals are drawn as solid black lines, strands corresponding to ghostly elements are drawn as
dashed black lines and strands corresponding to red elements as solid red lines. At the top and bottom
of each diagram, we include two rows of information:

1. In the first row, we write the corresponding vertex iy for k € C, the edge e for (k, ¢) € G and the tail
vertex t(e) for (x,¢e) € R.
2. In the second row, we write the longitude.

See equation (7.3) for an example of these conventions.

Note that any corporeal (or ghostly) strand does not have a single well-defined longitude but rather
two: the longitudes attached to its top and bottom. Red strands, on the other hand, do have a single
well-defined longitude. However, the longitudes at the top and bottom of a corporeal or ghostly strand
can only differ by an integer, so they give a well-defined element of C/Z. In particular, for any pair of
strands, the difference between the longitudes at the top of the two strands is integral if and only if the
same is true of the longitudes at the bottom of the strands; we say a set of strands where all pairs have
this property has integral difference.

Example 7.12. Let us return to the example of the Kronecker quiver, with the same conventions as
above but the dimension vector

Vo =2 vg=1 Wq =2 wg = 1.

—_—
L f
r
r s
[}

We fix a flavour ¢ given by e, f +— 1 and r — —4,7" + 0 and s — 2. We define two ¢-flavoured
sequences (i, a, <) and (i’,a’, <’) as follows. First, we set:

i=(a,a,B8),a=(-6,-1,0)
i'=(a,B,a),a’" =(-3,-2,3).
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From this, we obtain the corresponding sets of ghostly/red elements:

G={(Le).(2,€).(./)} R={(x7), (x.r"), (*.5)}
G ={(1,e).(2./).(3.e)} R" = {(x.r), (. 1), (x.9)}.

To ease notation, for (x,e) € GR, we write e, if x € [1,3] and simply e if x = % (and similarly for
elements of G”). We now define < and <’ as follows:

l<e<r<2<3<r'<ey<fz<s
r</1<'2< e1 <’ p<'r<'s<"3< e;.

Here is an example of a flavoured KLRW diagram where the flavour on the top is (i, a, <) and the flavour
on the bottom is (i’,a’, <’):

(7.3)

Focusing, for instance, on the top of the diagram, from the first row, we can read off i and the total
order < on CGR, and from the second row, we can read off the longitudes a. Note that the longitudes of
ghostly/red elements are determined by a and ¢.

Definition 7.13. The flavoured KLRW algebra % =T ¢(FW) is the algebra given by the C-span of
the p-flavoured KLRW diagrams, modulo isotopy preserving genericity and the local relations (7.2a—
7.21) if the set of strands involved in the relation have integral difference. If any pair of strands involved
does not have integral difference, then we can simply isotope through a triple point or tangency. As
usual, when we multiply diagrams, we must be able to match the flavoured sequences at the top of one
diagram and the bottom of the other, or the product is 0 by convention.

Fix a dimension vector v € Z’Z, which gives the number of corporeal strands with each label, and let

t = []; C¥ as above. Let S C t be any set. We let fT ;" be the subalgebra, where we only allow flavoured
sequences corresponding to elements of S at the top and bottom of diagrams. We will be particularly
interested in the case where S = & is an orbit of the extended affine Weyl group W= [1; Sy =< Z".

We define a grading on the flavoured KLRW algebra analogous to that on the weighted KLRW
algebra: we give a crossing or dot the same grading it would have in the weighted KLRW algebra, except
that crossings of strands which don’t have integral difference are given degree O.

Remark 7.14. In [KTW*19b], we specialized to a bipartite quiver (with the two sets of vertices called
even and odd), and chose edge orientations to point from even to odd. In that paper, we defined the
metric KLRW algebra, which is a special case of the flavoured KLRW algebra defined here.

The most straightforward way to make this connection precise is flavour every old edge in I" with
1/2, and each new edge with 0 and assume that every odd/even corporeal has longitude at top or bottom
given by k/2, where k is an integer of the correct parity. In the conventions of [KTW*19b], k would
have been the corresponding longitude. Similarly, assume that the longitudes of red strands are of the
form r/2, where r is an integer of the same parity as the corresponding label. Up to this factor of 2,
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we obtain a metric longitude in the sense of [KTW*19b, Definition 3.21] from a flavoured sequence in
the special case described here, and sets R; defined by the longitudes on red strands with label i. This
defines an isomorphism fo; =~ 7R where S consists of flavoured sequences with the parity convention
above, between the flavoured KLRW algebra and the metric KLRW algebra.

This use of half-integers here is in contrast with our usual conventions in this paper. We can apply
Lemma 7.21, using the cocycle n with value 1/2 on even vertices and 0 on odd vertices, to show that
the metric KLRW is also equivalent to the flavoured KLRW algebra where all edges are given weight 0,
and all longitudes are integral.

Definition 7.15. Let e(i, a, <) denote the idempotent given by the straight-line diagram with the
flavoured sequence (i, a, <). Giveny € t/W, let e(y) = e(i, a, <) for the flavoured sequence associated
to y by Lemma 7.9.

As in [Web19b, Proposition 2.15], there is a natural symmetry in the definition of flavoured KLRW
algebras. We may view a flavour ¢ as a 1-cocycle on the graph TV. Letn : I LI {0} — C be a O-cocycle
with 7., = 0. Then we may define a cohomologous 1-cocycle ¢ — dn, by (¢ —dn)e = @e = Nn(e) + 11 (e)-
Given an orbit & c []; C", we may define a new orbit & + 1 by simultaneously translating the C"
components by 7;.

Lemma 7.16. With notation as above, there is an isomorphism

~—¢—dn
fTé’ = ch9+7]

defined by shifting longitudes and reordering as necessary.

Proof. As in [Web19b, Proposition 2.15]° under this isomorphism, a corporeal strand with label i has
its longitudes at top and bottom both shifted by 7;, while a ghostly/red strand labelled by an edge e
has its longitude shifted by 7, (). Since all corporeal strands labelled by #(e) also have their longitudes
shifted by 7; ), this shifting preserves all crossings between ghostly/red strands labelled e and corporeal
strands labelled 7(e). o

Definition 7.17. By analogy with loadings, we call a flavoured sequence (i, a, <) unsteady if, for some
0 < k < n, the last k elements of CGR consists of a group of corporeal elements and all their ghosts.

Importantly, this group should not contain any ghost of one of the corporeal strands which doesn’t lie
in it, nor any red strands. We define fT%, the steadied quotient of the algebra e s» to be the quotient of

e ¢ by the two-sided ideal generated by all the idempotents for unsteady flavoured sequences.

Example 7.18. Consider the situation of Example 7.12, and assume w, = 1,wg = 0, so there is one
element of R, which we denote r. In this case, (8, f,r, @, e) is unsteady since the last two entries are
a strand and its only ghost; similarly, (r, 3, @, f, ) is unsteady because of its last four entries. On the
other hand, (B, r, a, f, e) is not unsteady.

7.3. Reduction to the integral case

Definition 7.19. For a given orbit & C t, we let I be the subgraph of I X (C/Z) consisting of the set I3
of pairs (i, [z]), for z € C which appear as a coordinate in the factor C" for some element of &. This
has an adjacency (i, [z]) — (j, [w]) for each edge e =i — j with ¢, = z — w(mod Z).

We have an induced dimension vector V : E(f) — Zsq defined as follows. Let x = (x;) € t be
any element of §. Then ¥; [,] is the number of entries in x; whose class in C/Z is equal to [z]. Note
that we have a canonical isomorphism C" = [1}z C"[=1, identifying the coordinates (i, k), such that
Xi.x = z(mod Z) with the coordinates of C*-=1. Thus, we can naturally consider x as an element of

3Note that the published version of this paper has a sign error, and should read ‘¢ — dn’, not ‘9 +dn.’
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[1iz2 CVlz1, Let § be the orbit under the Weyl group of I of x; this is the same as the elements of &,
whose pl"O]eCthIl to C%l=1 lies in (Z + z) %-I=1,

We will also need an induced vector w; this can be read off by adding the Crawley-Boevey vertex
(00,0) to I and applying the same rules as above to new edges. Thus, W; |, is the number of new edges
with flavour lying in the coset [z]. Note that unlike ¥V, the sum of the entries of W might be less than that
for w, since there might be flavours on new edges not congruent to any coordinate of an element of §;
in fact, for a generic orbit &, we will have w = 0.

Finally, we also have an induced flavour ¢ on r by pullingback ¢ by the projection map I - T, that
is, the flavour of (i, [z]) — (J, [w]) is equal to ¢,, where e =i — j.

Example 7.20. Consider the Kronecker quiver with conventions as in Example 7.12, with v, =
5, vg = 6 and & is the orbit containing the elements (0,1/3,1/2,2/3,2/3) € C" and
(0,1/6,1/3,1/3,1/2,2/3) € C*8. If we choose the flavours

ee=1/3 =0 =0 ¢ =V2 g =12

then every component of T lies in a union of 6-cycles obtained as 3-fold covers of the Kronecker quiver.
In this case, we obtain one full 6-cycle, and three vertices from another, with the Crawley-Boevey graph
drawn below. Note that since («, \/E) is not a vertex (\/z is not a coordinate in the correct orbit), r’ does
not contribute to w.

/ - \
B.12/3]) —— (@, [0]) —— (B.[0]) B [1/2])
(@,[2/3]) <— (B, [1/3]) <— (. [1/3]) (@, [1/2]) <— (B, [1/6]).

The nonzero values of the dimension vectors are:

Vool =1 vaz1 =1 vanpr=1 vas =2 v =1 v =1

ve.131 =2 vepnpr=1l o vepp =l wa o =1 q1j21 =1
Lemma 7.21. Let & C []; CY be an orbit. Let T, @, V, W be as above.

1. We have an isomorphism of algebras ﬁ'?(l“w) = fTI';(I:W).
2. There is an isomorphism of algebras

o) = fT5,(@),
where ¢’ is an integral flavour on T, such that ¢’ = @ — dn for some O—cocycle n on T, and where
"= iz 27
Proof.

1. If we have a flavoured sequence with longitude in the orbit & C []; C", we can canonically lift this
to a flavoured sequence in I', by giving an element of CGR with label i and longitude a the label

(i,[a]) € I, and leaving the longitude unchanged. This defines a homomorphism fT g () - fT ; ().

On the other hand, if we have a diagram in fT ; (T'), then by assumption, any strand with label (i, [a])
has longitude in [a], so we can define an inverse map just turning the label to i, keeping the longitude
the same.
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2. A choice of flavour defines a I-cocycle on the graph I'V, which defines a class 8 € H' (f ;C/Z).
The equation ¢, = z — w(mod Z) exactly guarantees that 8 is the coboundary of the C/Z-valued
0-cocyle sending (i, [z]) + —[z]. In other words, S is trivial; one can understand I as the unique
minimal cover of I' with this property. Choose a C-valued 0O-cycle 1 on T with the property that for
each vertex (i, £), we have that [n(i, £)] = £. In this case, we have that ¢’ := ¢ — dn is integer valued,
and we also achieve 8’ = & +1.

By Part (1) together with Lemma 7.16, we have isomorphisms:

o) = 5T = 75,07(0) = 5D, .

7.4. Connecting flavoured KLRW and weighted KLRW algebras

As promised, we will lay out here the parallels between the weighted and flavoured approaches. We
have a close analogy based on equating:

Weighted KLRW Flavoured KLRW
weighting flavour
loading/loaded sequence flavoured sequence
weighted KLRW diagram flavoured KLRW diagram
positions of strands longitudes

The key differences here are:

1. Loaded sequences are necessarily valued in the real numbers, and exactly match the x-values of the
relevant KLRW diagram. In particular, any generic horizontal slice of a weighted KLRW diagram
gives a loading, and so we must be able to deform these continuously. Small deformations of a
weighted KLRW diagram genuinely change the underlying loadings.

2. Flavoured sequences can be valued in the complex numbers or even in more general sets (see
Definition 8.1). A flavoured KLRW diagram only has well-defined longitudes at the top and bottom,
and a slice in the middle has no fixed flavoured sequence, and might correspond to an order that
is not compatible with any flavoured sequence. Integrality plays an important role in flavoured
KLRW algebras, since the relations depend on whether strands have integral difference; there is no
corresponding notion for weighted KLRW algebras.

Philosophically, weighted KLRW algebras capture the behaviour of flavoured KLRW algebras in the

case where all flavours are on edges and all longitudes are integers. Thus, we assume this integrality for

the remainder of this section, and let fT ‘vp =fT ;, where & = [[; Z" c []; C". We’ll compare with the
weighted KLRW algebra T, for the same Dynkin diagram, with weights 9, = ¢, — 1/2.

In this case, we make a precise connection between weighted and flavoured KLRW algebras. This
begins with a precise correspondence between flavoured and loaded sequences. The underlying idea is
simply to think of the flavoured sequence as a loaded sequence, but we need to perturb this definition
a small amount. Given flavoured sequence (i, a, <) with integral longitudes, we consider the loaded
sequence £(i, a, <) = (i, £, <’), where

1
lr =ar +ke forsome0<e<<2—
n

and <’ is the order induced by the function a;: CGR — R. Note that this order is independent of € given
our upper bound on it. The x values of ghostly/red points are given by ag(k,e) = [+ = lx + . —1/2,
which is the longitude of (k, ¢) minus % — ke.

Lemma 7.22. The flavoured sequence (i, a, <) is equivalent to the sequence (i,a, <’) using the order
from the loaded sequence €(i, a, <).
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Proof. Consider two elements x, y € CGR, then we need to check that the relative order is the same for
the flavoured and loaded sequences whenever:

1. x =k,y=m € C with k < m: in this case, ax < a,,, SO
Iy =ar+ke<a,,+ke<a,+me=1,,.

2. x=k € C,y = (m, e) € G: in this case, we have x > y if ay > a;;, + . and x < y if ap < a,, + @e.
On the other hand, we have

1
ag(k)—ag(m,e)=lk—lm—ﬂe=ak—am—goe+(k—m)e+§.

Since ax —a;, — @, is an integer, for € sufficiently small, this is positive if ax > a,, + ¢. and negative
otherwise. |

This shows that every flavoured sequence has a loaded sequence which gives the same order. However,
the opposite is not true: there can be loaded sequences not equivalent to those coming from any flavoured
sequence, due to the integrality requirements. The existence of nonparity idempotents in [KTW*19b] is
an example of this phenomenon.

Consider diagrams which interpolate between flavoured and weighted diagrams: they should obey all
the requirements of a flavoured diagram but only have a choice of flavoured sequence at y = 1, whereas
aty = 0, they satisfy the weighted condition that the distance between strands and ghosts is exactly given
by the weights. The result is a fo -T.¥ bimodule FW over the weighted and flavoured KLRW algebras.
This is the special case of the bimodule relating KLRW algebras flavoured by different sets given in
Definition 8.6; in particular, Lemma 8.7 carefully verifies that this bimodule structure is well-defined.

In this bimodule, we can form a straight-line diagram in FW joining the loading £(i, a, <), and the
flavoured sequence (i, a, <) at the bottom.

Theorem l23. Let (i,a,<) be a ﬂavofziried sequence, and set € = {(i, a, <). We have an isomorphism
e(i,a, <)FW = e(£)T?. The functor FW ®fo — realizes the category of modules over the flavoured

KLRW algebra fT ‘Vp as a quotient of the category of modules over the weighted KLRW algebra T, by the
subcategory of modules killed by all loadings that correspond to an integral flavoured sequence.

Proof. Any diagram in e(i, a, <)I?VTI can be factored into the straight line diagram joining (i, a, <) to £
at the bottom and an element of the weighted KLRW algebra at the top. This gives the isomorphism
e(i,a, <)FW = ¢(0)T?.

This shows that as a right module over the weighted KLRW algebra, FWis a projective module with
endomorphisms given by the flavoured KLRW algebra fT Vw . The result follows. O

The failure of this functor to be a Morita equivalence is a ‘degenerate’ property, which happens for a
relatively small set of flavours ¢. These are analogous to aspherical parameters for Cherednik algebras
or singular central characters of U(gl,,) (this analogy can be made precise by realizing these algebras
as Coulomb branches).

Remark 7.24. This result can be extended to the nonintegral case, using the isomorphism of Lemma
7.21 so that fT? is isomorphic to a flavoured KLRW algebra (possibly for a different graph) with integral
flavours and longitudes.

We can construct a steadied quotient FW = fT¢ ¥ FW ®f 1Y of FW as well.

Proposition 7.25. For any flavoured sequence (i,a, <) with £ = €(i, a, <), we have an isomorphism
e(i,a, <)FW = ¢(0)T. The functor FW ® — realizes the modules over the steadied flavoured KLRW
algebra fT{ as a quotient of modules over the steadied weighted KLRW algebra T by the subcategory
of modules killed by all loadings that carry an integral flavouring.
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Proof. LetI) C fT f and I, ¢ T.7 be the kernels of the maps to the steadied quotients. Consider the
module e(i, a, <)FW. This is, by definition, the quotient of e(i, a, <)I?VTI = e(l’)Tv’9 by the submodule
e(i,a, <)[,FW+e(i, a, <)FWL. Of course, e(£)TY is the quotient by e(i, a, <)FWI, = e(O)T? I. Thus,
we only need to prove that e(i, a, <)11I?VTI C~e(i, a, <)I?V\712. The submodule e(i, a, <)11I?VV is spanned
by diagrams of the form aeb, where e € fT; is an unsteady idempotent. If ¢’ is the corresponding
loading, then by our proof above, we can write eb = me(£’)b’, where m is the straight line diagram
joining e to e(£) and b’ is the image of b under the isomorphism eFW = e(O)T?. Since ¢ is also
unsteady, e(£')b’ € I, and aeb = ame(£')b’ € e(i, a, <)FWI,.

This shows that e(i, a, <)FW = e(£)T,?. The rest of the proof is identical to that of Theorem 7.23. O

7.5. Connecting flavoured KLRW algebras and cyclotomic KLR algebras

Choose a large integer H > 0. For any sequence i € I" with v; occurrences of i, we have a corresponding
flavoured sequence with (i, h, <), where h = (H,2H, ..., nH). We let ¢(i, H) be the idempotent corre-
sponding to this flavoured sequence (see Definition 7.15). Similarly, e(i, —H) denotes the idempotent
defined as above, except using —H.

We’ll need to consider the usual KLR algebra [KL11, Rou]; the precise presentation we want is given
by [Web17a, Definition 2.5], with Q;;(u,v) = (u — v)* (v — u)* /. This is another diagrammatic
algebra, which we can describe as a special case of the KLRW algebra we defined above (as suggested
by the name, this is the opposite of the historical order these were introduced). In this special case:

o we take all weights to be 0O, that is, all ghosts coincide with the corresponding corporeal strand.
o we have no red strands, that is, no edges connecting to the Crawley-Boevey vertex.

We let Ry denote this algebra in the case where there are v; strands of label i. The cyclotomic quotient
RY of Ry is the quotient of this algebra by the two-sided ideal generated by w; dots on the right-most
strand. By [Web17a, Theorem 4.18], this is the same as T‘? , where we include w; red strands labelled i,
all of whom have weight 0.

For any fixed integral flavour ¢, let ey = >;e(i,—H) € fT f be the sum of these idempotents. By
Proposition 7.25 and [Web19b, Theorem 3.6], we have that:

Proposition 7.26. The algebra eyfTy ey is isomorphic to the cyclotomic KLR algebra RY for the
quiver I'.

Thus, as usual, M — ey M is a quotient functor, realizing RY -mod as a quotient of fT{ -mod by the
modules killed by eg . Note that this result is independent of ¢, so this captures a part of the category
insensitive to this flavour beyond its in@grality.

Let & be a fixed orbit. The algebra fT o (I'V) is nonzero, but often it will have trivial steady quotient.
We can precisely describe when this is the case by considering the perspective of categorification. As
in Definition 7.19, we use & to define a new quiver I". Let A be a highest weight of gr, such that
aly WD =w;.Letu=21-3 jer Viaj. One consequence of the categorification theorem for cyclotomic
KLR algebras ([Web17a, Theorem 3.21]) is that the cyclotomic KLR algebra Rgv is nonzero if and only
if the u-weight space of the simple gp-module V(1) is nonzero. Thus, reducing the integral case with
Lemma 7.21 and applying Proposition 7.26, we find:

Corollary 7.27. The algebra T gﬁ (') is nonzero if the u-weight space of V(Q) is nonzero.

Remark 7.28. The ‘only if’ direction of this theorem is also true, but it’s a bit outside the scope of
this paper to prove. The most straightforward approach is to consider the deformation of the steadied
flavoured KLRW algebra analogous to the approach [Webc]. This allows us to reduce to the case of
a generic flavour, where the idempotent ey will induce a Morita equivalence to the cyclotomic KLR
algebra.

While we won’t prove the full ‘only if” direction, we do require one weaker version of it.
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Lemma 7.29. If there is a component of T that does not contain a vertex (i, [z]) with Wi [z] > O, then
T2Iv) =0.
S

Proof. As usual, we reduce to the integral case, so we can assume there is a component C of I where
w vanishes. For a fixed y € (t + ¢)/W, let yg be the resulting element, where we add an integer H to
each coordinate corresponding to a vertex in C. Let 6 denote the diagram with e(y) at the bottom and
e(yn) at the top, with strands joining terminals that correspond to the same coordinate. For H > 0,
this has the effect of moving all strands with labels in C to the right, and all other strands to the left
while introducing a minimal number of crossings. Let 6" be the reflection of this diagram through a
horizontal line. For H > 0, the idempotent e(yg ) is unsteady, so 6 and 6’ are both zero in the steadied
quotient.

The relations (7.2c—7.2d) show that for any H, we have 8’6 = e(y) (this is where we use that C has
no vertex with w; > 0). Thus, e(y) is zero in fT ;(FW). Since y was arbitrary, all idempotents vanish in
fT ; (') and thus the algebra must be 0. O

8. Induction and restriction for flavoured KLRW algebras
8.1. Induction and restriction bimodules

We will now define induction and restriction functors for flavoured KLRW algebras, paralleling those
for other versions of KLRW algebras. For this construction, we will need a more general version of
flavoured KLLRW algebras, where the longitudes are allowed to take values in a more general set rather
than C. Let £ be a set equipped with:

1. An action of a partially ordered Abelian group (A, +, <). We denote the action of @ € A onx € £ by
x+a.

2. A partial preorder < on £ compatible with the order on A, that is, satisfyingx +a < x+a’ifa < a’.

3. An equivalence relation ~ on £, such that < defines a total order on each equivalence class.

4. A basepoint * € £.

Definition 8.1. An £-flavouring of an oriented graph I" is an assignment of an element ¢, € A for each
edge e of I'V. A ¢-flavoured sequence for a flavoured graph is a triple (i, a, <) consisting of an n-tuple
i € I", a choice of longitude a € £ and an order < on the set CGR (defined as before, see (7.1)). We
define the longitude of g = (x,e) € GRtobe ay, = ax + ¢, if x € C, and ay = * + ¢, if x = x. We
require the properties:

i. Ifg,g’ € CGRand g > g’, thena, £ ag.
ii. If g € GR,m € Cand a, = a,, (thatis, ag > a,, and a,, > a,), then g < m.

The cases where we want to apply this are:

13 A < ~ *

C C z <7 iff R(z) < R(2) z~7iffz-7 €2 0

R R < a~bVYa,b 0
ZxC C lexicographic (m,z) ~(m,z)iffm=m'andz -7 €Z (0,0)

By ‘lexicographic,” we mean that (m,x) > (n,y) if m > norif m = nand R(x) > R(y).

The first of these cases, £ = C, recovers the definition of flavoured sequences from Definition 7.7.
The second case, £ = R, recovers the definition of loaded sequences. The third case, where £ = Z X C,
will be the main case of interest in this section.

We define the £-flavoured KLRW diagrams and algebra exactly as in Definitions 7.11 and 7.13, with
the top and bottom of the diagram now having £-flavoured sequences. That is:
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Definition 8.2. Fix a flavour ¢. A {-flavoured KLRW diagram (corresponding to ¢) is a collection
of finitely many oriented smooth curves satisfying the conditions of Definition 7.1 1. The only change is
that we must now label the top and bottom with the data of £-flavoured sequences (i, a, <) and (i’, a’, <’),
respectively. There is one important change to the compatibility conditions in Definition 7.11: instead
of requiring integral difference between the labels at the top and bottom of a strand, we require them to
be equivalent under ~.

Definition 8.3. The £-flavoured KLRW algebra fT; is the algebra given by the C-span of the £-flavoured
KLRW diagrams, modulo isotopy preserving genericity and the local relations (7.2a—7.21) if the strands
involved in the relation all have longitudes in the same equivalence class under ~; if any pair of strands
involved have longitudes not equivalent under ~, then we can simply isotope through a triple point or
tangency. As usual, when we multiply diagrams, we must be able to match the flavoured sequences at
the top of one diagram and the bottom of the other, or the product is 0 by convention.

Remark 8.4. One reason that this definition is useful, though we will not develop it in this paper, is to
study the representation theory of Coulomb branches over fields k of characteristic 0 other than C. The
appropriate object describing this on the ‘KLR side’ is a k-flavoured KLRW algebra for a preorder on
k refining the partial order, where a < b if and only if b — a € Z5o.

As one would expect, the cases £ = C and £ = R discussed in the table above recover the flavoured
and weighted KLRW algebras from Section 7. Since we have already covered these algebras in detail,
we will concentrate on the case £ = Z x C. We denote the resulting flavoured KLRW algebra by Zer¥.
Note that for any strand in a diagram in this algebra, the Z-components of longitude must be the same
at the top and bottom of the diagram. Thus, these strands are naturally labelled with elements of the
product Z X 1.

Given a Z x C-flavoured sequence (i, a, <), we let vgp ) be the number of k£ € C, such that iy =i and
ay € {p} x C. These quantities will be unchanged from the top to the bottom of a diagram, as they
correspond to the number of strands with label (p,i). Moreover, the top and bottom of a diagram will

() .
differ by the action of [T; p S L(p) % A , which acts on the C-component of the longitudes. Thus, it is

natural to consider ZfT ;w, the subalgebra where the longitudes of the form {p} x C, give points in a

fixed orbit P < [T,C” .

We will also be interested in the usual (longitude values in C) flavoured KLRW algebra fT §<,,,
corresponding to one fixed §P). The cases p = 0 and p # O play slightly different roles here, since
only the former case keeps the Crawley-Boevey vertex; thus w(®) = w and wP) = 0 otherwise.

We have a map

X) o = Mg, (8.1)
PEZ

given by replacing a longitude a appearing in a diagram in fT ; » With (p,a), and then horizontally
composing the corresponding diagrams with p increasing from left to right.

Lemma 8.5. The map (8.1) is an isomorphism of algebras.

Proof. One can easily check that this map is injective by comparing polynomial representations; this is
parallel to the argument of [Web17a, Corollary 4.15].

Thus, we need only show that it is surjective. To see this, note that at both the top and bottom of the
diagram, strands are weakly ordered left to right by the first factor in their longitude. Thus, two strands
where these factors are different must be in the same order at the top and bottom of the diagram. This
implies that the resulting KLRW diagram can be isotoped to be the horizontal composition of diagrams
only crossing strands with the same first factor. That is, the map is surjective as well. O
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Consider two sets £, £’ as above, with actions of A, A’ and a subset R C £ X £’; we assume that this
satisfies two conditions on the set yg = {y € £’ | (x,y) € R}and R, ={x € £ | (x,y) € R}:

1. The sets g and R, are closed under the equivalence relations ~, ~'.
2. The preorder < induces a total order on xg and R, and on the set of equivalence classes in these sets:
that is, if x; < x2, then x| < x) whenever x; ~ x| and x, ~ xJ.

Definition 8.6. Let .# (R) be the set of flavoured KLR diagrams equipped with a £-flavoured sequence
at the top and a ¢’-flavoured sequence at the bottom, modulo the flavoured KLR relations (7.2a—7.21)
in the case where the labels T at the top of the strands involved and labels B at the bottom of all strands
involved satisfy T X B C R, and the isotopy relations otherwise.

Lemma 8.7. The vector space 5 (R) is a T - 1T ¢ bimodule.

Proof. Obviously, the composition of a diagram in .# (R) with a flavoured KLRW diagram on the left or
right gives a new flavoured KLRW diagram. Furthermore, this clearly preserves the relations in % (R),
by locality. Thus, the only subtle point is why attaching a relation in fT, gives a relation in ¥ (R).
First, assume we have an ‘interesting’ relation in T ¢, that is, one involving strands whose labels
are equivalent under ~. This attaches to two or three terminals at the top of the diagram, whose labels
X1,Xx2,x3 are all equivalent. The labels y, y», y3 on the other end of these strands may not be equivalent
under ~’, but since Ry, is closed under ~, we have that (x;, y;) € R, and so this is also arelation in .7 (R).
Now, assume we have a ‘boring’ relation in fT ¢, that is, at least one of the labels x; is not equivalent
to the others. As above, let y; be the labels on the other end of these strands. If one of (x;,y;) € R,
then the same boring relation holds in . (R). Thus, assume that all (x;, y;) € R. Thus, x; € Ry, for all i
and j. By assumption, this means that the elements x| < x» < x3 are totally ordered, and we must have
that x; or x3 is not equivalent to x;, that is, we can’t have x; ~ x3 + x;. We thus can’t have a crossing
between the corresponding strands, and thus the relation cannot appear in this case. O

Remark 8.8. The bimodule FW from Section 7.4 is an example of such a bimodule ¥ (R), where £ = C
and ¢’ = R are as in the table above, and where R = {(x, y)|x € Z,y € R}.

We’ll principally be interested in this bimodule in the case where £ = C, and ¢’ = Z x C, and the
relation R = {(y, (m,x))|y — x € Z}. This defines a fT*ZfT¥ bimodule .7 given by the set of flavoured
KLRW diagrams, with longitudes at the top given by elements of C and at the bottom by elements of
7, x C. We will abuse notation, and use .# to denogg the same bimodule, with the ~ri§h£ action transferred
by the homomorphism of (8.1) to one of (X) pez ng( » - We can also define a fT T¥ bimodule co.7
by swapping the role of top and bottom.

Definition 8.9. The functor of restriction associated to v(*) is the functor

Res = Hom(.7,—-) = cof ® —: ﬁ'§ -mod — ®f7l'§(,,> -mod .
PEZ

The functor of induction associated to v(*) is the left adjoint functor

Ind=~s7®-: ®f~T§(m -mod — fTI'Z; -mod,
PEL
and that of coinduction is the right adjoint Coind = Hom(co.#, —).

While this bimodule is canonical, we can describe it in terms of an algebra homomorphism, at
the price of making some noncanonical choices. Fix a finite subset S(?) c §(P) and fix an integer
H > 0. Consider the map Li,{p} X S(P) — C given by (p,x) — Hp + x. For H sufficiently large,
this map is order preserving; note that this would never be the case on all of Z X C, hence the need
to choose finite subsets. With the above choices fixed, we have a homomorphism g to fT? from the

~
subalgebra of ZfT ", where we fix all longitudes to live in LI piP} X S(P), and .# matches the induced
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bimodule of this homomorphism. We can choose S(P) 5o that this subalgebra is Morita equivalent to
A Thus, using this Morita equivalence, we can define the functors of Definition 8.9 as the usual
induction/restriction/coinduction functors of a ring homomorphism.

8.2. Comparison with other constructions

Let us restrict to the integral case throughout this section. Note that, as usual, we can reduce the general
case to the integral case using Lemma 7.21.

Lemma 8.10. Under the quotient functor of Theorem 7.23, the induction/restriction functors for
flavoured KLRW algebras match the induction/restriction functors for weighted KLRW algebras defined
in [Web19b, Definition 2.17]:

® ﬁ:,p(k) -InOd

keZ

~0 Res
fT, -mod 1

In

FW® - W ® —

8 7
7.7 -mod < Ifej > ® T -mod
n keZ

In fact, we could define the restriction functors for weighted KLRW algebras using a bimodule .# (R)
from Definition 8.6: take £ = R which gives weighted KLRW algebras, take £’ = Z X R equipped with
lexicographic order and the equivalence relation (m,x) ~ (m’,x’) iff m = m’, and take the full relation
R=RX(ZXR).

Let us consider the interaction between these functors and steadied quotients. Note that an idempotent
is unsteady if and only if it is in the image of the ring homomorphism discussed above with v(?) # 0 for
some positive integer p. In particular, any module M over fT ;p that factors through the steadied quotient
fT¢ is killed by Res if v(?) # 0 for some positive integer p.

We can think about this a bit more systematically by considering the tensor product fT{ ® .7. The
right action on this tensor product obviously factors through the steadied quotient of zr¥ (repeating
Definition 7.17 verbatim). Since all strands with labels (p, i) with p > 0 form a group that unsteadies
the sequence, we must have no such strands in the steadied quotient. Similarly, if the strands with label
(0, i) considered on their own give an unsteady sequence, the same is true of the sequence as a whole.
From these observations, it’s easy to check that:

Lemma 8.11. Given v(O,v=D ... vOm) wigh v = v 4 ... 4+ v(O e have an isomgrfhism of
algebras between the steadied quotients of the algebras Z7¥ and foHﬂ) ® fo(mHI) ® - ®fT . Thus,
in this case, we obtain a well-defined functor

Res = Hom(#,-) = coF ® —: ﬂ"vp—mod—n‘fl':i,m) ®ffl'$,m+1) ® -® _fT7

o “mod.

Note that this restriction functor commutes with inflation from steadied quotients to the full algebra.
The same is not true of its left and right adjoints.

8.3. Categorical actions

In this subsection, we assume that I" has no edge loops, and continue to only consider the integral case.

We now focus on the functor from Lemma 8.11 in the case where m = 1, and v(~! is a multiple of
a unit vector, that is, supported on a single vertex i, with some multiplicity k. Let NH;. be the nilHecke
algebra on k strands; this is the algebra given by KLR diagrams (without red strands, ghosts or longitudes)
with k strands that have the same label, satisfying the relations (7.2a—7.2¢; see [KL.09, Section 2.2(3)].
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Lemma 8.12. For any idempotent e((i, . .. ,i),a, <), we have an isomorphism
e((iy....0),a, )fMne((i,...,i),a <) = NHy,

and this induces a Morita equivalence between fT ﬁ_l) and NHy.

This result depends on the lack of edge loops; if I" were to have an edge loop, fT :171) would be much
more complicated.

Proof. In this case, all strands have the same label and there are no ghosts or red strands, so only relations
(7.2a—7.2a are relevant. Thus, simply forgetting labels and longitudes gives the desired map to NHy, and
adding them back its inverse. For any pair ((i,...,i),a,<) and (i,...,i),a’, <"), we can simply label
the identity diagram in NHy of k vertical lines with a in the order < at the top and a’ in the order <’
at the bottom and obtain an isomorphism between these idempotents, showing that e((i, .. .,i),a, <)
generates fTv( 1y as a two-sided ideal. Thus, we have the desired Morita equivalence. O

The core result that makes all of higher representation theory work is that NHy is isomorphic to the
rank n! matrix algebra over the symmetric polynomials Sym,_ in k-variables.

Thus, the ring NH; ®_fT? is Morita equivalent to Sym,, ®f*

v(0) MON

Definition 8.13. The divided power functor 8( ). ¢ -mod — ¥ O
restriction functor T -mod — NHj ®fT¥ +O -mod, followed by this Morita equivalence and forgetting

the action of Sym;,,. Let 3"1.( ) be the left adjoint of Sik).

-mod is the composition of the

Exactly as in Lemma 8.10, these functors match under the quotient functor of Theorem 7.23 with the
categorical Lie algebra action of [Web19b, Theorem3.1]. Thus, we have that:

Proposition 8.14. The functors €; and F; for i € I give a categorical gr-action, sending the weight
U=y wwm; —va; to the category fT¥ -mod.

It is natural to ask which representation of gr is categorified by Proposition 8.14. In the papers
[KTW*19a, KTW*19b], we showed that for bipartite simply-laced Kac-Moody types, this representa-
tion is described by the product monomial crystal. In [Gib21], it is shown that in finite type A, this
representation can be identified with a generalized Schur module, and can be described via a general-
ized Demazure module in all finite types. In general, we will now explain that this representation always
surjects onto the irreducible representation with highest weight 4 = >}; w;@;, and can sometime be
identified with a tensor product of fundamental representations.

We always have an equivariant map €Ty -mod — (P RY-mod induced by the quotient
functor M +— ey M (see Proposition 7.26), and thus an equivariant map Kc(EP, T 7 -mod) —
Kc(EP, Ry -mod). This latter Grothendieck group is an irreducible representation of gr with high-
est weight A by a special case of [Web17a, Theorem B]. This map is typically not an isomorphism but
can be in extremely degenerate cases, such as when all ¢, = 0.

For the next result, we will need to assume that ¢, = 0 for all old edges. For I" without a cycle, all
cases can be reduced to this one by adding a 1-coboundary, using Lemma 7.21(2).

Lemma 8.15. Let 14,.. ., A, be fundamental weights with Y, A; = A. Suppose that ¢, = 0 for all old
edges and |, — @er| > Y, vi for all new edges e, e’. Then, Kc (6D ¥ -mod) = V(1)) ® ---®V(4,) as
ar-modules.

Proof. By [Webl19b, Theorem 3.6], in this case, the weighted KLRW algebra is the KLRW algebra T,
so fT¢ -mod is a quotient of 74 -mod. The kernel of this quotient is the modules killed by all idempotents
which cannot be realized as a flavoured sequence.

Consider an idempotent in 74; the potential difficulty of realizing this with a flavoured sequence is
that if we want to make sure that two strands are in the correct order, they may need to have different
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longitudes, and there might not be enough different longitudes between the values ¢, and ¢, for two
new edges.

However, the condition |, —¢./| > 3, v; guarantees that there are enough different possible longitudes
between any two of these values to accommodate all corporeal strands, all with different longitudes, and
thus having any order we desire. This shows we have a Morita equivalence and completes the proof,
since Kc(T4) = V(1)) ® --- ® V(A,,) by [Web17a, Theorem 4.38]. O

Remark 8.16. As we’ve done several times now, we can consider the nonintegral case using the usual
trick of Lemma 7.2 1. In this case, we’ll apply the theorems above for the quiver [.In particular, it might
be that I" has edge loops and I does not. For example, when I' is the Jordan quiver and the flavour on its
edge is not integral, T will have no edge loops; it will be a finite subset of a union of cycles or infinite
linear quivers, depending on whether the label is rational or irrational. This case has been extensively
considered in [Web17b]; in particular, its Grothendieck group is calculated in [Web17b, Theorem B] as
a higher level Fock space.

9. Parabolic restriction and flavoured KLRW algebras

In this section, we’ll apply the theory developed in Section 5 to the case of a quiver gauge theory.

We begin by explaining how flavoured KLRW algebras appear in relation to the Coulomb branches
of quiver gauge theories. In Theorem 9.5, we show that A(v,w)-I'll¢ is equivalent to a category
of modules over a flavoured KLRW algebra, and we show in Theorem 9.12 that this equivalence is
compatible with the induction and restriction functors. In Section 9.3, we define (divided powers of)
restriction and induction functors on category O over Coulomb branch algebras, and show in Theorem
9.17 that these induce categorical Lie algebra action, in the quiver case.

9.1. Relation between Coulomb branches and flavoured KLRW algebras

As before, we fix a quiver I', dimension vectors w, v € ZIZ and write I'V for the Crawley-Boevey quiver.
Recall that we are considering a quiver gauge theory with

G = l—[ GL(VL) F = (CX)E(FW) N = @ Hom(cv,((,)’ th(e)).
ecE(IY)

Remark 9.1. Note that there is some redundancy here. The map from G into GL(N) is usually not
injective, Thus, any flavours that agree up to a coweight into the kernel give isomorphic specializations
of A(G, N); these are precisely the weightings which are cohomologous when thought of as 1-cocycles.

Similarly, any coweights conjugate in the normalizer of G in GL(N) (even if they are not conjugate
in G) give isomorphic specializations of the Coulomb branch. For example, we can permute the flavours
on edges joining the same pair of vertices.

A point ¢ € f is given by a map E(I'") — C. This is the same data as a flavour (Definition 7.7). For
the remainder of this section, we will fix such a flavour ¢: Z — C and study only the Gelfand-Tsetlin
modules for A(G, N), where the centre Z acts by this character. Of course, this is equivalent to studying
modules over the quotient algebra A, = A, (G, N).

The image of the Gelfand-Tsetlin algebra in A, is C[t + ¢] W Since ¢ is fixed and T = t & f, we will
identify t+¢ = t. Thus, a Gelfand-Tsetlin weight for A, will be given by a point y € t/W = []; C"/S,,.
As in Section 7.2, we will think of vy as a collection (vy;) of size v; multisets. By Definition 7.15, there
is a corresponding idempotent e(7y), where y; gives the longitudes a; with label i =i.

Given y € t/W, alift A € t corresponds to choosing an ordering on each multiset. Let W4 c W be
the stabilizer of A; this is simply the product of symmetric groups corresponding to repeated elements in
each y;. Thus, W4 # {1} if and only if there is repetition in one of the multisets ;. Equivalently, we have
consecutive corporeal elements of CGR in the flavoured sequence coming from y with the same vertex
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and longitude. As in [KTW™*19b, Section 5.2], crossings of consecutive strands with the same longitude
and label generate a copy of the nilHecke algebra of W* in e(y)fTe(y). We let ¢’(y) be a primitive
idempotent in this nilHecke algebra; for concreteness we can take this to be the projection to W4,
Consider the flavoured KLRW algebra ¥ (I'™) for the ﬂavour ¢. Let ¥ -wgmod be the category
of locally finite-dimensional weakly gradable modules over fT¥, that is, the modules with a filtration
whose subquotients are gradable and where e(i, a, <)M 1s finite- dlmenswnal for all such idempotents.

We can also characterize these modules topologically: fT carries its grading topology, the coarsest
topology where the elements of degree > k for each k define a basis of neighbourhoods of the identity.

Lemma 9.2. A locally finite-dimensional T% module M is weakly gradable if and only if as a discrete

topological module, it carries a continuous action of the completion fT in the grading topology.

Proof. We use several times here that ¥ only has finitely many idempotents up to isomorphism. In
particular, this means that a locally finite-dimensional weakly gradable module is killed by all elements
of sufficiently high degree, so indeed, it carries an action of this completion.

This also means that the category of locally finite modules over this ring is Artinian and the quotient
by the ideal generated by elements of degree > k is Morita equivalent to a finite-dimensional graded
algebra. Thus, if M is a module with such a continuous action, it contains a simple submodule, which is
gradable by the Morita equivalence mentioned above. Induction shows that M is weakly gradable. O

Definition 9.3. Let .QZ,, be the category with objects t/W and morphisms given by
Hom ; (y ¥’") = Hom(W,, W,,),

where W,, denotes the weight functor on the category of A,-modules.
Let I, be the category with objects t/W and morphisms given by

=¢
Homg (y,7') = ¢'(y") -fT - €'(y).

Both of these categories have the property that Hom between y and y” is trivial unless y and y” are
in the image of a single V W orbit in t.

Thus, we can wrlte 52{ as a direct sum of subcategories g, where S ranges over W-orbits in t, and
similarly with s C J(,,.

__Recall that in Definition 6.1, we defined a category JZ(G, N) with objects tz/W. We define
Az.,(G, N) to be the full subcategory of this category whose objects are the subset (tz + ¢)/W. Note
that if ¢ is integral and we choose & = tz + ¢, then our two definitions coincide: sz?; = Jz,w(G, N).

In fact, understanding this integral case gives us all the tools we need to understand all blocks.
Recall the construction of the quiver [ in Definition 7.1 9, together with its dimension vectors ¥, W and
flavour ¢’ used in Lemma 7.21. Moreover, we let G’, N’ be the gauge group and matter representation
associated to the quiver f, with dimension vectors V, w.

By [Weba, Corollary 4.7], we have the following.

Lemma 9.4. The subcategory s is equivalent to .S??Z,(pr(G/, N’).

See [SW, Section 4.2.3] for a discussion of how this result can be applied to understand all blocks of
Gelfand-Tsetlin modules for U(gl5).

The following result is a direct generalization of [KTW*19b, Theorem 5.2]. The proof of this theorem
will be given below.

Theorem 9.5. We have an equivalence E/t(/J = QQZ/,. In particular, for any set S C t, there is an
isomorphism

F(S) = fT¢§. ©.1)
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From the theorem and Proposition 4.5, we immediately conclude the following:

Corollary 9.6. For any orbit § C t, there is an equivalence
W: AG,N)-Tll; — fTI'C? -wgmod,
such that for any M € A(G,N) -T'llg and any y € S, we have
Wy (M) = e’ (y)W(M).

Before beginning the proof of this theorem, we will examine the spaces Y,, X; (from Section 6.1) in
the quiver case. Assume for now that ¢ is integral; Theorem 9.5 holds for all ¢, but we will reduce to
the integral case in the proof, and for simplicity, we only state Lemmata 9.8 and 9.9 in the integral case.
For any y € []; 2"/S,,, let |yl.5k| = |y; N (=00, k]|, that is, the number of elements in the multiset y;
which are at most k.

Definition 9.7. A partial flag of type 7y is a Z-indexed sequence of nested subspaces

i cReRcc @ o

jelu{co}
such that each Fy is compatible with the decomposition EB CVi,and for all k € Z,i € I, we have

dim F NCY = |yl§’<|_
Here, we include oo as the one-dimensional Crawley-Boevey vertex, with C"> = C.,. We assume that
Yoo = {0}, which forces

1 ifk>0
dimF, NCu={ "%
0 ifk <DO.
Each partial flag of type y gives rise to an ordinary partial flag (indexed by dimension) in each C":.
A careful examination of the definitions of X, Y, leads to the following result.

Lemma 9.8. Considery € []; 2" /S,,, and let A € []; Z" a lift of y.

1. The partial flag variety G | P, is isomorphic to the space of partial flags of type vy.
2. Applying the second description of (6.1):

Y, ={(Fe,n) € G/Py X N | ne(Fi) C Fisg, foralle € E(EY), k € Z}.

3. The fibre of Xy — Y, over (F,,n) is given by choosing full flags in each C"i, refining the partial
flags coming from F,.

From Lemma 7.9, we can associate a ¢-flavoured sequence to each y, where the entries of each
multiset y; give the longitudes a; with iy = i. Then, given the flavoured sequence, we can construct a
loading ¢ as explained in Section 7.4.

To each loading £, in [Web19b, Definition 4.2], the second author defined a space X, of £-loaded flags
and compatible representations; these assign a subspace F,, to each real number a whose dimension
vector is given by summing the labels on real numbers < a under the loading. Assume that £ is the
loading £(y) defined in Section 7.4, attached to the idempotent e(7y). Given an element of X,, we have
subspaces Fi = F/_, " which define a partial flag of type vy since there are precisely |y fk | appearances of
i in this loading on real numbers < a +1/2, which is an element of Y,, by Lemma 7.22. Since considering
the spaces F;, _, for different values of m gives a refinement of this to a complete flag, we have that:

Lemma 9.9. There is an isomorphism Xy = X.
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Proof of Theorem 9.5. Let us fix a single orbit & and only consider the construction of the equivalence
of this block. By Lemmata 7.21 and 9.4, we can reduce to the case where the flavour ¢ is integral and
S=1tz+0¢.

By Corollary 6.7, this reduces to showing that for all y, y’ € tz,

=¢ =G
e'(Y)IT &' (y) = HV (,Yy). 9.2

By (6.9) applied with G = L, it suffices to establish an isomorphism

=¢ -
e(Y) T e(y) = H” (W Xy), 9.3)

where A, A" are antidominant lifts of y, y’. . .
Since by Theorem 7.23, the tensor product FW ®z» — is a quotient functor, we have that FW is

projective as a left module, and Hom(ﬁ, T‘/’e(f)) =~ fT ‘pg( ), where £ is the loading associated to
e(y) in the weighted KLRW algebra. This shows that e(y")fT" e(y) = e(£')T¥e(f) since

e(t)Te(£) = Hom(FW @70 fT e(y),T¢e(£)) = Hom(fT e(y).fT e(y)) = e(y)fT e(y).

On the other hand, [Web19b, Theorem 4.5] describes this part of the weighted KLRW algebra using
equivariant homology of a fibre product. The isomorphism for flavoured algebras can also be written
directly using the same philosophy:

1. diagrams with no dots, no double crossings and no pair of strands with a same label and longitudes
that differ by Z crossing are sent to the homology class of preimage of the diagonal under the map
aXy — G/B X G/B

2. dots are sent to the Chern classes of tautological line bundles on this preimage in ;X,.

3. diagrams with a single crossing of a pair of strands with a same label and longitudes that differ by
Z and no other crossings are sent to the preimage of the diagonal in G/P X G /P, where P is the
parabolic where we add in the simple root corresponding to the crossing.

By Lemma 9.9, this fibre product is isomorphic to X . All of these isomorphisms are compatible with
composition and convolution in homology, so this defines the desired equivalence of categories. O

9.2. Functors in the quiver case

Fix a coweight ¢ : C* — T as in Section 3.2. We will now see how the functors res, ind and coind, as
defined in Section 5, interact with the equivalence of Theorem 9.5.
As discussed in Section 3.2, a choice of & gives us dimension vectors v(?) for p € Z. Lety € t/W =
)
[1;C"/S,,, as in the previous section. Choosing v € t/W, =[], ]—[iC"ip /S lifting y means
(p) .

dividing each multiset y; into multisets v}p ) of sizes v ;/ 7. With this in mind, Definition 5.6 translates

into the following statement.

Lemma 9.10. v is £-negative if and only if

(p) (q)

1) 2 € Vi(ey W€ have

1. forallp,q € Z,e c TV, yev

ifp<gq, then o, +z—y & Zsg
andif p > q, then ¢, +z—y ¢ Z<g

2. forallielandp # q € Z, ifyevl.(p),zevl.(q), theny # z

(here as usual, we adopt the convention that vy, = {0}, if p = 0, and is empty otherwise).
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We now fix an orbit & C t + ¢ for W, and SL c & an orbit of W, Since fixing & requires choosing
the multisets of the fractional parts in [](C/Z)"/Sy,, ST corresponds to a division of these fractional
parts into submultisets of the correct size. If all y; € Z"i/S,,, then we have & = S*.

The orbit & is the product of orbits &P) of the extended affine Weyl groups for the smaller gauge
(p)

groups L, = [[; GL(C" ).

Now, we choose a set S € & whose corresponding flavoured sequences give a transversal of the
equivalence classes. This must be a complete set in the sense of Definition 4.6 since if y and ’
give equivalent flavoured sequences, by Theorem 9.5, the straight line diagram between them gives an
isomorphism W, = ‘W, as functors.

We can choose similar sets S(?) ¢ &(P); we will assume that these are chosen so that any point in
the product [] ¢z S(P)interpreted as an element of t/Wy, is £&-negative. To see that this £&-negativity
property can be achieved, suppose that S(P) is to an arbitrary complete set of §P). Fix an integer
H > 0. Then, modify S(”) by adding pH to all the entries in each multiset yi(m € S for all p. The
resulting elements of [, ¢z S(P) will then be &-negative.

We define ST = I pez S(P) and as discussed before, we can assume that S& c S.

As discussed in Section 3.2, we have A(L, N) = ®p A(L®P) N(P)). This leads to an isomorphism

FL(sh) = (X) FL™ (8P,

PEZ

Combining this isomorphism with those from Corollary 9.6 and Lemma 8.5, we obtain,

FL(SL) ~ ®FL(”)(S(p)) ~ ®ﬁ';p) = Zﬁ'g(*). (94)

pPEZ PEZ

Recall thatin (5.3), we defined a F(S) - FX(S¥) bimodule 7(S%, S). Also recall that in Section 8.1, we
cp
defined a fTS - fTS(*) -bimodule .#. By completing with respect to the grading, we obtain a fTS -ZfTg) -

bimodule .7 Similarly, we have bimodules /(S, S*) and co.7 for these algebras in the opposite orders.

Lemma 9.11. Under the isomorphisms (9.1) and (9.4), the bimodule I (SL,S) corresponds to the
bimodule %, and 1(S, St) to co. 7.

Proof. By (5.3), the bimodule I(S%, S) is given by the sum of Homs between weight functors

I(St,8) = @ Hom(WE o res, W,,,).
y'es
veSL
For each v € ST,y € S, let y be the image of v in f/W. Using the isomorphism Y’ defined in (6.14),
we can define an isomorphism Hom(WZ o res, W,/) = Hom(W,, W,).
Theorem 6.12 shows that the induced isomorphism of vector spaces

Hom(Wk ores, W) = HO(,Y,)  I1(8%,8) = (P HO(,¥y)
y' €S
vesk

is an isomorphism of bimodules, where the left actions are intertwined by the functor E¢, and the right
action by E;, and the saturation map (6.11).

=9
By Theorem 9.5, we also have an isomorphism Hom(W,,, W,,) = e’(y’) -fT -e’(y). At the start of
the proof, we chose a preimage v for y; since S* = [Ipez S(P) we can let v(P) € S(P) be the projection

of v. By Lemma 7.9, there exists a flavoured sequence with v(P) as a the set of longitudes. Concatenating
these flavoured sequences together gives us a Z X C flavoured sequence which matches the sequence for
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=
e(y) after projecting to the second factor. For each diagram in e’(y’) - fT - ¢’(y), we can consider the
same diagram with this sequence placed at the bottom and obtain an element of .7

By definition, the resulting diagram is an element of e(y’)-.7 -¢%(v), where % (v) is the corresponding

=
idempotent in “fT . In fact, this operation on diagrams defines an isomorphism of vector spaces

() FEW) 2 e(y) T ely),

where the map is simply projecting the longitudes in Z X C at the bottom of the diagram to their second
component, and thus an isomorphism of vector spaces F(SZ,S) = .7.

To show that this linear isomorphism is furthermore a bimodule map, we need only confirm that the
isomorphism (9.3) used in the proof of Theorem 9.5 is compatible with the saturation map (6.11), that
is, the commutativity of the diagram

(6.11) y ﬁG (/lX/l/)

HE(3x5)

(9.3) (9.3)

e“(v') 7 ceP(v) ——— e(y') i ~e(y),

where the lower horizontal arrow is simply forgetting the Z-component of the longitude, and 2, 1’ are
liftsof v,v' tot, +o =t +¢.

In order to see this, we need to check that the images of the minimal diagrams, single crossings and
single dots are related by the map (6.11). This is clear from the definition of (9.3), which ultimately
depends on the map given in [Web19b, Theorem 4.5]. The inverse of (9.3) sends each dot to the Chern
class of a tautological bundle, and each single crossing to the saturation of a homology class in gxg
for a Levi L’ C L with one simple root and ¢ € tz/W, arbitrary. By the transitivity of saturation, this
crossing gives classes in £X§ and ;X which are compatible under saturation. O

From the discussion above, we can restate Theorem 5.10 using the functors of Definition 8.9 as:

Theorem 9.12. The equivalence of Theorem 9.5 intertwines the functors ind ¢ and res ¢ with the functors
of induction and restriction for flavoured KLRW algebras:

Res

fT% -wgmod > X pez ﬁ';m -wgmod

w TWL

A(G,N)-Tlg o > A(L,N3)-TTlg1

9.3. Category O

Now, we consider how these results apply to category O, as described in Section 4.3.

Let us temporarily return to the general context of Section 5, with our usual notation G, N, &, L. We
also choose a character y: G — C*, which defines a category A(G, N)-O. The standard choice for
a quiver gauge theory, following Nakajima, is given by the product of the determinant characters on
GL(VI').

The character y can be restricted to L, and thus also defines a category A(L, No‘f )-O of modules over

A(L, NO§ ). Unfortunately, the interaction of category O and restriction functors is quite complicated.
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Lemma 9.13. Consider a module M € A(G, N)-O.

L. If x(€) = 0, thentesz(M) = 0.
2. If x(¢) <O, thenresgs (M) ¢ A(L, N(‘]f)-O unless resg (M) = 0. However,

Suppress (M) = Supp(M) + Z&£.

Here, we use the support of a Gelfand-Tsetlin module from Definition 4.1. Of course, the same result
holds if we reverse all signs.

Proof. Fix any weight v € t/Wy. For all sufficiently large k € Z(, we have
WV (res§ (M)) = W,,_kg(resé:(M)) = Wv—kf (M),

where the first isomorphism comes from the fact that r’é : Wy kg =W, is an isomorphism of weight

functors for A(L, Nof ) and the second isomorphism comes from the fact that v — k¢ is £-negative, and
so Theorem 5.8 applies.

If x (&) > 0, then for sufficiently large k, W,_¢(M) = O (since M is in category O) and thus
W, (res¢ (M)) = 0. Since v is arbitrary, this forces res s (M) = 0.

Assume now that y (&) = 0. Since M is in category O, M¥ (see Section 5.1) is in category O for
A(L, N). Then consider the system (5.1)

S WEN (P 5 WEN (MP) 25 WEN (MP)

Since x (&) = 0, each space in this system lies in the same y-eigenspace. Since M? is in category O,
the y-eigenspaces are finite-dimensional. Thus, only finitely many spaces in this system are nonzero.
Hence, by Lemma 5.5, we conclude that W, (res#(M)) = 0.

If x (¢) < 0, then the above observation implies that Supp(res s (M)) = Supp(M) + Z¢. In particular,
this means that the eigenspaces of £ cannot be bounded below. O

Now, we return to the quiver case, where we can make some more precise statements. Recall that T ;
has a steadied quotient T, defined in Definition 7.17. Applying Proposition 4.10 in the quiver case, we
find that:

Theorem 9.14. Fix a flavour ¢ and an orbit §. A module M € A, (v, w) - I'ls lies in category O if and
only if the corresponding fT; module factors through the steadied quotient fT ;. Thus, Ay (v,w)-O =
fT% -mod.

S

Proof. The proof is the same as that of [KTW*19b, Theorem 5.21].

O

Let H be a real number. We say that y € t/W is H-bounded above if for all i € I and z € y;, we
have R(z) < H. The following result can be viewed as a specialization of Proposition 4.9 to the quiver
situation:

Lemma 9.15. Fix a flavour ¢ and an orbit 8. For H sufficiently large, each M € A, (v,w)-T'll¢
satisfies:

M e Ay(v,w)-Og ifand onlyif  everyy € Supp M is H-bounded above.

Proof. Assume that every vy € Supp M is H-bounded above. Letn = ), v;. Let C C & be an equivalence
class, such that W,, (M) # 0 for some y € C. Since all elements of C are H-bounded above, the function
v — R(x(y)) is bounded above on & by H(n — 1). Moreover, in C, there are only finitely many v,
such that R (y(y)) is larger than any given real number. Thus, C is —bounded in the sense of Section
4.3 and so, by Proposition 4.9, we have M € A, (v, w)-O.

Now assume that M is in A, (v,w)-O. Let y € Supp M. Let H' = max(|R(¢,.)|). We claim that y
is H = 2H’n-bounded above.
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Let (i,a, <) be a flavoured sequence corresponding to ¥ by Lemma 7.9. Suppose that R (ay) >
2H’n (if not, we are done). Then the intervals [a; — H',a; + H’'] (for k = 1,...,n) cannot cover
[0,2H’n], so there must be a real number H”” € [0,2H’n], such that there is no R (ay) in the interval
[H” — H’, H” + H’]. This means that all the strands with real longitude > H” + H’ have all ghosts with
real longitude > H”’, and all strands with real longitude < H” — H’ have all ghosts with real longitude
<H".

Then consider {g € CGR : R(ag) > H”'}. This set is nonempty and consists exactly of the last k
elements of CGR for some k and all their ghosts. Thus, we see that (i, a, <) is unsteady, and hence,
W, (M) = 0 by Theorem 9.14. m]

Recall the notation ¢ and associated v(P) as defined in Section 3.2 and used in the previous section.
From Lemma 9.13, it is possible to show that if v(?) # 0 for some p > 0, then resg (M) = 0 for all M
in category . Thus, we only consider those ¢ for which v(P) =0 for p > 0. In fact, we will focus on &,
such that only v(¥ and v(=! are nonzero.

9.4. Divided power functors

Assume that I" has no edge loops, and let us turn to rephrasing the divided power functors of Definition
8.13 in terms of Coulomb branches. Fix i € I and k < v;. Consider a coweight £: C* — []; GL(v;)
which is the trivial extension of the coweight ¢ — diag(s,...,¢,1,...,1) € GL(v;) with k diagonal
entries equal to ¢ and v; — k entries 1. For this choice of &, v(=D is k times in the unit vector on i, and
vO =y —vD =y — ke;.

Restriction (Definition 5.1) defines a functor

resg 1 A(v,w)-mod — A(v — ke;, w) ® A(GLyg,0) -mod. 9.5)

By definition, A(GLg, 0) is the equivariant homology of the affine Grassmannian of G L, which is
isomorphic to the quantum Toda algebra by [BFO8, Theorem 3].

9.4.1. Nonintegral decomposition
Let us specialize to the case k = 1 momentarily. The Hamiltonian reduction of A(C*,0) = D(C*) by
r¢ is C (equivalently, we can use Theorem 2.11), and so we get a Hamiltonian reduction functor

A(v—e;,w) ® A(C*,0) -mod — A(v—¢;,w)-mod M+ M/(re —1)M

as discussed in Section 5.4.
We define

res; : A(v,w)-mod — A(v — e;, w) -mod

to be the composition of (9.5) with this Hamiltonian reduction functor. By Lemma 5.3 and Proposition
5.11, the functor res; takes Gelfand-Tsetlin modules to Gelfand-Tsetlin modules.

We apply the paragraph below Proposition 5.11 (with the natural choice of a = ¢ after identifying
t = t* using the trace form), and so we can decompose the Hamiltonian reduction over ¢ € C*. This gives
us a decomposition of functors res; = ) .ccx res; .. Moreover, we have res; (M) = Wﬁ)gc(res§(M)),

where W oc denotes the weight space for A(C*, 0).

9.4.2. Integral case
Now, we return to general k and further examine the case of integral Gelfand-Tsetlin modules.

Let resl@ : A(v,w) -T'll; — A(v—ke;, w) - 'Lz be the functor res s of (9.5), followed by passing to
@)

the generalized weight space W for A(G Ly, 0) (if we specialize k = 1, then we see that res;’ =T1es; ).
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(k)

Lemma 9.16. The functor res;"” restricts to a functor A(v,w)-Og — A(v — ke;, w)-Og.

Proof. Let M € A(v,w)-O5. By Lemma 9.15, there exists N, such that every y in Supp(M) is N-
bounded above.
We claim that every y in Supp(resfk) (M)) is also N-bounded above. By definition

.....

Since Supp(resg(M)) = Supp(M) + Z¢&, we see that y U {m,...,m} € Supp(M) for some m € Z.

In particular, this means that y U {m, ..., m} is N-bounded above, so for all j and x € y;, we have
R(x) < N. Thus, vy is also N-bounded above (here, y U {m, ..., m} means that we add k copies of m
to y;). [}

The same proof shows that our functors res; . from the previous section all preserve category O as
well, so this is not a special property of the integral case.

In order to compute the left adjoint of resfk)  A(v,w)-Op — A(V — ke;, w)-Og, it is helpful to
think of it as a composition of three functors:

1. The inclusion from category O into all GT modules; the left adjoint to this is the functor that takes
the largest quotient of a GT module lying in category O.

2. The functor res ¢, with its usual left adjoint ind .

3. The functor of passing to a weight space for the action of the Gelfand-Tsetlin subalgebrain A(G Ly, 0).
This does not have a left adjoint in the category of Gelfand-Tsetlin modules, but it does have one
in the category of pro-Gelfand-Tsetlin modules: outer tensoring a A(v — ke;, w)-module with the
projective Py representing the functor Wy.

While inds (M ® Py) is only a pro-Gelfand-Tsetlin module, its maximal quotient in category O is
(k)

honestly Gelfand-Tsetlin, and thus defines a left adjoint functor to res;””, which we denote indl(k).

9.4.3. Compatibility with flavoured KLRW algebra functors
Now, assume that ¢ is an integral flavour.

Theorem 9.17. The equivalence of Theorem 9.5 intertwines the divided power functor Efk) with the
functor resgk) defined above, and thus its left adjoint S"Ek) with res™ :

i
e

4 LA
fTy -mod > T e, mod

e i

Ay (v,w)-0, —k) Ay (v —ne;, w)-0,
resf )

*)
gji

T -mod < ﬂ—‘vp_kei

' i

Ay (v, w)-0, (—k Ay (v —ne;, w)-0,
ind§ )

-mod
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In particular, these functors define a categorical gr-action which sends the weight u = Y, w;@; — v;@;
to the category A, (v, w)-O,.

Proof. From Theorem 9.12, we have the commutative diagram

ﬁ'f -wgmod —— ﬁf_ke[ ® ﬁ',fei -wgmod

T T (9.6)

Ap(v,w) -Tll; —— (Ag(v—ke;,w) @ Ay (ke;,0)) -TT.

From Section 8.3, we see that fT ,fei is the nilHecke algebra N Hy. Also, Egk) is defined by following the
upper horizontal arrow in (9.6) and then applying an idempotent in N H.

On the other hand, resl(k) is defined by following the lower horizontal line in (9.6) and then taking
W for A, (ke;, 0)) = A(GLg,0). So then the result follows from Corollary 9.6. m|

Remark 9.18. Since the functor fﬂ(k) is also isomorphic to the right adjoint of EEk) (but not canonically
s0), we also have that indsk) is isomorphic to the right adjoint of resl(k), which we can construct as
tensoring with the injective (infinitely generated) GT module P; corepresenting Wy over A(G Ly, 0),

applying coind¢, and then passing to the largest submodule in O.

Recall the idempotent eg € fT f from Proposition 7.26. From Lemma 4.11, we have that:

Proposition 9.19. Let M € A(v,w)-Oy. We have that eg W(M) = 0 if and only if the Gelfand-Kirillov
dimension of M is strictly less than % dim Mc (v, w) = 3;¢r Vi

Proof. If egW(M) # 0, then there exists i, such that e(i, H)W(M) # 0. By the definition of e(i, H),
this means that if we construct y¥ € t/W, where y/ = {kH : i) = i}, then W, u (M) # 0. Now,
choose any integers aj, . . ., a,, such that ay < ay41 + H and then define 7, such that y; = {ay : iy =i}.
We have an isomorphism of functors W, (M) = W, (M) since the corresponding idempotents in the
flavoured KLRW algebra are equivalent, and thus, W, (M) # 0. As the set of such y is Zariski dense in
t/W, we see that M has Gelfand-Kirillov dimension }};¢; v; by Lemma 4.11.

If egW(M) = 0, then any vy in the support of M must contain a pair y, z, such that the difference
|y — z| is an integer with |y — z| < H. If there is no such pair, then e’(7y) is isomorphic to an idempotent
e’(y’) satisfying e’(y’) = ege’(y’). The locus where |y —z| € {-H + 1,-H +2,...,H — 1} holds
is the union of a finite number of hyperplanes. Thus, the support of M is not Zariski dense. Thus,
GKdim(M) < 3};¢; vi by Lemma 4.11 again. ]

Recall that Oy (v, W) is the quotient of A (v, w)-O7 by the subcategory of objects with GK dimension
< % dim M¢ (v, w). Combining Proposition 7.26, Corollary 9.6 and Proposition 9.19, we find that:

Corollary 9.20. The functor ey'W induces an equivalence Oyop(v, W) = RY -mod, and thus an isomor-
phism of gr-modules P, Kc(Oiop (v, W)) = V(Q).

9.4.4. The nonintegral case
Let us return to setting nonintegral GT modules, but specialize k = 1, as in Section 9.4.1. There, we
defined a decomposition res; = 3 .ccx res; ., which we will now examine from the flavoured KLRW
perspective. _

We have a functor T}, -mod — fT ;ffl ® fT| -mod, where the subscript simply denotes the number of
corporeal strands. The single strand in the second factor has a longitude z. Each nonzero summand that
arises in the decomposition of this functor on a given block fT C‘é -mod is given by a vertex (i, [z]) of T,

where I is defined using & in Definition 7.19. Thus, we obtain functors &; [, : T} -mod — fT¥ | -mod,
which match the above functors res; . (where ¢ = exp(2niz)), as in Theorem 9.17. This shows that if
supp M lies in an orbit & and res; (M) is nonzero, then (i, [logc]) € I
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Consider the graph I' X C/Z with the adjacency of Definition 7.19. For simplicity, we assume that
this graph has no edge loops, even if I" has an edge loop. Consider the graph I', C I' X C/Z is given by
the union of I for all orbits & that appear in the support of modules in O for our fixed ¢ and all different
values of v.

Using Remark 8.16 and repeating the proof of Corollary 9.20 shows:

Proposition 9.21. The functors res; . give a categorical action of gr,, on P, A(v,w)-O. The corre-
sponding Grothendieck groups @B, Kc(Oiop(V, W)) form an irreducible representation of gr ”

Let U be the full subgraph of I' X C/Z containing all those vertices connected to (i, [¢]) for ¢ the
weight of an edge connecting the vertex i to the Crawley-Boevey vertex. Note that if ¢ is integral, then
U=Tx{[0]}.

Lemma 9.22. We have an equality U = T'y, and the functor res; . is not zero if and only if
(i, [logc]) €Ty

This implies that if we take M € A(v, w) - I'Il; an integral Gelfand-Tsetlin module, then res; (M) =
res;.1(M), asres; (M) =0 forc # 1.

Proof. To show the inclusion U c T, it’s enough to show that any (i, [logc]) € U occurs as a
longitude in a nonzero idempotent in T} for some 1. As before, we consider a highest weight A, such
that a/JV.’ 2] (4) =Wj,[7)- By Corollary 7.27, it’s enough to show that the irreducible representation V(1)
has a nontrivial weight space for a weight ¢ with a/l.v, llogec] (1) < 0. Since @;, [10¢ ¢] is conjugate to all other
simple roots in its component under the action of the Weyl group, we can choose w in the Weyl group of
Ty, such that =wa; [1ogc] = @k, [y] is a simple root with @ [y () > 0. This implies 4 = wA is a nonzero
weight as desired, so the equality A = p + 2 [z])er, V,[21%,[z] gives the desired dimension vector.

Now we will show that if (i, [logc]) € U, then res; . # 0. Note that our argument also shows that
any vector of weight u in V(1) has nonzero image under the action of the Chevalley generator E; [iogc|-
since it has negative weight for the corresponding root sl,. Thus, any module M with nonzero image in
Oop supported on the corresponding orbit & satisfies res; (M) # 0.

On the other hand, by Lemma 7.29, if fT¥($) # 0 for some orbit &, then every component of the
corresponding graph I has vertex (j, [z]) with nonzero W} [,]. Thus, I" ¢ U. Ranging over all &, this
shows that I, C U. We noted above that if res; (M) is nonzero, then (i, [log c]) € I'. This completes
the proof. O

From a more topological perspective, the Crawley-Boevey graph Fg can be built as follows:

1. Take the minimal cover of the Crawley-Boevey graph I'V that trivializes the flavour ¢ as an element
of HY(T'Y,C/Z).

2. Delete all but one preimage of the Crawley-Boevey vertex. This will be the Crawley-Boevey vertex
of I'y.

3. Delete all components of the preimage of I" not connected to the CB vertex.

9.5. Cherednik algebras

Throughout this section, we assume that I is the Jordan quiver, with dimension vector v =n,w = ¢ > 0.
As in the Introduction, we let A(n,f) = A(G,N), where G = GL(n) and N = Hom(C",C") &
Hom(C", Cf). The case where £ = 0 is somewhat different and requires slightly different methods.
Our aim in this subsection is to prove Theorem 1.5. In order to do this, let us unpack the results of the
previous sections in this case. Our flavour consists of a £-tuple ¢y, . . ., ¢, corresponding to the torus of
GL(CY), and asingle scalar t € C, which corresponds to the C* action scaling the loop in T". As discussed
in Section 1.4, Kodera and Nakajima have defined an isomorphism of algebras KN: H(n, {) — A(n,{).
This isomorphism matches the usual Euler grading on H(n,¢) to the grading on A(n, ) induced
by the isomorphism 71 (GL,) = Z, so it induces an equivalence KN: H(n, £)-O — A(n, £)-O. This
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isomorphism relates the flavour parameters to the usual parameters of the Cherednik algebra by formulas
given in [KN18, Theorem 1.1] (where ¢, is denoted z,-). We let H, (n, £) be the spherical Cherednik
algebra specialized at these parameters. Since we will want to compare with the results of [Web17b],
we note that in that paper, the parameter t is denoted by k, and the parameters ¢, by s,.

Consider the graph with vertices C/Z with an edge from [z] — [z + ], for all [z] € C/Z. This is a
union of e-cycles if t = m/e is rational, and a union of A.-components if t ¢ Q. For simplicity, we’ll
avoid the case where t € Z, so this graph has no edge loops.

Given a W orbit & C", we defined a graph T in Definition 7.19. From the definition, we see that r
is always a subgraph of this C/Z-graph.

As discussed in Section 9.4.1 above, we have a decomposition of the induction and restriction
functors ind. ., res. - corresponding to the single vertex of the quiver (defined using the Hamiltonian
reduction approach). On category O, this gives a gy action (by Proposition 9.21), where ¢ ranges
over the vertices of U = I',. The analogous decomposition of the Bezrukavnikov-Etingof functors into
i-induction/restriction functors resge ; is given by Shan [Shal |, Definition 4.2].

By Theorem 9.17, we have that A, (n,€)-O = fT} -mod, where n gives the number of corporeal
strands. By Lemma 7.21, we have that fT;, is isomorphic to a flavoured KLRW algebra over I, which
we can think of a flavoured KLRW algebra for U by the inclusion of [asa subgraph. Finally, we find
that by Theorem 7.23, we have a quotient functor W;: 7,7 -mod — A, (n, €)-O from the category of
modules over a weighted KLRW algebra T, for U, where the subscript 7 indicates that we have a total
of n corporeal strands (possibly of different labels).

Let M, (n,¢) be the full Cherednik algebra for G(¢,1,n). In [Web19a], the second-named au-
thor defined an equivalence of categories W: F,(n,{)-O — 7?7 -mod using a similar method to
Theorem 9.5.

Lemma 9.23. We have an isomorphism of functors Wi(=) = KN(eW~!(-)).

Proof. To see this, we note that the three functors involved are uniquely characterized by matching three
polynomial representations:

1. the polynomial representation of M(n, ) defined in [Web19a, (2.17-2.22)], extending the represen-
tation of the spherical part given in [KN 18, Theorem 1.5].

2. the GKLO representation of A(n, £).

3. the polynomial representation of 7., defined in [Web19b, Proposition 2.7].

The Kodera-Nakajima isomorphism can be defined as the unique one matching (1) and (2), the functor
‘W is uniquely defined by matching (2) and (3), and from the definition [Web19a, Lemma 3.12], we
see that the functor W is uniquely characterized by matching (1) and (3). This shows the desired
compatibility. O

However, at the moment, we do not know how to prove the compatibility of our induction and
restriction functors with Bezrukavnikov and Etingof’s under the equivalence of categories induced
by the Kodera-Nakajima isomorphism. Instead, we have to use a potentially different equivalence of
categories, which was explicitly constructed with this property in mind.

In [Web17b, Theorem 4.8], the second-named author constructed a potentially different equivalence
W: M, (n,€)-O — T, -mod using the method of uniqueness of 1-faithful covers. Since this equivalence
is constructed using [Web17b, Theorem 2.3], it is partly characterized by the fact that it intertwines the
Bezrukavnikov-Etingof induction and restriction functors with the induction and restriction functors for
weighted KLRW algebras induced by the inclusion fr?_l < T”. Note, this equivalence depends on a
choice of isomorphism between the Hecke algebra of G (¢, 1, n) (which appears here as endomorphisms
of the KZ functor) and the cyclotomic KLR algebra inside 7,7 used in the application of [Web17b,
Theorem 2.3], so it is not unique. We expect that if this isomorphism is chosen correctly, then it will
induce an isomorphism of functors MW = W, but there are a number of variations on this isomorphism
possible, and it is a difficult calculation to check if any of them is right.
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Proof of Theorem 1.5. From the discussion above, we have functors:

W, . Mw
Ap(n, £)-0 ¢ 77 -mod < My (n, £)-O
IeSe Res IeSBE
A,(n-1,0-0 ¢—— 7% modé———H,(n-1,0-0
ol ) W, n-1 0 ¢

with both squares commuting. Thus, to complete the proof, we need only show that the induced quotient
functor Wy oW : M, (n, €)-O — A, (n, £)-O kills precisely the aspherical modules, that is, those killed
by the symmetrizing idempotent e.

We have a natural labelling of simple modules by multipartitions:

o in the category H (n, £)-O, we have standard modules A (u) induced from simple representations of
G (¢, 1,n), and every simple L(u) is a quotient of a unique such module.
o inthe category 7, -mod, this labelling is induced by the cellular structure of [Web17b, Theorem 4.11].

The equivalence 2B intertwines these labellings by construction. On the other hand, we calculate
directly in [Web19a, Lemma 3.17] how the Dunkl-Opdam subalgebra acts on the highest weight space
of L(u); this shows that W preserves these labellings as well and hence (L (u)) = W(L(u)) for all u.

Thus, by Lemma 9.23, we have that

Wi (B(L (1)) = KN(eL(p),

so we have that Wy (2 (L(w))) = 0 if and only if eL(yx) = 0. This shows that W, o I factors through
the usual quotient functor to Hy (n, £)-O, and induces an equivalence of that category to A, (n, £)-O
intertwining the restriction and induction functors, completing the proof. O

Acknowledgements. We thank Alexander Braverman and Justin Hilburn for helpful conversations. J.K. and B.W. were supported
by NSERC through Discovery Grants. O.Y. was supported by the ARC through grants DP180102563 and DP230100654. This
research was supported in part by Perimeter Institute for Theoretical Physics. Research at Perimeter Institute is supported in part
by the Government of Canada through the Department of Innovation, Science and Economic Development Canada and by the
Province of Ontario through the Ministry of Colleges and Universities.

Competing interest. The authors have no competing interest to declare.

References

[BCS17] C. Bowman, A. Cox and Liron Speyer, ‘A family of graded decomposition numbers for diagrammatic Cherednik

algebras’, Int. Math. Res. Not. IMRN 2017 (9) (2017), 2686-2734. MR3658213
[BEO9] R. Bezrukavnikov and P. Etingof, ‘Parabolic induction and restriction functors for rational Cherednik algebras’,
Selecta Math. (N.S.) 14(3—4) (2009), 397-425. MR2511190 (2010e:20007)
[BEF20] A. Braverman, P. Etingof and M. Finkelberg, ‘Cyclotomic double affine Hecke algebras’, Ann. Sci. Ec. Norm. Supér.
(4) 53(5) (2020), 1249-1312. With an appendix by Hiraku Nakajima and Daisuke Yamakawa.
[Bel] G. Bellamy, ‘Coulomb branches have symplectic singularities’, Preprint, 2023, arXiv:2304.09213.
[Ber] J. Bernstein, ‘Algebraic theory of D-modules’, Preprint, https://www.math.columbia.edu/~khovanov/resources/
Bernstein-dmod.pdf.
[BFO8] R. Bezrukavnikov and M. Finkelberg, ‘Equivariant Satake category and Kostant-Whittaker reduction’, Mosc. Math.
J. 8(1) (2008), 39-72, 183.

[BFK99] J. Bernstein, I. Frenkel and M. Khovanov, ‘A categorification of the Temperley-Lieb algebra and Schur quotients
of U(sl,) via projective and Zuckerman functors’, Selecta Math. (N.S.) 5(2) (1999), 199-241. MRMR1714141
(2000i:17009)

[BEN18] A. Braverman, M. Finkelberg and H Nakajima, ‘Towards a mathematical definition of Coulomb branches of 3-
dimensional = 4 gauge theories, II’, Adv. Theor. Math. Phys. 22(5) (2018), 1071-1147. MR3952347

https://doi.org/10.1017/fms.2024.3 Published online by Cambridge University Press


https://arxiv.org/abs/2304.09213
https://www.math.columbia.edu/~khovanov/resources/Bernstein-dmod.pdf
https://www.math.columbia.edu/~khovanov/resources/Bernstein-dmod.pdf
https://doi.org/10.1017/fms.2024.3

68 J. Kamnitzer et al.

[BEN19] A. Braverman, M. Finkelberg and H. Nakajima, ‘Coulomb branches of 3d = 4 quiver gauge theories and slices
in the affine Grassmannian’, Adv. Theor. Math. Phys. 23(1) (2019), 75-166. With two appendices by Braverman,
Finkelberg, Joel Kamnitzer, Ryosuke Kodera, Nakajima, Ben Webster and Alex Weekes. MR4020310

[BLPW16] T. Braden, A. Licata, N. Proudfoot and B. Webster, ‘Quantizations of conical symplectic resolutions II: Category
and symplectic duality’, Astérisque 384 (2016), 75-179. With an appendix by I. Losev. MR3594665
[Bow] C.Bowman, ‘The many graded cellular bases of Hecke algebras’, Preprint, 2017, arXiv:1702.06579.
[BPW] T. Braden, N. J. Proudfoot and B. Webster, ‘Quantizations of conical symplectic resolutions I: Local and global
structure’, Preprint, 2022, arXiv:1208.3863.

[Bri98] M. Brion, ‘Equivariant cohomology and equivariant intersection theory’, in Representation theories and algebraic
geometry (Montreal, PQ, 1997), NATO Adv. Sci. Inst. Series C: Mathematical and Physical Sciences, vol. 514
(Springer, Dordrecht, 1998), 1-37. Notes by Alvaro Rittatore. MR1649623

[CG97] N. Chriss and V. Ginzburg, Representation Theory and Complex Geometry (Birkhduser Boston Inc., Boston, MA,
1997). MR98i:22021

[CBO1] W. Crawley-Boevey, ‘Geometry of the moment map for representations of quivers’, Comp. Math. 126(3) (2001),
257-293.

[DFO94] Yu. A. Drozd, V. M. Futorny and S. A. Ovsienko, ‘Harish-Chandra subalgebras and Gelfand-Zetlin modules’, in
Finite-dimensional algebras and related topics (Ottawa, ON, 1992), NATO Adv. Sci. Inst., Series C: Mathematical
and Physical Sciences, vol. 424 (Springer, Dordrecht, 1994), 79-93. MR1308982

[FGRZ20] V. Futorny, D. Grantcharov, L. E. Ramirez and P. Zadunaisky, ‘Gelfand-Tsetlin theory for rational Galois algebras’,
Israel J. Math. 239(1) (2020), 99-128.

[FKP+18] M. Finkelberg, J. Kamnitzer, K. Pham, L. Rybnikov and A. Weekes, ‘Comultiplication for shifted Yangians and
quantum open Toda lattice’, Adv. Math. 327 (2018), 349-389.

[FO10] V. Futorny and S. Ovsienko, ‘Galois orders in skew monoid rings’, J. Algebra 324(4) (2010), 598-630.

[FO14] V. Futorny and S. Ovsienko, ‘Fibers of characters in Gelfand-Tsetlin categories’, Trans. Amer. Math. Soc. 366(8)
(2014), 4173-4208. MR3206456

[Gib21] J. Gibson, ‘A Demazure character formula for the product monomial crystal’, Algebr. Comb. 4(2) (2021), 301-327.

[Gin] V. Ginzburg, ‘Lectures on D-modules’, available at https://gauss.math.yale.edu/~i1282/Ginzburg_D_mod.pdf

[GL14] I. Gordon and I. Losev, ‘On category for cyclotomic rational Cherednik algebras’, J. Eur. Math. Soc. (JEMS) 16(5)
(2014), 1017-1079.

[HKW] J. Hilburn, J. Kamnitzer and A. Weekes, ‘BEN Springer theory’, Preprint, 2004, arXiv:2004.14998.

[KL0O9] M. Khovanov and A. D. Lauda, ‘A diagrammatic approach to categorification of quantum groups. I’, Represent.
Theory 13 (2009), 309-347.

[KL11] M. Khovanov and A. D. Lauda, ‘A diagrammatic approach to categorification of quantum groups II’, Trans. Amer.
Math. Soc. 363(5) (2011), 2685-2700. MR2763732 (2012a:17021)

[KN18] R. Kodera and H. Nakajima, ‘Quantized Coulomb branches of Jordan quiver gauge theories and cyclotomic rational
Cherednik algebras’, in String-Math 2016, Proceedings of Symposia in Pure Mathematics, vol. 98 (American
Mathematical Society, Providence, RI, 2018), 49-78. MR3821749

[KPW22] J. Kamnitzer, K. Pham and A. Weekes, ‘Hamiltonian reduction for affine Grassmannian slices and truncated shifted
Yangians’, Adv. Math. 399 (2022), Paper No. 108281.

[Kry18] V. V. Krylov, ‘Integrable crystals and a restriction on a Levi subgroup via generalized slices in the affine Grassman-
nian’, Funktsional. Anal. i Prilozhen. 52(2) (2018), 40-65.

[KTW+19a] J. Kamnitzer, P. Tingley, B. Webster, A. Weekes and O. Yacobi, ‘Highest weights for truncated shifted Yangians
and product monomial crystals’, J. Comb. Algebra 3(3) (2019), 237-303. MR4011667

[KTW+19b] J. Kamnitzer, P. Tingley, B. Webster, A. Weekes and O. Yacobi, ‘On category for affine Grassmannian slices and
categorified tensor products’, Proc. Lond. Math. Soc. (3) 119(5) (2019), 1179-1233. MR3968721

[KWWY14] J. Kamnitzer, B. Webster, A. Weekes and O. Yacobi, ‘Yangians and quantizations of slices in the affine Grassman-
nian’, Algebra Number Theory 8(4) (2014), 857-893. MR3248988

[LW15] I. Losev and B. Webster, ‘On uniqueness of tensor products of irreducible categorifications’, Selecta Math. (N.S.)
21(2) (2015), 345-377. MR3338680

[MV98] I. M. Musson and M. Van den Bergh, ‘Invariants under tori of rings of differential operators and related topics’,
Mem. Amer. Math. Soc. 136(650) (1998), viii+85.

[MVO07] I. Mirkovi¢ and K. Vilonen, ‘Geometric Langlands duality and representations of algebraic groups over commutative
rings’, Ann. of Math. (2) 166(1) (2007), 95-143.

[Nak] H. Nakajima, ‘Towards geometric Satake correspondence for Kac-Moody algebras — Cherkis bow varieties and
affine lie algebras of type A’, Preprint, 2021, arXiv:1810.04293.

[NT17] H. Nakajima and Y. Takayama, ‘Cherkis bow varieties and Coulomb branches of quiver gauge theories of affine
type A’, Selecta Math. (N.S.) 23(4) (2017), 2553-2633.

[Rou] R. Rouquier, ‘2-Kac-Moody algebras’, Preprint, 2008, arXiv:0812.5023.

[Shall] P.Shan, ‘Crystals of Fock spaces and cyclotomic rational double affine Hecke algebras’, Ann. Sci. Ec. Norm. Supér.

(4) 44(1) (2011), 147-182. MR2760196 (2012c:20009)

https://doi.org/10.1017/fms.2024.3 Published online by Cambridge University Press


https://arxiv.org/abs/1702.06579
https://arxiv.org/abs/1208.3863
https://gauss.math.yale.edu/~il282/Ginzburg_D_mod.pdf
https://arxiv.org/abs/2004.14998
https://arxiv.org/abs/1810.04293
https://arxiv.org/abs/0812.5023
https://doi.org/10.1017/fms.2024.3

Forum of Mathematics, Sigma 69

[SW] T. Silverthorne and B. Webster, ‘Gelfand-Tsetlin modules: Canonicity and calculations’, Preprint, 2023,
arXiv:2011.06029.
[Weba] B. Webster, ‘Gelfand-Tsetlin modules in the Coulomb context’, Preprint, 2023, arXiv:1904.05415.
[Webb] B. Webster, ‘Koszul duality between Higgs and Coulomb categories’, Preprint, 2019, arXiv:1611.06541.
[Webc] B. Webster, ‘Unfurling Khovanov-Lauda-Rouquier algebras’, Preprint, 2018, arXiv:1603.06311.
[Webl7a] B. Webster, ‘Knot invariants and higher representation theory’, Mem. Amer. Math. Soc. 250(1191) (2017), 141.
[Web17b] B. Webster, ‘Rouquier’s conjecture and diagrammatic algebra’, Forum Math. Sigma 5 (2017), 27, 71. MR3732238
[Web19a] B. Webster, ‘Representation theory of the cyclotomic Cherednik algebra via the Dunkl-Opdam subalgebra’, New
York J. Math. 25 (2019), 1017-1047. MR4017214
[Web19b] B. Webster, ‘Weighted Khovanov-Lauda-Rouquier algebras’, Doc. Math. 24 (2019), 209-250. MR3946709
[Wee] A. Weekes, ‘Generators for Coulomb branches of quiver gauge theories’, Preprint, 2019, arXiv:1903.07734.
[Wee22] A. Weekes, ‘Quiver gauge theories and symplectic singularities’, Adv. Math. 396 (2022), Paper No. 108185, 21.
[Zho] Y. Zhou, ‘Note on some properties of generalized affine Grassmannian slices’, Preprint, 2021, arXiv:2011.04109.

https://doi.org/10.1017/fms.2024.3 Published online by Cambridge University Press


https://arxiv.org/abs/2011.06029
https://arxiv.org/abs/1904.05415
https://arxiv.org/abs/1611.06541
https://arxiv.org/abs/1603.06311
https://arxiv.org/abs/1903.07734
https://arxiv.org/abs/2011.04109
https://doi.org/10.1017/fms.2024.3

	1 Introduction
	1.1 Categorification and affine Grassmannian slices
	1.2 Restriction functors for Coulomb branches
	1.3 Relating the functors
	1.4 Cherednik algebras
	1.5 Generalized geometric Satake

	2 Relating various Coulomb branch algebras
	2.1 Coulomb branch algebras and their partial flag versions
	2.2 Inclusion of Coulomb branch algebras
	2.3 Abelian theories and monopole operators
	2.4 Passing to invariants
	2.5 Hamiltonian reduction
	2.6 Combining all the steps

	3 Quiver gauge theories
	3.1 Quiver data
	3.2 Relating algebras
	3.3 Truncated shifted Yangians

	4 Modules for Coulomb branch algebras
	4.1 Gelfand-Tsetlin modules
	4.2 Morphisms between weight functors
	4.3 Category O
	4.4 Gelfand-Kirillov dimension

	5 Functors from parabolic restriction
	5.1 Restriction and induction functors
	5.2 Functors on Gelfand-Tsetlin modules
	5.2.1 Morita equivalence on GT weight spaces
	5.2.2 Restriction on weight spaces
	5.2.3 Inverting rξ and weight spaces
	5.2.4 Combined effect of res on weight spaces

	5.3 Algebraic description of the res functor
	5.4 Hamiltonian reduction

	6 Geometric description of weight modules and functors
	6.1 Recollection on earlier results
	6.1.1 Category of weight functors
	6.1.2 Steinberg category
	6.1.3 The equivalences

	6.2 Geometric viewpoint on parabolic restriction

	7 Flavoured KLRW algebras
	7.1 Reminder on weighted KLRW algebras
	7.2 Flavoured KLRW algebras
	7.3 Reduction to the integral case
	7.4 Connecting flavoured KLRW and weighted KLRW algebras
	7.5 Connecting flavoured KLRW algebras and cyclotomic KLR algebras

	8 Induction and restriction for flavoured KLRW algebras
	8.1 Induction and restriction bimodules
	8.2 Comparison with other constructions
	8.3 Categorical actions

	9 Parabolic restriction and flavoured KLRW algebras
	9.1 Relation between Coulomb branches and flavoured KLRW algebras
	9.2 Functors in the quiver case
	9.3 Category O
	9.4 Divided power functors
	9.4.1 Nonintegral decomposition
	9.4.2 Integral case
	9.4.3 Compatibility with flavoured KLRW algebra functors
	9.4.4 The nonintegral case

	9.5 Cherednik algebras

	References

