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THE SPEED OF EXTINCTION FOR SOME
GENERALIZED JIRINA PROCESSES
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Abstract

The speed of extinction for some generalized Jifina processes {X,} is discussed. We
first discuss the geometric speed. Under some mild conditions, the results reveal that the
sequence {c"}, where ¢ does not equal the pseudo-drift parameter at x = 0, cannot
estimate the speed of extinction accurately. Then the general case is studied. We
determine a group of sufficient conditions such that X,/c,, with a suitable constant
¢, converges almost surely as n — 00 to a proper, nondegenerate random variable. The
main tools used in this paper are exponent martingales and stochastic growth models.
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1. Introduction

The generalized Jifina process considered in this paper is a modification of the Jifina
process [1] whose reproductive behavior may depend on the size of the population. This kind of
process was first introduced by Li [4] and called the continuous-state population-size-dependent
branching process (continuous-state PSDBP). Here we recall its definition.

A time-homogeneous Markov process X = {X,,} with state space [0, c0) is called a contin-
uous-state PSDBP if, for any A > 0 and x > 0,

Efexp{—AXp11} | Xp = x] = exp{—xF(x, 1)},

where F(x, A) is a reproduction cumulative function (RCF) satisfying

+00

F(x,\) = y(x))\+/ (1 —e yv(x, du).
0+

Here y (x) is a nonnegative Borel function and (1 A u#)v(x, du) is a finite kernel from [0, 4-00)
to (0, +00). Obviously, the continuous-state PSDBP is uniquely determined by the function
F(x, 1) or the functions y (x) and v(x, du). We call y(x) the drift function, v(x, -) the Lévy

measure function, and
+o00

m(x) :=y(x) +/ uv(x, du)

0+

the offspring mean function if the integral is finite. Furthermore, we call the limit of y (x) as
x — 0 the pseudo-drift at x = 0 and the limit of m(x) as x — 0 the pseudo-mean at x = 0.
In general, we call X the subcritical continuous-state PSDBP if its offspring mean function
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m(x) is bounded and limy,_, 1 m(x) < 1, or the supercritical continuous-state PSDBP if
limy s 4 oo m(x) > 1.

Obviously, if y (x) = y is a constant function and v(x, ds) = v(ds) for some measure v(ds)
on (0, 00), then X = {X,} is a Jifina process. Hence, for Jifina processes, their offspring mean
functions are constants.

It is easy to check that if m(x) exists then, for any k > 0,

E[Xy1 | Xi] = m(Xp) Xk. (LD

Since continuous-state PSDBPs and Jifina processes have a similar construction, it seems
reasonable to imagine that they have similar properties, though there are some complexities that
require a more comprehensive approach and lead to more difficulties in studying continuous-
state PSDBPs. For example, a continuous-state PSDBP can arise from the limit of a sequence
of scaled generalized Galton—Watson processes (see [4]), while a Jifina process can arise from
a sequence of scaled Galton—Watson processes. Under some mild conditions, the continuous-
state PSDBPs have the extinct property

P(X,, > Oor X;, > +00) =1,

which is the same as that of the Jifina processes, though we cannot use the composition of the
RCF F(x, 1) (see [7]). In addition, Li [5], [6] showed that, under certain conditions, a sequence
of scaled continuous-state PSDBPs converges weakly to a diffusion process whose stochastic
differential equation is similar to that of the limiting diffusion arising from a sequence of scaled
Jifina processes.

Note that Jifina [2] raised the following question concerning Jifina processes: if the Jifina
process X = {X,} is subcritical, so that in fact X,, — 0 almost everywhere, do there exist
positive constants ¢, such that {X,,/c,} approaches a nondegenerate random variable in some
sense? Seneta and Vere-Jones [8] obtained a necessary and sufficient condition in the weak
convergence sense, i.e. that y > 0 and {c,} satisfy lim,— o0 Ch+1/cn = vy, wWhere y is
the drift constant of X. At the same time, Seneta and Vere-Jones pointed out that if X is a
supercritical Jifina process then X,,/c, with lim,_, 4« c,+1/c, = m converges weakly to a
proper, nondegenerate random variable, where m is the offspring mean of X. We remark that
Kesten pointed out in his report of [8] (see MR0246379 in Mathematical Reviews) that strong
convergence can be readily obtained f rom weak convergence.

Natural questions to ask are what is the speed of extinction for the continuous-state PSDBPs
and whether the results proved by Seneta and Vere-Jones [8] still hold to some extent for
continuous-state PSDBPs? We note that the results in [8] show that in order to obtain a proper,
nondegenerate limit for X, /c,, {c,} must depend on y for the subcritical case and on m for
the supercritical case. It seems that the convergence mechanisms of X,,/c, are different for
the subcritical case and the supercritical case. Is this difference essential? In this work we
aim to provide some preliminary discussions of these problems. We will seek some sufficient
conditions such that X,,/c,, converges almost surely (a.s.) to a proper, nondegenerate random
variable, where X, is a continuous-state PSDBP with lim,_, ;  X,, = 0 a.s. Our results to
some extent generalize the corresponding results of [8]. Applying our results to Jifina processes,
we can define the parameter 1/y as the ‘mean’ in some sense; therefore, we can say in some
sense that the results of [8] for the subcritical and supercritical cases are consistent. For more
details, see Subsection 4.2, below.

The main tools used in this paper are exponent martingales and general stochastic growth
models (see, for example, [3]). We divide this paper into four sections. The basic assumptions
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and the main results are introduced in Section 2. In Section 3 we investigate the possible
geometric speed of extinction. In Section 4 we formulate a stochastic growth model based on
the continuous-state PSDBP and use it to find a group of sufficient conditions such that X, /c,
converges almost everywhere to a proper, nondegenerate random variable.

2. Basic assumptions and main results

From now on, X = {X,,, n = 0, 1,2, ...} is a continuous-state PSDBP with Xy > 0 and

RCF
+00

F(x, 1) = y(x)A +f (1 —e ™) (x, ds),
0+

where 1 > y(x) > 0. In addition, unless stated otherwise, we define

+00
FO) =yi+ / (1 — e ) p(du),
0+

where 0 < ¥y < 1 and u is a measure on (0, +00) with foioo(l Au)pu(du) < +oo.

Note that Xy > 0 and y (-) > 0 imply that, forany n > 0, X;, > 0 a.s.

Throughout this paper, we suppose that X becomes extinct, i.e. X, — 0 a.s. asn — +o0.
According to [7], this is not an extraordinary assumption. If F(x, A) is continuous on x €
[0, +00) for any A > 0 and the criterion function

f(x)=sup{A >0: A < F(x, M)}

is bounded, then the subcritical continuous-state PSDBP becomes extinct.
Let {c,} be a sequence of positive constants, and, for any n > 0, define

X
Y, = 2.
Cn

We first consider the special case in which ¢, = ¢" for some ¢ € (0, 1). To this end, we
assume that

(A) asx - 0,y(x) > yand F(x,A) - F(A) forany A > 0.

Obviously, all subcritical Jifina processes satisfy assumption (A). We prove the following
main results in Section 3.

Theorem 2.1. If assumption (A) holds then, for any 1 > ¢ > y, there exists a generalized
random variable Y € {0, +o00} such that Y, — Y a.s.

Theorem 2.2. If assumption (A) holds then Y,,— + oo a.s. for any c < y.

Theorems 2.1 and 2.2 show that the speed of extinction is closely related to y, the pseudo-
drift at x = O; for any ¢ # y, ¢" is not a good estimation for the speed of the continuous-state
PSDBP X to become extinct. A potentially good estimation is y"*. However, the following two
examples show that this case is complicated and subtle.

Example 2.1. Letr € (0, 1/e) and y(x) = %(1 + 1/In(x A r)). Suppose that X = {X,,, n =
0,1,2,...}1is a continuous-state PSDBP with r > Xy = xg > 0 and RCF

Fx, ) =y
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In this case, y = limy_oy(x) = % and X, is indeed a positive sequence with

Xpi1 =X (X)—X" 1+ !
n+1 = ApyY n) = nX, .

Letd = %(1 4+ 1/Inr). Thend < y(x) < % forany x > 0. Let Y, = X,,/y" = 2"X,,. Then,
foranyn > 0,d" Xy <Y, < Xo and

1 1
Yoo =Yp(l- ———— ) < ¥, (1— .
n "( nln2—1nYn>_ "( n(ln2—lnd)—lnx0)

Therefore,

- 1
0<Y, < 1-— .
=n —xog( k(n2 —Ind) —lnx0>

+00 1

From

> —+o0
P k(In2 —Ind) — Inxg

we obtain ¥, — 0 asn — +o0.

The following example shows that the limit random variable Y of X,,/y" may be proper and
nondegenerate.

Example 2.2. Let X = {X,,} be a continuous-state PSDBP with

F(x,\) = LAO'S)A + l/+oo(1 _ e*“); exp 5y
2 2 Jos (x A 0.5)3 (x 1 0.5)2

B 1—(xA0.5)k+ (x A0.5)A @1
- 2 2(1 4 (x A 0.5)21) ’

and X = 1. Then Proposition 3.1 shows that Y, := X,,/y" = 2"X,, converges a.s. to arandom
variable Y € (0, +00).

The two examples show that it is difficult to obtain a satisfactory result for the case in which
¢ = y if we suppose that only assumption (A) holds. In Subsection 3.3 we briefly discuss this
case under some special assumptions. In Section 4, via a more general scheme, we find some
suitable sufficient conditions such that X, /y" converges a.s. to a proper, nondegenerate limit.

In Section 4 we further assume that

(B1) forany x > 0, m(x) = y(x) + fotroo uv(x,du) < +oo and limy,_,om(x) =m < 1;
(B2) there exists an xo > 0 such that —y (x)/x < y’(x) < 0 for any x € (0, xp);

(B3) there exists a measure 7 on (0, +00) with foioo un(du) — fol uIn(u)n(du) < +o0o such
that, for any x € (0, xo) and s > 0, v(x, [s, +00)) < n([s, +00)).

Remark 2.1. Assumption (B3) indicates that, for any x € (0, xo) and A, 8 > 0,

—+00 —+00
/ (1= e Myu(x, du) < / (1 — ey (du),
0

+ 0+

+00 u +00 u
/ v(x, du) 5/ n(du).
0or ux+p8 0+ ux—+p
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The main result proved in Section 4 is as follows.

Theorem 2.3. Assume that (BI)—(B3) hold. Then there exists a sequence of positive constants
{cn, n = 0} with lim,,_, {  cp+1/cn = y such that Y, = X,,/c, converges a.s. to a proper,
nondegenerate random variable.

By Theorem 2.3 we can obtain sufficient conditions for X, /y" to converge a.s. to a proper,
nondegenerate limit; see Corollary 4.1, below. In addition, since assumptions (B1)—(B2) always
hold for Jifina processes, by Theorem 2.3 we obtain the following result, which, in essence, is
the ‘if” part of Theorem 2.2 of [8]. The proof is omitted.

Corollary 2.1. Suppose that X = {X,,} is a subcritical Jifina process with parameters y and
u@). Ify > 0and fol u|Ilnulpu(du) < 400, then we can take ¢, = coy” for some co > 0 and
all n > 0 such that X, /c, converges a.s. to a proper, nondegenerate random variable.

In the following example we provide a continuous-state PSDBP which satisfies all the
assumptions given in this section.

Example 2.3. Let g(s) = 1/5s3/% A 1/s%/% for s > 0. Then

+00 1 +00
/ sg(s)ds = / s~12ds +/ 5732 ds = 4.
0+ 0+ 1

For any x > 0 and A > 0, define

F( )L)_++1/+OO(1_ —AS)&
T = A1 x/100) 6 Jor ¢ 2 CsinGen)

Let X = {X,,n > 0} be a continuous-state PSDBP determined by F(x, A). Then by some
simple calculations we know that X has the following properties.
(P1) Forevery x > 0, y(x) = 50/(100 4 x) € (0, %) and

g(s)

Ve d8) = S G))

(P2) Asx — 0, F(x, A) converges to
+00

A
FO) ==+ — 1—e™ d
) T 0+( e ")g(s)ds

Nf—

and y (x) —

(P3) Forx > 0,
50 2

+ - <
100+x 6+ 3sin(xmw)

and, as x — 0, m(x) — % < 1. In addition, for x = (4k + 3)/2, where 0 < k < 24,

+00

m(x) =

1l<mkx) < %.
(P4) Forx € (0, 1),

50 50 y(x)
—m <0 and ]//()C) > — = — .

v = (100 + x)x X
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(PS) Let n(ds) = Lg(s)ds. Then
/+oosn(ds) —/1 sn(s)n(ds) = % — 1/1 ln—Sds = i < +09,
0+ 0+ 3 6Joy 512 3
and, for any x € (0, 1) and s > 0, v(x, [s, +00)) < n([s, +00)).
(P6) From the fact that, for any x > 0 and A > 0,

+oo<l/\) d)—l +oo<l/\ )Ld <l +Oo(l/\) )d
/0+ P v(x, ds _6A+ PR 2 + sin(x) s_6/0+ P g(s) ds.

by Proposition 2.4 of [5], we know that the criterion function
f(x) =sup{r = 0: 2 < F(x, M)}

is bounded. Furthermore, since m(x) is bounded and lim sup, , , ., m(x) < % <1, by
the same proof as Corollary 3.1 of [7], we find that X,, — 0 a.s. asn — oo.

Properties (P2)—(P6) indicate that assumptions (A) and (B 1)—(B3) hold for X, which becomes
extinct. Hence, Theorem 2.3 is true for this process.

3. Geometric speed of extinction

In this section we discuss the geometric speed of extinction. First, recall that X,, — 0 a.s.
implies that, for any 6 > 0,

+oo
lim P(ﬂ{xm < 5}) =1. (3.1)

n——+00
m=n

The main tool used in this section is exponent martingales.

3.1. The case in which ¢ > y
In this subsection we will prove Theorem 2.1 and obtain some interesting corollaries.

Proof of Theorem 2.1. 1t is sufficient to prove that, for a given A > 0, exp{—AY,} =Y =
e as., and that P(Y = 0) + P(Y = 1) = 1. We divide the proof into four steps.

Step 1. There exists a Ao > 0 such that, for any given A > ¢, we have §(1) > O satisfying

20
C

n A

forall 0 < x < 8(1) andn > 0. Here, f(x,2) := [/ — e™)v(x, ds).

Let
+o00

p=TT and o) =pr +/ (1= /%) (ds).
2c 0+

Since lim) _, {5 ¢(X)/A = B < 1, there exists a Ao > 0 such that, for any A > Ag, ¢(A) < A.
For a given A > A, since lim,_,o F(x, 1/c) = F(A/c), there exists a constant §(1) > 0 such
that, for any x < §(3),

(n5)=#(2)+ 5
Flx,2)<F(2)+—=—L =00 <. (3.3)

c c 2c
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Note that, for any n > 0, ¢" f (x, A/c"T1) < f(x, 1/c) for ¢ < 1. Hence, from (3.3) we obtain

KO, () < P () = () <
C & &

In the remainder of the proof we let A > X be a fixed constant and we suppress the notation

Ain §(A).
Step 2. For any k,n > 0, let ‘”(") FA{Xu, Xn+1, - .., Xn+i} be the o-algebra generated by
(X0, Xog1s oo Xugi)s and let
n+k
AP = ({Xw<8) and 7" = Ly Yasicrn,
m=n

where 1 A® is the indicator function of the set A(") Then {exp{ —\Y, (")} k=1,2,...}
is the bounded, nonnegative submartingale with respect to {?’ ,k=1,2,...} for any
n=>0.

By the definition of Y P +)1 , we have

E[CXP{—)»?k(T]} | }'k(n)] = E[IAI(:,) eXp{—)»?k(Tl} | fik(n)] + IA]((n)

= 1, Elexpl—AYnsx1) | F1+ 1500, (3.4)
k k

where A,ﬁ") is the complementary set of A,(C”). Note that, for any n > 0,

AMX ikl
Elexp{—1Yoiit1) | 71 = E[exp{—cni—tjl} ‘ Xm}
= exp{— Yk Gk (Xpgi, M)}, (3.5

where

+00

A n—+k As
Gk (Xnti, M) = Yy (Xpi) = + c 1 —expy— PR V( Xk, ds).
C C

0+

Obviously, (3.2) shows that
1AI<€n)Gn+k(Xn+k, A) < A (3.6)

From the fact that A,({") C A,(i)l for any k > 1, we have

1o Yosx =1, 7. (3.7)

A]((n) A;n)
Then (3.4)—(3.7) imply that

Elexp(—27)} | F71 = exp{—27"},
which is the desired conclusion.

Step 3. We prove that exp{—AY,,} converges a.s. to a random variable ¥ € [0, 1].
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By the submartmgale convergence theorem, there exists a random Varlable W,, € [0, 1] such
that, for any n, exp{— AYk+1}—> W, a.s.as k — +00. By the definition of Y ("H) Yk(i)l
for any k > 0 and n > 0, which implies that W, > Wn+1 a.s. forany n > O Consequently,
there exists a random variable ¥ € [0, 1] such that W —Y as.asn — +00, which means that,

for any § > 0 and any ¢ > O, there exists an n; > 0 such that, for any n > nj,

P<|W,, 7> é) < (3.8)
3) 3
Taking n > n1, by the fact that
n+k—1
{|exp{—AYy i1} —exp{—2¥"} = 0} € | {Xm > 8},
m=n
we know that
—+00 —+00
P(U{|exp{—m+k} —exp(—A7"}| > 0}) < P(U (X > 6}). 3.9)
k=1 m=n

Combining (3.1) and (3.9), there exists an ny > n1 such that

~+00
(Uuexp{ Miny} — exp{=A7"}| > 0}) < g (3.10)
k=1
Furthermore, exp{—)\)?k("z)}—> W,,, a.s. implies that
+o00 _ _ s e
P( U {|exp{_xylf"2)} — W, | > 5}) < 3 for some n3 > 0. 3.1

k=n3

Let K = ny + n3. Define

+00 S
A= —1Y, —exp{—AY™}| > — 1,
| nS{IeXP{ ny+m} — exp{—1Y,"}| > 3}

+00 S
B:= | {|exp{—xY,§;12>} — W, | > 5},
m=n3y
and
= ~ 1)
= |Wn2 — Yl > g .
Then

+00
P( U {lexp{—AY} — Y| > 5}) <P(AUBUC) <P(A) + P(B) + P(0).
m=K

From (3.8), (3.10), and (3.11), we obtain

~+00
P( U {lexp{—AY} — Y| > 5}) <e,

m=K

which implies that exp{—AY, } converges a.s. to Y as n — 400.
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Step 4. We prove that Y e {0, 1} as., i.e. PY =0)+PY =1)=1.
By an argument similar to that used to prove (3.5), we have
Elexp{—Y,+1}] = E[exp{— Y Gu(Xy, 1)}] = El[(exp{=2Y, NI XD/ (3.12)

where
Gu(X,, A) _ V(Xn)

+a7 el x o
A c "oentl )

Note that, for any ¢ > 0,

o0 g1 _ _ n+1
c"f()ﬁ %) :/ SO D (- e e, )
c" 0+

1 —e—As/c

n
5/ 1 —e My, ds)+f (1 — /%) p(x, ds)
(e,+00

) L—etere ©.c]
.« ) 4 1—e/(x, ds) 3.13)
AU R AR e

By assumption (A), we easily find that (1 — e M)v(x, ds) converges weakly to (1 — e ) u(ds)
as x — 0. Hence,

limsup/ (1 —e)(x, ds) 5/ (1 —e ™) u(ds).
(0,¢]

x—0 (0,¢]

For any x,, — 0, from (3.13), it follows that

n—+40o n——+00o

A
lim sup c"f(xn, ﬁ) < lim sup/ (1 — e MY v(x,, ds)
c" (©0.e]

< f (1 — e/ u(ds)
(0,¢]
—0 ase— 0. (3.14)

Since X,—0 a.s., (3.14) implies that

" A
c f(Xn, m) — 0 a.s.
Consequently, G, (X, A)/A — y/cas.asn — 400, and
(exp{—AY, NI En/A o yyr/e as. (3.15)
Combining (3.12) and (3.15), we obtain
E[Y] = E[Y"/]. (3.16)

Since y /¢ < 1, (3.16) implies that P(0 < Y <1)=0. The proof of step 4 and, hence, of the
theorem is now complete.

Corollary 3.1. Under assumption (A), if in a neighborhood of 0 the offspring mean function
m(x) exists and m(x) — m < lasx — 0, then, forany ¢ > m, X,,/c" — O a.s. asn — +00.
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Proof. From Theorem 2.1 we know that X,,/c" — Y € {0, +o0} a.s. Suppose that p =
P{Y = 400} > 0. Since m(x) — m < 1 and ¢ > m, there exists a constant § > 0 such that,
for any x < 8, m(x) < c. When p > 0, by (3.1), there exists a positive integer N which may
depend on § and p/2 such that

+00
P<ﬂ{Xm§8}>>1—§.

m=N
Forany n > 0,let A% = ONA" (X, <8}, Ay = N2y (X < 8}, and
FN = FIXn, Xna1s s XN
Then

X
W, = IAX],)C—: — Wi=14,7Y.

Hence, P(W = +00) > p/2 > 0. On the other hand, by (1.3) we have

[ XNtn+1 |
E[W,t1] =E E|:1AX/I+1)CN"‘—:+1 F
[ XN+n+1 | o)
SE_E[IAWCM—H] Fy
_ E-l m(XN+n)XN+n
| AP T Nttt
[ XN+n
=E| Lo e
S .
_ Xy
<E IAE\?)C_N]
1)
<
=%

< 400 foranyn > 0.

By Fatou’s lemma, we find that EfW] < +o0, which contradicts the fact that P(W = +o00) > 0.
Consequently, p = 0. That is, X,,/c" — 0 a.s.

Corollary 3.2. Suppose that assumption (A) holds. If in a neighborhood of 0 the offspring
mean function m(x) exists and, as x — 0, m(x) tends in a monotone fashion from below to a
constant m with y <m < 1, then X,/m" — 0 a.s. as n — +o0.

Proof. The proof is similar to that of Corollary 3.1. We omit it here.

Remark 3.1. Theorem 2.1 indicates that, for any c larger than the pseudo-drift at x = 0,
{c", n > 0} is not a sequence of suitable parameters to estimate the speed of extinction.
Corollary 3.1 and Corollary 3.2 show that the pseudo-mean at x = 0 is an upper bound for the
geometric speed of extinction.
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3.2. The case in which ¢ < y

Now we prove Theorem 2.2, which in essence discusses the lower bound for the geometric
speed of extinction.

Proof of Theorem 2.2. The proof is very similar to that of Theorem 2.1. For any A > 0, let
B = (y + ¢)/2c. From assumption (A), it follows that there exists a § > 0 such that

Y (x)

—A > Br > A forany x < 4. 3.17)
c
Let 170(”) =Y,,
(n)
cA,
Y(n)l( ) = Yitrtr1(w), o€ A;

P, weAl,
where A" = (" (X, < 8}, and let F,"” = F{X,, X41, - - ., Xpix). Then

Elexp{(—A7",} | 71 =ENl A XYk} | F1+1 A exp{—A7™).  (3.18)
Note that ¥,, = X,,/c" for any n > 0. Hence,

Elexp{—AY,4i41} | £

A O As
= exp —YHk(y(XnJrk)— + c 1 —exp ~ T v(Xyak, ds)

0+

<€XP{ Yoiky (Xntk) — } (3.19)

Combining (3.18) and (3.19), we obtain
Elexp{—A7"} | £ <1 R ON N SR {—A¥ ™y 3.20
p k+1 k1= dymexpy =i Y (Xntk) " i exp VY (3.20)
Then (3.17) and (3.20) imply that
Elexp(—27)} | 71 < exp{—27"},
which shows that {ex {J Yk(i)l} k =1,2,...}is the bounded, nonnegative supermartingale

with respect to {.?'k .} for any n > 0. By the supermartingale convergence
theorem, there exists a random Vanable W € [0, 1] such that

exp{— Yk(+]} - W, as.
as k — oo for any n. According to the definition of ¥, k("),
v+l _ o)
Yy =Y

on A,((") for any k > 0 and n > 0. Therefore,

+00
Wy = Wuy1 as.on A® = ﬂ{Xm <48} foranyn > 0.

m=n
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Let By = AD B, = AW\ A®=D 5 > 2 Then
+00 +oo

R — 1 (n) —
B; = lim UB = lim A lim ﬂ{x < §).
m=

n——+00

Define

—+00 +00
WZZIBka: Z 1, Wi + 1,40 Wy
k=1 k=n+1

Obviously, for any ¢ > 0,

+0o0 +o0
P(ﬂ {IWn =W < e}) > P(ﬂ A"'”) =P(A™) - 1 asn— +oo.
m=n

m=n

This means that Wy— W a.s. Then by similar arguments to those used in step 3 of the proof of
Theorem 2.1 we obtain
exp{—AY,} — W >0 as.

Consequently, for any n > 0, from (3.17), it follows that

E[W] = lim Elexp{—2Y,+144)]

A
— lim E[exp{ n+k<M
c

k—+00
+o0 AS
+/ Cn(l —GXP{TH}>V(xn+k, ds))}]
0+ ¢

< lim B[l exp{—BAY,4x}] + P(AY). (3.21)

k—+

Since A,((") c A,((”_)1 forany n > 1 and k > 1, we have, similarly,
E1 m exp{—=pAYnii}] < E[l 0 exp{—prYnii}] < E[l exp{—BAY,ri—1}]. (3.22)

Therefore, from (3.21) and (3.22), by induction we obtain, as n — 400,

400
EOW] < lim (BI1,0 exp{—f*3Y,} + P(A")) = P( U X > a}>,

m=n

where the right-hand side goes to 0 because X,, > 0 a.s. and 8 > 1. Hence, E[W] = 0. This
implies that ¥,,— + oo a.s.

3.3. The case in which ¢ =y

In this subsection we study the case in which ¢ = y. This case is more complicated than
those discussed above. Here, we only deal with some simple subcases.

Theorem 3.1. Suppose that F(x,)) > F(A) foranyx > 0and ) > 0. If F(x,A) —> F(}) as
x — 0 forany A > 0 then X, /y"—Y € (0, +o0] a.s.
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Proof. From the fact that

X
eloel ] ]
A +oo A
=exp —Xn<y(Xn)W+/(;+ <1 —exp{—ms}»)(xnds))}
A
= exXp _XnF<Xn7n_+l)}
14
A
fexp —XnF W

Xi‘l
< exp —A—n } (3.23)
14

we easily find from the supermartingale convergence theorem that there exists arandom variable
Y € [0, +o0] such that X,,/y" — Y a.s. as n — 400. Then, for any A > 0,

Ele 1= lim E|:ex {—AﬁH <E[ {—Aﬁ”
= P <E|exp .
n——+o0o y" 1%

Let A — +00. We have

. —_AY . X1
P(Y=0)< lim E[e™*']< lim Efexpi—A—;¢|=0.
A— 400 V4

A—>+00
This implies that we can take Y € (0, +-o00] such that X,,/y"—Y a.s.
Similarly, we have the following result.
Theorem 3.2. (i) If y(x) > y forany x > 0 then X, /y"—Y € (0, +o0] a.s.
@A) If F(x,A) < yXforallx > 0and A > 0, then X, /y"—Y € [0, +00) a.s.

Proof. (i) The proof is the same as that of Theorem 3.1, except that (3.23) is replaced by

X
Blese| 33t} [
A +oo A
=expy— X, (V(XH)W + /0+ (1 — exp{—ms})v(Xn ds))}

A
= exp _Xny(Xn)W}

Xy
< exp —A—n .
14
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(ii) Note that
Xnt1
ol 5] ]
X +oo A
=expy — X, (y(Xn)m + /0+ (1 — exp{—ms})v(Xn ds))}
A
= exXp —XnF Xn, W

Xn
Zexpy—A— -
14

By the submartingale convergence theorem, there exists a random variable ¥ € [0, +o0] such
that X,,/y" — Y a.s. asn — +o0. Then, for any A > 0,

Ele ] = lim E[ex {—AX—H >E[ {—xﬁ”
p > E|exp .
n——+0o y Yy

Let A — 0. We have

P(Y = +o0) = (1 - lim E[e™]) < (1 B gmﬁ[exp{—*%”) "

This implies that we can take ¥ € [0, +00) such that X,,/y"—Y a.s.

To end this section, we explain why Y, := X,,/y" = 2"X,, in Example 2.2 converges a.s.
to Y € (0, +00). We state it as a proposition.

Proposition 3.1. The limit random variable Y in Example 2.2 is proper and nondegenerate,
ie.PO<Y < +400) =1

Proof. From y(x) := (1 — (x A 0.5))/2 > 0, it follows that X, > 0as. forany n > 0.
In addition, F(x, 1) < A/2forallx > 0,1 > 0, and y(x) —> 5 as x — 0. Therefore, from
Theorem 3.2, Y,, converges a.s. to some random variable Y € [O +00). Moreover, from (2.1)
we obtain the offspring mean function of X as follows:

, - (x A0.5) (x A 0.5) 1
OO = B e = T S G A 08|, 2

for all x > 0. Hence, from (1.3), it follows that, for any n > 0,

E[X,] = zinE[XO] 21
Let W, = 2"/2X,,. Corollary 3.1 indicates that
W,—0 as.asn — +oo. (3.24)
For any n, m > 0, define
n+m n+m 1
ﬂ{wn <1 ﬂ{xk < W}
k=n
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Let A® = lim,,—, 400 A}y . Equation (3.24) implies that

+o0 +00 1
. cor .
Jim P(A7 )—HEIJIrlOOP<p{Wk < 1}) _nggloop<ﬂ{xk < 2k/2}) 1. (3.25)
=n

k=n
If P(Y = 0) = p > 0 then, from (3.25), for any A > 0 and sufficiently large n,

g < E[efwlA;O]

= lim E[exp{— )\Yn+m+1}1Am+l]

m——+00
< lim E[exp{—AYytm+1}1an]
m——+00
= lim E[E[exp{— )‘Yn+m+l}1Am | Fntmll,
m——+00
where F;, = F{Xo, ..., Xk} for any k > 0. Note that, for any A > 0,

Elexp{—AYn4m+1}Lay | Fpim] = Lan exp{—27("+’”)Yn+mF(X,,+m, 2nmElyy

_ (X,,;m A 0.5) 2n+m+lk}

= lAf{’ exp{_Yn+m(1 - (Xn+m N 05)))‘*}

1
< lAm exp{ n+m<1 — W))\,}

1
E[exp{ )\.Yn+m+]}1Am+l] < E[lAm exp{ n+m<1 — 2(n+—m)/2>)\.}} (326)

<1lun exp{ —p~tmyy

Therefore,

Recursively using (3.26), we obtain

m
1
E[exp{—AYtm+1}Lan] < E[lAg exp{—xYn ]‘[(1 — W) ”

k=0

Hence, forany A > O and n > 2,

m 1
E mEIE E|:1A° eXp{ AY, 1_[(1 - 2(n+k)/2>}:|

k=0

sE[exp{—WJ—o[o<1 - 2<"+;k>/2>H

k=0

§E|:exp{—AYn exp{—ﬁ}”, (3.27)

where the last inequality follows from the fact that, forn > 2,

+00 1 1 > 2—(n—4)/2
1—- > > exp —Z— =expy————=
1_[ 20+k)/2 ) — 2‘208(1 + 2/2(n+k)/2) - 2(n+k)/2 22 |

k=0 k=0

A

However, letting A — 400, the right-hand side of (3.27) becomes 0, since ¥,, > 0 a.s. The
contradiction shows that P(Y = 0) = 0. Consequently, P(0 < Y < +00) = 1.
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4. General speed of extinction

The purpose of this section is to find a suitable sequence {c, } and some sufficient conditions

such that ¥, = X, /c, converges a.s. to a proper, nondegenerate random variable. The main
tool in this section is the growth model.

We consider a general growth model W = {W,,, n > 0} defined recursively as follows:
Wo>0 as., Wuptr =&Wa)+ st + Ros1 foranyn >0, .1

where {¢,}, {R,}, and the function g: (0, 400) — (0, +00) satisfy some conditions. Kiister
[3] chose the following assumptions.

(H1) g(w) > w for w > wy > 0.

(H2) For w > wy, g(w) is increasing and g(w)/w is nonincreasing.

(H3) ¢, is measurable with respect to 5':',, D F{Wo, Wy,..., W,}and E[¢, | J@n,l] =0.
(H4) There is a function 62 (0, +00) — (0, +00) such that

Bl Liw,zwe) | Fal < 2 (W)Liw,>ug) S,

where

2 gw) g% (w) In(g(w)/w)
o (w) —0(1)g (w)ln( w ) < 2b—l +2(1 _3b)—2

for some b € (0, %) and every w > wy.

(HS) Let w41 = g(wy) for any n > 0. If {y,, n > 0} is a sequence with

l’l>1

. . . In
lim inf
n—+o00 In w,

then 375 6%(4) /&% () < +o0.

Then a result was proved as follows.

Lemma 4.1. For the process {Wy,, n > 0} given by (4.1), suppose that (H1)~(H5) hold. If the
random variables Ry, n > 0, satisfy

& R
n+
— 1w, < 400 a.s. “4.2)
then W
2 5> W as. with PO < W < +00) = P(lim sup W, > wo>.
Wp n—-+00

Remark 4.1. This result was stated as Proposition 1 in [3], where condition (4.2) was written

as
+o00 ~
> Ml{wﬁwo} <400 as. (4.3)
=0 g(Wy)

From the proof of Proposition 1 of [3], it is evident that expression (4.3) published in [3] includes
a typo. The correct formula is (4.2).
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4.1. An auxiliary process and some lemmas

Now we introduce an auxiliary process Z = {Z,} with Z, = 1/X,, for any n > 0, using
the conventions that % =: +oo and 1/+00 =: 0. Recall that X = {X,,, n > 0} is an extinct
continuous-state PSDBP with Xy > 0 and RCF

+00
F(x,A) = y(x)A +/ (1 —e *)(x, ds),
0+

where 1 > y(x) > 0. Then from 0 < X, < 400 a.s. we know that 0 < Z, < 400 a.s.
Furthermore, from X,, — 0 a.s., it follows that Z,, — 400 a.s. Let

‘{}‘vn ::‘(}7(20721"-'72}1)Z}V(XOle?""Xn)'

+00 1
G(x) ::/ exp{——F(xl,A)}dk
0 X

Define

Then, for any x > 0,

+oo
Gx) < / exp{—ly(xl)k} dr = < +o00.
0 x

o
y(x—h

Therefore, for any n > 0, we can calculate the conditional expectation of Z,| with respect to
F, as follows:

exp{— )»Xn+1}d/\‘ ]

E[Zyi1 | Fal =ElZpy1 | Z,]

s
f

= f Elexp{—AXu41} | X,1d
0

+00
:/ exp{_XnF(Xm A)}da
0

+o00 1
=/ exp{——F(zn—l,,\)}dA
0 Zn

= G(Zy). (4.4)
Consequently,
Znv1 = G(Zy) +épv1 = 8(Zy) + En+1 + Ryqr foranyn >0,

where £, = Zui1 — G(Zy), g(x) = x/y(x™1), Rug1 = G(Zy) — g(Zy). and Zo = X'
Below, we regard Z as a growth model and prove that if assumptions (A) and (B1)—(B3) hold,
then conditions (H1)—(HS5) are true for Z.

For any x > 0, let

1 oo —su -1 2 oo —su —1
d(x) =exp{—;/ (1 —e""vix ,du)} —exp{—;/ (1 —e""vix ,du)},

0+ 0+
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and define

400 2
oz(x) :=/ 4sexp{—;y(x_l)s}¢(x)ds.
0

If fOJfo uv(x, du) < +o00, x > 0, then, by the inequality 1 —e™ < x,

1 +o00 s +o00
d(x) < —/ (1 —e™ ™!, du) < —/ uv(x~!, du) < +oo,

X Jo+ X Jo+

and, hence,

5 +00 s 2 | +00 ] :
o°(x) 5/ 4— exp{——y(x )s}/ (1—e"v(xx~", du)ds < +oo. 4.5)
0 X X 0+

Therefore, assumption (B1) implies that o2(x) is well defined for every x > (. We have the
following lemmas.

Lemma 4.2. If assumptions (A) and (B2) hold, then
1. g(2) > z for z = zo, where 7o > )co_1 is a given constant;
2. for z > zo, g(2) is increasing while g(z)/z is nonincreasing.
Proof. The proof is straightforward and is thus omitted.
Lemma 4.3. If assumptions (A), (B1), and (B3) hold, then

El&) 1 1z,220) | Fal £ 0°(Zi)lz,220) as.

and
, 02(2)
Iim —————— =
=—>+00 g2(z) In(g(2)/z)

Proof. Note that, by assumption (A),

. o*(2) . oty vy 0t
lim ———— = lim = m , 4.6)
i>t00 g2(2) In(g(2)/z)  zo+o0 Z2In(y~l(z7h) —Iny zotoo 22
and that, for sufficiently large z > 0, by (4.5) and assumption (B3),
2
0< o gz)
z
1 +00 2 +o00
<3 4s exp{——y(z‘l)s}/ (1 —e ™", du)ds
7 Jo < 0+
1 +00 2 +00
< —3/ 4sexp{——y(z_l)s}f (1 —e™")n(du) ds
< Jo z 0+
1 [t h
= 2/ 4s exp{—2y(z~)s} f(zs) ds, 4.7)
0
where f(s) = [¢/°°(1 — e™**)n(du). Since
im L9 _o, (4.8)

s—>4oc0 8
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we know that, as z — 400, f(zs)/zs — 0 for s > 0. Furthermore, by (4.8), there exists an
M > 0 such that f(s) < Ms, and, hence, for sufficiently large z,

1
—4sexp{—=2y (zV)s} f(zs) < 4s*M exp{—2y (z"Y)s} < 4s>Me™
Z

follows from the fact that (z ') tends to y > 0 as z — +oo. Applying the dominated
convergence theorem to (4.7), we find that 02(z)/z%2 — 0 as z — 4o00. Then, from (4.6), it
follows that
. o%(2)
lim YRS RS =
z=>+o0 g9(2) In(g(2)/2)
On the other hand, from the fact that

1 +o00 +00
E[Xz— Xn} = E[/ / exp{—(s + 1) X,41} ds dr
0 0

n+1
+00
= / texp{—X, F(X,, t)}dt
0

and the convexity of F, it follows that
+00
El&2,, | %l = f rexpl—7; F(Zy!, ) dr
0
+00 +oo
—/ exp{—Z;‘F(zgl,s)}ds/ exp{—2Z,'F(Z,', u)} du
0 0
+00
< / sexp{—Zn_lF(Zn_l, s)}ds

0
+0o  p+oo
—f / exp{—2Zn_1F(Zn_l,s+u)}dsdu
o Jo 2
+00

+oo
5/ 4sexp{—z;‘F(z;‘,2s)}ds—/ 4sexp(—2Z,;'F(z; ', 5)}ds
0 0

+o00
= / 4sexp{—2Z'F(Z ', 5))
0

x (exp{2Z ' F(z7ts) — 27 F(Z1, 25)) — 1) ds.

Then, by the fact that, for any x > 0,

+00 +00

(1 —e™2p(x, du)gf (1 — e ")v(x, du),
0+

2F(x,s) — F(x,2s) = /

0+
we obtain

+00
EIE2,, | ] < fo ds exp(—22; ' F(Z ' 5))

+o0
X <exp{Zn_1/ (l—e_S”)v(Zn_l,du)} — 1) ds
0+

+00
= f 4s exp{—ZZn_Iy(Zn_l)s}qﬁ(Zn) ds
0

=0%(Zy).

This completes the proof.
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Lemma 4.4. Suppose that assumptions (A) and (B1)—(B3) hold. Let z,+1 = g(zn) for any
n > 0. If, foranyn >0, y, > 0and liminf,_, s Iny,/Inz, > 1, then

+o0 2
(yn)
Z 2()’:1)

Proof. By assumptions (A) and (B2), we know that

g <wi=vy@) <y )<y foranyz > z. (4.9)

Hence, it is easy to obtain z,, > zo/y". Then liminf,_,Iny,/Inz, > 1 indicates that
there exist some k > 0 and 8 > 1 such that, for all n > k, zo/y" > B" and y, > B" > z9.

Consequently,
— k
*foz(m Z Y20, Do () Zo%yn) _Zo%yn) N *f o2 (yn)
2 - 2 - 2 2
n=0 8~ (yn) n=0 yn n=0 Vi n=0 Y n=k+1 Yn

Using assumption (B3) for the case y, > zg, from (4.5) we further obtain

W20 _ ot 1
Z fz Z f 4s exp{—2y (v, )s}f(yns)ds
n=0

2
g m) 1 Vi nekt1 Y

Aon) | [T K
_Z - / ) —4seXp{ 2y (v D5} f () ds

n=0 yn

k1 >
= Z > om) + /+OO 4s exp{—2y0s} f inf(ﬂ"s) ds, (4.10)
n=0 y” 0 n=k+1 B
where we have used the fact that f(xs)/x is nonincreasing with respect to x. Note that
Jioif(ﬂ”s) < /+OO — f(B*s)dx (4.11)
— pr =) B

_ [ (i R
‘/o / >lnﬂ Y
1 +o00 +00 —sy”
:m o <1—/’; e de)n(du)

1 +o00 +00 s
— <1 —e " 4 u/ —e dy)n(du)
0+ u Yy

Ing
L +w<1—esu+u/+oof L g ) (du)
“Ing Joy  yitsy )"
+00
= L (1 —e 4+ us(n(1l + su) — In(u)))n(du). (4.12)
Ing Jot

Since
In(1+s)—In(u), O<u<l,

In(1 + su) —In(u) < {ln(l L), i,
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we obtain
1 —e™" +us(In(1 + su) — In(u)) < su(l +s) — suln(u)ly<iy. (4.13)

Assumption (B3) indicates that there exists a positive constant M satisfying

+o00 1
/ un(du) +/ ullnuln(du) < M.
0

+ 0+

Hence, using (4.13), we obtain

+00
/ (1 —e™" +us(n(l + su) — In(w)))n(du) < M(s* + 2s). (4.14)
0+

Combining (4.10), (4.11), and (4.14), we immediately obtain the desired conclusion.

Lemma 4.5. Suppose that assumptions (A) and (B1)—(B3) hold. The randomvariables { Ry, }n>0
satisfy

+00

|Rn+1|
1(7,5z) < +00 a.s.
,;g@n) o=zl

Proof. Using integration by parts, we obtain

x +o0 s +00
G(x) = —— —/ —_1/ exp{—x " 'F(x71 ) + asho(x !, ds) da.
Y= Jor v&xH Jo

Since y (x)A < F(x, A) forall x > 0,

+oo 1 SX _1
G(x) > S _/0+ SGoh sx+y(x*1)v(x , ds). (4.15)
Hence,
|Rn+1|=|G(zn)—g(z,,>|s/+oo S L—" W
0+ V(Zn )SZn+V(Zn )
and
Rty o 5/+Oo 1_1 SV(Z;])_l w(Z7Y, ds)iz, 5z (4.16)
g(Zy) o+ Y(Zy)sZy+vy(Zy)
Let
+00 1
Akzﬂk{z,,zm}, k=1,2,....
e

Since m(x) — m < 1 as x — 0 and assumption (A) holds, by Corollary 3.1 we find that
X, /m"* — 0 a.s., which indicates that

lim P(Ag) = 1. 4.17)
k— 00

From (4.9), it follows that

1 sy(Z, 1 _1 sy
Zy>z20) = 5
Y Z ) sZn+y(Zyh) P S sz vy

l{anzo}- (4.18)
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Then, for any k > 1, using (4.16) and (4.18), we obtain

+oo 1

|Rn+1| sy
Z (Z ) {Zn ZO} - Z OSZ + V(Z ds)l{ZnZZ()}lAk

n=0
k=1 oo
S
52/0 — )

oJor vGZy+y)

400 1 +o0 sy
0+ Y0 i smTEty

Assumption (B3) implies that

oo 1 I® sy oo | oo sy
.L%mewz “®<A ./ s 2 gy 1)
n=

| 2
5/ / YW
0+ o s+yyllnm|

+00
= s(In(s + y) — Ins)n(ds)
0+

0l lnml
2 +00 1
< (/ sma+ymmw—/1ummmm0
yol Inm| \ Joyt 0+
< 400 (4.20)
and that
L oo vs k [+
Z/ ———n(ds) < —/ sn(ds) < +oo. 4.21)
o+ vz ty) Yo Jo+
From (4.19)—(4.21), it follows that
+00
14, Z |Rn+l|g(zn)711{2nzz()} < 400 foranyk > 1.
n=0
Then (4.17) implies that
+o00
D IRut118(Zn) N z,52) < +00  as.
n=0

This completes the proof.

4.2. Proper and nondegenerate limits
Now we give the proof of Theorem 2.3.

Proof of Theorem 2.3. Obviously, &, is measurable with respectto ¥, andE[§,, | F,-1] = 0.
In addition, from Lemma 4.3 we know that there exists a 7o > Xy ! such that

g%(2) In(g(2)/2)
26~ +2(1 —3b)—2

for some b € (0, %) and every z > zp. Without loss of generality, we rewrite Zg as zo. Then,

02(1) <
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using Lemmas 4.2-4.5, we can show that the conditions of Lemma 4.1 hold for Z = {Z,}
and {z,}. Applying Lemma 4.1, we find that Z,,/z,, converges a.s. to a proper, nondegenerate
random variable L € (0, +00). Let ¢,, = z;l. Since z,, — +00, we have

. Cn+1 . in . 1
lim = lim = lim y(z,)=v.
n—>+00 ¢y n——+o0o Zn+1 n——+00o
Moreover,
. X . Z 1
lim =2 = lim —= = — € (0, 400) a.s.
n—+00 ¢y n—+oo 7, L

This completes the proof.

Remark 4.2. Under assumptions (A) and (B1)—(B3), Theorem 2.3 shows that X, /c" — 0 a.s.
forc > y and X,,/c" — 400 as.forc < y.

Furthermore, we have the following corollary.

Corollary 4.1. Suppose that assumptions (A), (Bl), and (B3) hold. Let y(x) = y for suffi-
ciently small x. Then we can take ¢, = coy" for some co > 0 and all n > 0 such that X,,/cy,
converges a.s. to a proper, nondegenerate random variable. Therefore, X, /y" converges a.s.
to a proper, nondegenerate random variable.

Proof. Since y(x) = y for sufficiently small x, there exists an xo > 0 such that, for all
x € (0, xg), y(x) = y, which implies that assumption (B2) holds. Then by Theorem 2.3 we
can have {c, } such that X;, /c, converges a.s. to a proper, nondegenerate random variable, where
cn_1 =z, = g(zp—1) foranyn > 1, g(x) = x/y(x_l), and z¢ is any sufficiently large constant.
Note that, when z¢ > xo_l, zn = z0/y", and, hence, ¢, = coy", where ¢ = zal > 0.

By Corollary 4.1 we can obtain a group of sufficient conditions such that the speed of
extinction is y”. However, Example 2.2 is not included in this corollary. For an application of
Theorem 2.3 to Jifina processes, see Corollary 2.1.

To end, we point out that the parameter 1/y is the limit of the unit conditional mean of Z,,
with respect to Z,, = z as z — 400, namely,

1 . E[Zn+1 | Z, = 2] G(2)
— = lim = I e

V4 z—>+00 Z z—>+00 7

In fact, from (4.4), (4.15), and assumption (B3), we have

1 G
— > lim sup (@)
Y z—>+400 <

z—>+00 d

1 . 1 [to° Sz 1
> — — lim - ——v| -, ds
y w=Hez Jop szHy(ET) \z
1 . T g 1
> — — lim v[ -, ds
y >t Jor sz+y \z
1 oo
> — — lim n(ds)
y @t Jor s2+ 00
1
v
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Applying this fact to the Jifina process, we discover that Theorem 2.1 of [8] for the subcritical
case and Theorem 3.1 of [8] for the supercritical case are consistent to some extent. The two
theorems seem different; the former depends on the drift parameter y and the latter depends on
the offspring mean m. However, in essence, they both depend on the so-called limit of the unit
conditional mean. Here 1/y is the limit of the unit conditional mean of Z,,.1 = 1/X,,41 as
Z, = z — 400, and m is the limit of the unit conditional mean of X, as X,, = x — +00.
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